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Preface

A gifted British crime novelist1 once wrote that mathematics is “like one of those
languages that is simple, straightforward and logical in the early stages, but which
rapidly spirals out of control in a frenzy of idioms, oddities, idiosyncrasies and ex-
ceptions to the rule which even native speakers cannot always get right, never mind
explain.” In fact, providing evidence to contradict such a statement has been one
of our guides in writing this monograph. It may then be recommended to describe,
right from the beginning, the essential object of our interest, that is, semiconcavity, a
property that plays a central role in optimization.

There are various possible ways to introduce semiconcavity. For instance, one
can say that a function u is semiconcave if it can be represented, locally, as the sum
of a concave function plus a smooth one. Thus, semiconcave functions share many
regularity properties with concave functions, but include several other significant
examples. Roughly speaking, semiconcave functions can be obtained as envelopes
of smooth functions, in the same way as concave functions are envelopes of linear
functions. Typical examples of semiconcave functions are the distance function from
a closed set S ⊂ R

n , the least eigenvalue of a symmetric matrix depending smoothly
on parameters, and the so-called “inf-convolutions.” Another class of examples we
are particularly interested in are viscosity solutions of Hamilton–Jacobi–Bellman
equations.

At this point, the reader may wonder why we consider semiconcavity rather than
the symmetric—yet more usual—notion of semiconvexity. The thing is that as far
as optimization is concerned, in this book we focus our attention on minimization
rather than maximization. This makes semiconcavity the natural property to look at.

Interest in semiconcave functions was initially motivated by research on nonlin-
ear partial differential equations. In fact, it was exactly in classes of semiconcave
functions that the first global existence and uniqueness results were obtained for
Hamilton–Jacobi–Bellman equations, see Douglis [69] and Kruzhkov [99, 100, 102].
Afterwards, more powerful uniqueness theories, such as viscosity solutions and min-
imax solutions, were developed. Nevertheless, semiconcavity maintains its impor-

1 M. Dibdin, Blood rain, Faber and Faber, London, 1999.



viii Preface

tance even in modern PDE theory, being the maximal type of regularity that can be
expected for certain nonlinear problems. As such, it has been investigated in modern
textbooks on Hamilton–Jacobi equations such as Lions [110], Bardi and Capuzzo-
Dolcetta [20], Fleming and Soner [81], and Li and Yong [109]. In the context of
nonsmooth analysis and optimization, semiconcave functions have also received at-
tention under the name of lower Ck functions, see, e.g., Rockafellar [123].

Compared to the above references, the perspective of this book is different. First,
in Chapters 2, 3 and 4, we develop the theory of semiconcave functions without
aiming at one specific application, but as a topic in nonsmooth analysis of interest in
its own right. The exposition ranges from well-known properties for the experts—
analyzed here for the first time in a comprehensive way—to recent results, such as
the latest developments in the analysis of singularities. Then, in Chapters 5, 6, 7
and 8, we discuss contexts in which semiconcavity plays an important role, such
as Hamilton–Jacobi equations and control theory. Moreover, the book opens with
an introductory chapter studying a model problem from the calculus of variations:
this allows us to present, in a simple situation, some of the main ideas that will be
developed in the rest of the book. A more detailed description of the contents of this
work can be found in the introduction at the beginning of each chapter.

In our opinion, an attractive feature of the present exposition is that it requires, on
the reader’s part, little more than a standard background in real analysis and PDEs.
Although we do employ notions and techniques from different fields, we have never-
theless made an effort to keep this book as self-contained as possible. In the appendix
we have collected all the definitions we needed, and most proofs of the basic results.
For the more advanced ones—not too many indeed—we have given precise refer-
ences in the literature.

We are confident that this book will be useful for different kinds of readers. Re-
searchers in optimal control theory and Hamilton–Jacobi equations will here find the
recent progress of this theory as well as a systematic collection of classical results—
for which a precise citation may be hard to recover. On the other hand, for readers
at the graduate level, learning the basic properties of semiconcave functions could
also be an occasion to become familiar with important fields of modern analysis,
such as control theory, nonsmooth analysis, geometric measure theory and viscosity
solutions.

We will now sketch some shortcuts for readers with specific interests. As we
mentioned before, Chapter 1 is introductory to the whole text; it can also be used
on its own to teach a short course on calculus of variations. The first section of
Chapter 2 and most of Chapter 3 are essential for the comprehension of anything that
follows. On the contrary, Chapter 4, devoted to singularities, could be omitted on a
first reading. The PDE-oriented reader could move on to Chapter 5 on Hamilton–
Jacobi equations, and then to Chapter 6 on the calculus of variations, where sharp
regularity results are obtained for solutions to suitable classes of equations. On the
other hand, the reader who wishes to follow a direct path to dynamic optimization,
without including the classical calculus of variations, could go directly from Chapter
3 to Chapters 7 and 8 where finite horizon optimal control problems and optimal exit
time problems are considered.
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1

A Model Problem

The purpose of this chapter is to outline some of the main topics of the book through
the analysis of a simple problem in the calculus of variations. The study of this model
problem allows us to introduce the dynamic programming approach and to show how
the class of semiconcave functions naturally appears in this context.

In Section 1.1 we introduce semiconcave functions and give some equivalent
definitions. Then, in Section 1.2 we state our variational problem, give the dynamic
programming principle and define the value function associated with the problem. In
Section 1.3, we restrict our attention to the case where the integrand has no explicit
(t, x)-dependence; in this case the value function admits a simple representation for-
mula due to Hopf.

In Section 1.4 we observe that the value function is a solution of a specific partial
differential equation, called the Hamilton–Jacobi (or sometimes Hamilton–Jacobi–
Bellman) equation. However, the equation is not satisfied in a classical sense. In fact,
the value function in general is not differentiable everywhere, but only Lipschitz
continuous, and the equation holds at the points of differentiability. Such a property
is not sufficient to characterize the value function, since a Hamilton–Jacobi equation
may have infinitely many Lipschitz continuous solutions taking the same initial data.

Before seeing how to handle this difficulty, we give in Section 1.5 an account
of the classical method of characteristics for Hamilton–Jacobi equations. This tech-
nique gives in an elementary way a local existence result for smooth solutions, and
at the same time shows that no global smooth solution exists in general. Although
the method is completely independent of the control-theoretic interpretation of the
equation, there is an interesting connection between the solutions of the character-
istic system and the optimal trajectories of the corresponding problem in control or
calculus of variations.

In Section 1.6 we use the semiconcavity property to characterize the value func-
tion among the many possible solutions of the Hamilton–Jacobi equation. In fact,
we prove that the value function is semiconcave, and that semiconcave Lipschitz
continuous solutions of Hamilton–Jacobi equations are unique.

We conclude the chapter by describing, in Section 1.7, the connection between
Hamilton–Jacobi equations and another class of partial differential equations, called
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hyperbolic conservation laws. In the one-dimensional case the two classes of equa-
tions are strictly related; in particular, we show that semiconcavity corresponds to a
well-known estimate for solutions of conservation laws due to Oleinik.

Let us mention that a more general treatment of the problem in the calculus of
variations introduced here, including a detailed analysis of the singularities of the
value function, will be given in Chapter 6.

1.1 Semiconcave functions

Before starting the analysis of our variational problem, let us introduce semiconcave
functions, which are the central topic in this monograph and will play an important
role later in this chapter. It is convenient to consider, first, a special class of semicon-
cave functions, while the general definition will be given in Chapter 2.

Here and in what follows we write [x, y] to denote the segment with endpoints
x, y, for any x, y ∈ R

n . Moreover, we denote by x · y, or by 〈x, y〉, the Euclidean
scalar product, and by |x | the usual norm in R

n . Furthermore, Br (x)—and, at times,
B(x, r)—stands for the open ball centered at x with radius r . We will also use the
abbreviated notation Br for Br (0).

Definition 1.1.1 Let A ⊂ R
n be an open set. We say that a function u : A → R is

semiconcave with linear modulus if it is continuous in A and there exists C ≥ 0 such
that

u(x + h)+ u(x − h)− 2u(x) ≤ C |h|2, (1.1)

for all x, h ∈ R
n such that [x − h, x + h] ⊂ A. The constant C above is called a

semiconcavity constant for u in S.

Remark 1.1.2 The above definition is often taken in the literature as the definition
of a semiconcave function. For us, instead, it is a particular case of Definition 2.1.1,
where the right-hand side of (1.1) is replaced by a term of the form |h|ω(|h|) for
some function ω(·) such that ω(ρ) → 0 as ρ → 0. The function ω is called mod-
ulus of semiconcavity, and therefore we say that a function which satisfies (1.1) is
semiconcave with a linear modulus.

Semiconcave functions with a linear modulus admit some interesting characteri-
zations, as the next result shows.

Proposition 1.1.3 Given u : A → R, with A ⊂ R
n open convex, and given C ≥ 0,

the following properties are equivalent:

(a) u is semiconcave with a linear modulus in A with semiconcavity constant C;
(b) u satisfies

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y) ≤ C
λ(1 − λ)

2
|x − y|2, (1.2)

for all x, y such that [x, y] ⊂ A and for all λ ∈ [0, 1];
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(c) the function x → u(x)− C

2
|x |2 is concave in A;

(d) there exist two functions u1, u2 : A → R such that u = u1 + u2, u1 is concave,
u2 ∈ C2(A) and satisfies ||D2u2||∞ ≤ C;

(e) for any ν ∈ R
n such that |ν| = 1 we have ∂

2u
∂ν2 ≤ C in A in the sense of

distributions, that is∫
A

u(x)
∂2φ

∂ν2
(x) dx ≤ C

∫
A
φ(x) dx, ∀φ ∈ C∞

0 (A), φ ≥ 0;

(f) u can be represented as u(x) = infi∈I ui (x), where {ui }i∈I is a family of func-
tions of C2(A) such that ||D2ui ||∞ ≤ C for all i ∈ I.

Proof — Let us set v(x) = u(x)− C
2 |x |2. Using the identity

|x + h|2 + |x − h|2 − 2|x |2 = 2|h|2,
we see that (1.1) is equivalent to

v(x + h)+ v(x − h)− 2v(x) ≤ 0

for all x, h such that [x − h, x + h] ⊂ A. It is well known (see Proposition A. 1.2)
that such a property, together with continuity, is equivalent to the concavity of v, and
so (a) and (c) are equivalent.

The equivalence of (b) and (c) is proved analogously. In fact, using the identity

λ|x |2 + (1 − λ)|y|2 − |λx + (1 − λ)y|2 = λ(1 − λ)|x − y|2,
we see that inequality (1.2) is equivalent to

λv(x)+ (1 − λ)v(y)− v(λx + (1 − λ)y) ≤ 0

for all x, y such that [x, y] ⊂ A and for all λ ∈ [0, 1].
Now let us show the equivalence of (c) and (d). If (c) holds, then (d) immediately

follows taking u1(x) = u(x) − C
2 |x |2 and u2(x) = C

2 |x |2. Conversely, if (d) holds,
then for any unit vector ν we have

∂2

∂ν2

(
u2 − C

2
|x |2

)
= ∂

2u2

∂ν2
− C ≤ 0,

which implies that u2(x)− C
2 |x |2 is concave. Thus, u(x)− C

2 |x |2 is concave since it
is the sum of the two concave functions u1(x) and u2(x)− C

2 |x |2.
The equivalence between (c) and (e) is an easy consequence of the characteriza-

tion of concave functions as the functions having nonpositive distributional hessian.
Finally, let us prove the equivalence of (c) and (f). We recall that any concave

function can be written as the infimum of linear functions (see Corollary A. 1.14).
Thus, if (c) holds, we have that u(x)− C

2 |x |2 = infi∈I vi (x), where the vi ’s are linear.
Therefore, u(x) = infi∈I ui (x), where ui (x) = vi (x) + C

2 |x |2, and this proves (f).
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Conversely, assume that (f) is satisfied. Then, setting vi (x) = ui (x) − C
2 |x |2, we

see that ∂2
ννvi ≤ 0 for all ν ∈ R

n , and so vi is concave. Therefore u(x) − C
2 |x |2 is

concave, being the infimum of concave functions, and this proves (c).

From the previous proposition one can have an intuitive idea of the behavior
of semiconcave functions with a linear modulus. Property (e) shows that they are
the functions whose second derivatives are bounded above, in contrast with concave
functions whose second derivatives are nonpositive. Property (d) shows that a semi-
concave function can be regarded as a smooth perturbation of a concave function:
thus, its graph can have a nonconcave shape in the smooth parts, but any corner
points “upwards,” as for concave functions. Property (f) gives a first explanation of
why semiconcave functions naturally occur in minimization problems.

Examples of semiconcave functions will be given throughout the book and in
particular in Chapter 2. We conclude the section with a typical example of a function
which is not semiconcave.

Example 1.1.4 The function u(x) = |x | is not semiconcave in any open set con-
taining 0. In fact, inequality (1.1) is violated for any C > 0 if one takes x = 0 and
h small enough. More generally, we find that u(x) = |x |α , is not semiconcave with
a linear modulus if α < 2; we will see, however, that, if α > 1, it is semiconcave
according to the general definition which will be given in Chapter 2.

1.2 A problem in the calculus of variations

We now start the analysis of our model problem. Given 0 < T ≤ +∞, we set
QT = ]0, T [×R

n . We suppose that two continuous functions

L : QT × R
n → R, u0 : R

n → R

are given. The function L will be called the running cost, or lagrangian, while u0 is
called the initial cost. We assume that both functions are bounded from below.

For fixed (t, x) ∈ QT , we introduce the set of admissible arcs

A(t, x) = {y ∈ W 1,1([0, t];Rn) : y(t) = x}
and the cost functional

Jt [y] =
∫ t

0
L(s, y(s), ẏ(s)) ds + u0(y(0)).

Then we consider the following problem:

minimize Jt [y] over all arcs y ∈ A(t, x). (1.3)

Problems of this form are classical in the calculus of variations. In the case we are
considering the initial endpoint of the admissible trajectories is free, and the terminal
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one is fixed. Cases where the endpoints are both fixed or both free are also interesting
and could be studied by similar techniques, but will not be considered here.

The first step in the dynamic programming approach to the above problem is the
introduction of the value function.

Definition 1.2.1 The function u : QT → R defined as

u(t, x) = inf
y∈A(t,x)

Jt [y] (1.4)

is called the value function of the minimization problem (1.3).

By our assumptions u is finite everywhere. In addition we have

u(0, x) = u0(x). (1.5)

The basic idea of the approach is to show that u admits an alternative characterization
as the solution of a suitable partial differential equation, and thus it can be obtained
without referring directly to the definition. Once u is known, the minimization prob-
lem is substantially simplified.

The following result is called Bellman’s optimality principle or dynamic pro-
gramming principle and is the starting point for the study of the properties of u.

Theorem 1.2.2 Let (t, x) ∈ QT and y ∈ A(t, x). Then, for all t ′ ∈ [0, t],

u(t, x) ≤
∫ t

t ′
L(s, y(s), ẏ(s)) ds + u(t ′, y(t ′)). (1.6)

In addition, the arc y is a minimizer for problem (1.3) if and only if equality holds in
(1.6) for all t ′ ∈ [0, t].

Proof — For fixed t ′ ∈ [0, t], let z be any arc in W 1,1([0, t ′];Rn) such that z(t ′) =
y(t ′). If we set

ξ(s) =
{

z(s), s ∈ [0, t ′],
y(s), s ∈ [t ′, t],

we have that ξ ∈ A(t, x) and therefore

u(t, x) ≤ Jt [ξ ] =
∫ t

t ′
L(s, y, ẏ) ds +

∫ t ′

0
L(s, z, ż) ds + u0(z(0)).

Taking the infimum over all z ∈ A(t ′, y(t ′)) we obtain (1.6).
If (1.6) holds as an equality for all t ′ ∈ [0, t], then choosing t ′ = 0 yields that y

is a minimizer for Jt . Conversely, if y is a minimizer we find, by the definition of u
and by inequality (1.6),∫ t

0
L(s, y, ẏ) ds + u0(y(0)) = u(t, x) ≤

∫ t

t ′
L(s, y, ẏ) ds + u(t ′, y(t ′)) (1.7)
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for any given t ′ ∈ [0, t]. This implies that Jt ′ [y] ≤ u(t ′, y(t ′)). Since by definition
Jt ′ [y] ≥ u(t ′, y(t ′)), we must have equality in (1.7), and therefore also in (1.6).

We can give a sharper formulation of the dynamic programming principle, as in
the following result.

Theorem 1.2.3 Let (t, x) ∈ QT . Then, for all t ′ ∈ [0, t],

u(t, x) = inf
y∈A(t,x)

{∫ t

t ′
L(s, y(s), ẏ(s)) ds + u(t ′, y(t ′))

}
. (1.8)

Proof — Given ε > 0, let y ∈ A(t, x) be such that

u(t, x)+ ε ≥
∫ t

0
L(s, y, ẏ) ds + u0(y(0)).

Then

u(t, x) ≥
∫ t

t ′
L(s, y, ẏ) ds +

∫ t ′

0
L(s, y, ẏ) ds + u0(y(0))− ε

≥
∫ t

t ′
L(s, y, ẏ) ds + u(t ′, y(t ′))− ε.

By the arbitrariness of ε we deduce that u(t, x) is greater than or equal to the right-
hand side of (1.8). The converse inequality follows from Theorem 1.2.2.

1.3 The Hopf formula

From now on we consider the special case of L(t, x, q) = L(q) and T = +∞. We
assume that ⎧⎪⎨⎪⎩

(i) L is convex and lim
|q|→∞

L(q)

|q| = +∞

(ii) u0 ∈ Lip (Rn).

(1.9)

Then we can show that the value function of our problem admits a simple represen-
tation formula called Hopf’s formula.

Theorem 1.3.1 Under hypotheses (1.9) the value function u satisfies

u(t, x) = min
z∈Rn

[
t L

(
x − z

t

)
+ u0(z)

]
(1.10)

for all (t, x) ∈ QT .
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Proof — Observe that the minimum in (1.10) exists thanks to hypotheses (1.9). Let
us denote by v(t, x) the left-hand side of (1.10).

For fixed (t, x) ∈ QT and z ∈ R
n , let us set

y(s) = z + s

t
(x − z), 0 ≤ s ≤ t.

Then y ∈ A(t, x) and therefore

u(t, x) ≤ Jt [y] = t L

(
x − z

t

)
+ u0(z).

Taking the infimum over z we obtain that u(t, x) ≤ v(t, x).
To prove the opposite inequality, let us take ζ ∈ A(t, x). From Jensen’s inequal-

ity it follows that

L

(
x − ζ(0)

t

)
= L

(
1

t

∫ t

0
ζ̇ (s) ds

)
≤ 1

t

∫ t

0
L(ζ̇ (s)) ds

and therefore

v(t, x) ≤ u0(ζ(0))+ t L

(
x − ζ(0)

t

)
≤ Jt [ζ ].

Taking the infimum over ζ ∈ A(t, x) we conclude that v(t, x) ≤ u(t, x).

Using Hopf’s formula we can prove a first regularity property of u.

Theorem 1.3.2 Under the assumptions (1.9) the value function u is Lipschitz con-
tinuous in QT . More precisely, we have

|u(t ′, x ′)− u(t, x)| ≤ L0|x − x ′| + L1|t − t ′|, (1.11)

where L0 = Lip (u0) and L1 ≥ 0 is a suitable constant.

Proof — Let us first observe that (1.10) implies

u(t, x)− u0(x)

t
≤ L(0) (1.12)

for all (t, x) with t > 0. Let us now take (t, x), (t ′, x ′) ∈ QT and let y ∈ R
n be such

that

u(t, x) = t L

(
x − y

t

)
+ u0(y).

Then we find, using (1.12),

L

(
x − y

t

)
= u(t, x)− u0(x)

t
+ u0(x)− u0(y)

t

≤ L(0)+ L0
|x − y|

t
.
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Since L is superlinear, we can find a constant C1 > 0 depending on L0 and L(0)
such that L(q) ≥ L(0)+ L0|q| if |q| > C1. Then the previous inequality implies∣∣∣∣ x − y

t

∣∣∣∣ ≤ C1. (1.13)

Let us now set
y′ = x ′ − t ′

x − y

t
.

Then we have

x − y

t
= x ′ − y′

t ′
, y′ − y = x ′ − x + (t − t ′)

x − y

t
,

and so Hopf’s formula (1.10), together with (1.13), yields

u(t ′, x ′)− u(t, x) ≤ (t ′ − t)L

(
x − y

t

)
+ u0(y

′)− u0(y)

≤ |t − t ′| max
|q|≤C1

L(q)+ L0|y′ − y|

≤
(

L0C1 + max
|q|≤C1

L(q)

)
|t − t ′| + L0|x ′ − x |.

By interchanging the role of (x, t) and (x ′, t ′), we obtain the reverse inequality. This
proves the conclusion in the case of t, t ′ > 0. If we have, for instance, t ′ = 0, we can
estimate

|u(t, x)− u(0, x ′)| =
∣∣∣∣t L

(
x − y

t

)
+ u0(y)− u0(x

′)
∣∣∣∣

≤ t max|q|≤C1 L(q)+ L0(|y − x | + |x − x ′|)

≤ t
(
max|q|≤C1 L(q)+ L0C1

)+ L0|x − x ′|.

A well-known theorem due to Rademacher (see e.g., [71, 72, 14]) asserts that a
Lipschitz continuous function is differentiable almost everywhere, and so the previ-
ous result immediately implies

Corollary 1.3.3 Under hypotheses (1.9), the value function u is differentiable a.e.
in QT .

On the other hand, it is easy to see that, in general, u fails to be everywhere
differentiable, even if u0 and L are differentiable.

Example 1.3.4 Let us consider problem (1.4) with n = 1, L(q) = q2/2 and the
initial cost given by
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u0(z) =
{−z2 if |z| < 1

1 − 2|z| if |z| ≥ 1.

Observe that u0 is of class C1 but not C2. This is not essential for the behavior we are
going to describe; one can build examples with C∞ data exhibiting similar properties
(see Example 6.3.5).

Let us compute the value function using Hopf’s formula. We find that the mini-
mum in (1.10) is attained at⎧⎨⎩ z = x

1 − 2t
if t < 1/2 and |x | < 1 − 2t

z = x + sgn(x)2t if |x | ≥ 1 − 2t ≥ 0 or if t ≥ 1/2,

whence

u(t, x) =

⎧⎪⎨⎪⎩− x2

1 − 2t
if t < 1/2 and |x | < 1 − 2t

1 − 2(|x | + t) if |x | ≥ 1 − 2t ≥ 0 or if t ≥ 1/2.

Therefore u(t, x) is not differentiable at the points of the form (t, 0) with t ≥ 1/2.

1.4 Hamilton–Jacobi equations

In this section we introduce a partial differential equation which is solved by the
value function of our variational problem. We assume throughout that hypotheses
(1.9) are satisfied. We use the notation

ut = ∂u
∂t
, ∇u =

(
∂u

∂x1
, . . . ,

∂u

∂xn

)
.

Theorem 1.4.1 Let u be differentiable at a point (t, x) ∈ QT . Then

ut (t, x)+ H(∇u(t, x)) = 0, (1.14)

where

H(p) = sup
q∈Rn

[p · q − L(q)]. (1.15)

Equation (1.14) is called the Hamilton–Jacobi equation of our problem in the
calculus of variations. In the terminology of control theory, such an equation is also
called Bellman’s equation or dynamic programming equation. The function H is
called the hamiltonian. In general, a function defined as in (1.15) is called the Leg-
endre transform of L (see Appendix A.1).
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Proof — Let (t, x) be a point at which u is differentiable. Given q ∈ R
n , s > 0, let

us set y(τ ) = x + (τ − t)q . Then we obtain from (1.6)

u(t + s, x + sq) ≤
∫ t+s

t
L(ẏ(τ ))dτ + u(t, x),

which implies
u(t + s, x + sq)− u(t, x)

s
≤ L(q).

Letting s ↓ 0 we obtain

ut (t, x)+ q · ∇u(t, x)− L(q) ≤ 0,

and we deduce, by the arbitrariness of q, that

ut (t, x)+ H(∇u(t, x)) ≤ 0.

To prove the converse inequality, let us take x̂ ∈ R
n such that

u(t, x) = t L

(
x − x̂

t

)
+ u0(x̂).

Such an x̂ exists by Hopf’s formula. We then set, for s ∈ [0, t[ ,

xs = s

t
x +

(
1 − s

t

)
x̂ .

Since (x − x̂)/t = (xs − x̂)/s, we deduce from Hopf’s formula

u(t, x)− u(s, xs) ≥ t L

(
x − x̂

t

)
+ u0(x̂)− sL

(
xs − x̂

s

)
+ u0(x̂)

= (t − s)L

(
x − x̂

t

)
.

Dividing by t − s and letting s ↑ t we obtain

ut (t, x)+ x − x̂

t
· ∇u(t, x)− L

(
x − x̂

t

)
≥ 0,

and we conclude that ut (t, x)+ H(∇u(t, x)) ≥ 0.

From Corollary 1.3.3 and Theorem 1.4.1 it follows that the value function u given
in (1.10) satisfies {

ut + H(∇u) = 0 (t, x) ∈ R+ × R
n a.e.

u(0, x) = u0(x) x ∈ R
n .

(1.16)

The involutive character of the Legendre transform implies that the correspon-
dence between calculus of variations and Hamilton–Jacobi equations is valid in both
directions. More precisely, let H, u0 be given such that
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(i) H is convex and lim

|p|→∞
H(p)

|p| = +∞

(ii) u0 ∈ Lip (Rn)

(1.17)

and suppose that we want to solve problem (1.16). To this purpose, we can define L
to be the Legendre transform of H :

L(q) = max
p∈Rn

[p · q − H(p)].

Then (see Theorem A. 2.3) L satisfies property (1.9)–(i) and H is the Legendre
transform of L , i.e. (1.15) holds. Therefore, Hopf’s formula (1.10) yields a Lipschitz
function u that solves (1.16).

The property of solving problem (1.16) almost everywhere, however, is not
enough to characterize the value function u. Indeed, such a problem can have more
than one solution in the class Lip(R+ × R

n), as the next example shows.

Example 1.4.2 The problem{
ut + u2

x = 0 (t, x) ∈ R+ × R a.e.

u(0, x) = 0 x ∈ R

(1.18)

admits the solution u ≡ 0. However, for any a > 0, the function ua defined as

ua(t, x) =
{

0 if |x | ≥ at

a|x | − a2t if |x | < at

is a Lipschitz function satisfying the equation almost everywhere together with its
initial condition.

Simple examples like the one above show that the property of solving the equa-
tion almost everywhere is too weak and does not suffice to provide a satisfactory
notion of generalized solution. It is therefore desirable to find additional conditions
to ensure uniqueness and characterize the value function among the Lipschitz con-
tinuous solutions of the equation. A possible way of doing this relies on the semi-
concavity property and will be pursued in Section 1.6.

1.5 Method of characteristics

We describe in this section the method of characteristics, which is a classical ap-
proach to the study of first order partial differential equations like the Hamilton–
Jacobi equation (1.16). This method explains why such equations do not possess
in general smooth solutions for all times, and has some interesting connections with
the variational problem associated to the equation. A more general treatment of these
topics will be given in Section 5.1.
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Suppose that H, u0 are in C2(Rn), and suppose that we already know that prob-
lem (1.16) has a solution u of class C2 in some strip QT . For fixed z ∈ R

n , let
us denote by X (t; z) the solution of the ordinary differential equation (here the dot
denotes differentiation with respect to t)

Ẋ = DH(∇u(t, X)), X (0) = z. (1.19)

Such a solution is defined in some maximal interval [0, Tz[ (although it will later
turn out that Tz = T for all z). The curve t → (t, X (t; z)) is called the characteristic
curve associated with u and starting from the point (0, z). Let us now set

U (t; z) = u(t, X (t; z)), P(t; z) = ∇u(t, X (t; z)). (1.20)

Then, using the fact that u solves problem (1.16) we find that

U̇ = ut (t, X)+ ∇u(t, X) · Ẋ = −H(P)+ DH(P) · P,

Ṗ = ∇ut (t, X)+ ∇2u(t, X)Ẋ = ∇(ut + H(∇u))(t, X) = 0.

Therefore P is constant, and so the right-hand side of (1.19) is also constant. Thus,
X is defined in [0, T [ and we can compute explicitly X,U, P obtaining⎧⎪⎪⎨⎪⎪⎩

P(t; z) = Du0(z)

X (t; z) = z + t DH(Du0(z))

U (t; z) = u0(z)+ t[DH(Du0(z)) · Du0(z)− H(Du0(z))].

(1.21)

Observe that the right-hand side of (1.21) is no longer defined in terms of the
solution u, but only depends on the initial value u0. This suggests that, even without
assuming in advance the existence of a solution, one can use these formulas to define
one. As we are now going to show, such a construction can be in general carried out
only locally in time.

We need the following classical result about the global invertibility of maps (see
e.g., [11, Th. 3.1.8]).

Theorem 1.5.1 Let F : R
n → R

n be of class C1 and proper (that is, F−1(K ) is
compact whenever K is compact). If det DF(x) �= 0 for all x ∈ R

n, then F is a
global C1-diffeomorphism from R

n onto itself.

As a consequence, we obtain the following invertibility result for maps depending
on a parameter.

Theorem 1.5.2 Let � : [a, b] × R
n → R

n be of class C1. Suppose that there exists
M > 0 such that |�(t, z) − z| ≤ M for all (t, z) ∈ [a, b] × R

n. Suppose also that
the jacobian with respect to the z-variable Dz F(t, z) has nonzero determinant for
all (t, z). Then there exists a unique map � : [a, b] × R

n → R
n of class C1 such

that �(t, �(t, x)) = x for all (t, x) ∈ [a, b] × R
n.
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Proof — For fixed t ∈ [a, b], define F(z) = �(t, z). Then F : R
n → R

n is of class
C1 and det F(z) �= 0 for all z by our assumptions. To show that F is proper, let us
take any compact set K ⊂ R

n . Then F−1(K ) is closed by the continuity of F . To
prove that it is also bounded, let us denote by d the diameter of K and take any z1, z2
in F−1(K ). Then we have, by our assumptions on �,

|z2 − z1| ≤ |z2 − F(z2)| + |z1 − F(z1)| + |F(z2)− F(z1)| ≤ 2M + d,

showing that F−1(K ) is bounded. Hence F is proper.
Now we can apply Theorem 1.5.1 to obtain that F has a global inverse. Since the

same holds for all t , we obtain that there exists �(t, x) such that �(t, �(t, x)) = x
for all (t, x) ∈ [a, b] × R

n .
It remains to prove that � is regular with respect to both arguments. For this

purpose, we set �̃(t, z) = (t,�(t, z)) and �̃(t, x) = (t,�(t, x)). Then �̃ and �̃ are
reciprocal inverse. Since �̃ is of class C1, we have that �̃ (and therefore �) is also
of class C1 provided the jacobian of �̃ has nonzero determinant. But this follows
from our hypotheses on �, since we have

D�̃(t, z) =
(

1 0
∂t�(t, z) Dz�(t, z)

)
.

We can now give the local existence result for classical solutions based on the
method of characteristics.

Theorem 1.5.3 Let u0, H ∈ C2(Rn) be given, and suppose that Du0 and D2u0 are
bounded. Let us set

T ∗ = sup{t > 0 : I + t D2 H(Du0(z))D
2u0(z) is invertible for all z ∈ R

n}.
Then problem (1.16) has a unique solution u ∈ C2([0, T ∗[×R

n).

Proof — Let X,U, P be defined as in (1.21). Then, for any T < T ∗, we can apply
Theorem 1.5.2 to the map X in [0, T ] × R

n . In fact, the jacobian Xz(t; z) = I +
t D2 H(Du0(z))D2u0(z) is invertible by hypothesis, and the quantity X (t; z) − z =
t DH(Du0(z)) is uniformly bounded. Therefore we can find a map Z(t; x) of class
C1 such that X (t; Z(t; x)) = x for all (t, x) ∈ [0, T ] × R

n . After setting

u(t, x) = U (t; Z(t; x)), (t, x) ∈ [0, T ] × R
n,

let us prove that u is a C2 solution of problem (1.16).
To check that the initial condition is satisfied, it suffices to observe that X (0; z) =

z and U (0; z) = u0(z) for all z; therefore Z(0; x) = x and u(x, 0) = u0(x) for all
x . The verification that u is of class C2 and satisfies the equation is technical but
straightforward, as we now show. From the definition it is clear that u is of class at
least C1. Let us compute its derivatives. By (1.21) we have

Uz(t; z) = Du0(z)+ t Du0(z) D2 H(Du0(z)) D2u0(z)

= P(t; z) Xz(t; z),
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where the subscript denotes partial differentiation. This implies, by the definition of
Z , that

∇u(t, x) = Uz(t; Z(t; x)) Zx (t; x) = P(t; Z(t, x)). (1.22)

We also find that

ut (t, x) = Ut (t; Z(t, x))+Uz(t; Z(t, x)) Zt (t; x)

= DH(P) · P − H(P)+ P Xz Zt ,

where we have written for simplicity P, Z , etc. instead of P(t; Z(t, x)), Z =
Z(t; x), respectively. Taking into account that X (t; Z(t; x)) ≡ x we obtain

Xt (t; Z)+ Xz(t; Z)Zt = 0.

Therefore, since Xt = DH(P) by (1.21),

ut (t, x) = Xt · P − H(P)+ P Xz Zt = −H(P).

This equality, together with (1.22), implies that u ∈ C2 and satisfies problem (1.16).
Uniqueness follows from the remarks at the beginning of this section. Indeed, if

we have another solution v, we can define the characteristic curves associated to v,
which are also given by (1.21), since they only depend on H and u0. In particular,
we have v(t, X (t; z)) = U (t, z) for all t, z. Therefore,

v(t, x) = v(t, X (t; Z(t; x))) = U (t; Z(t, x)) = u(t, x)

for all (t, x) ∈ [0, T ] × R
n , showing that u and v coincide.

Let us recall an elementary property from linear algebra.

Lemma 1.5.4 Let B be a symmetric positive semidefinite n × n-matrix. Then, for
any v ∈ R

n we have 〈Bv, v〉 = 0 if and only if Bv = 0.

Proof — Let e1, . . . , en be an orthonormal basis of eigenvectors of B, and let
λ1, . . . , λn be the corresponding eigenvalues. If we set vi = v · ei , we have

〈Bv, v〉 =
n∑

i=1

λiv
2
i .

Since B is positive semidefinite, we have λi ≥ 0 for all i and so all terms in the
above sum are nonnegative. If 〈Bv, v〉 = 0, then λiv

2
i = 0 for all i = 1, . . . , n. But

then also λ2
i v

2
i = 0 for all i , and we deduce

|Bv|2 = 〈Bv, Bv〉 =
n∑

i=1

λ2
i v

2
i = 0.
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Corollary 1.5.5 Let u0 and H be as in Theorem 1.5.3. Set

M0 = sup
z∈Rn

|Du0(z)|, M1 = sup
z∈Rn

||D2u0(z)||, M2 = sup
|p|≤M0

||D2 H(p)||.

Then problem (1.16) has a C2 solution at least for time t ∈ [0, (M1 M2)
−1[ . If H

and u0 are both convex (or both concave) then the problem has a C2 solution for all
positive times.

Proof — If M1,M2 are defined as above, the matrix D2 H(Du0(z))D2u0(z) has
norm less than M1 M2. Thus, if t < (M1 M2)

−1 we have

|t D2 H(Du0(z))D
2u0(z)v| < |v|

for all v ∈ R
n , v �= 0, showing that the matrix I + t D2 H(Du0(z))D2u0(z) is

invertible.
Let us now prove the last part of the statement in the case when H, u0 are convex

(the concave case is completely analogous). It suffices to show that the matrix I +
t D2 H(Du0(z))D2u0(z) is invertible for all t, z. Let us argue by contradiction and
suppose that there exist t, z and a nonzero vector v such that

v + t D2 H(Du0(z))D
2u0(z)v = 0.

Let us set for simplicity A = D2 H(Du0(z)), B = D2u0(z). Then A, B are both
positive semidefinite, and we have v = −t ABv. But then

0 ≤ t〈ABv, Bv〉 = −〈v, Bv〉 ≤ 0,

which implies that 〈v, Bv〉 = 0. By Lemma 1.5.4, we deduce that Bv = 0, in
contradiction with the property that v = −t ABv.

The time T ∗ given by Theorem 1.5.3 is optimal, as shown by the next result.

Theorem 1.5.6 Let H, u0 and T ∗ be as in Theorem 1.5.3. If T ′ > T ∗, then no C2

solution of problem (1.16) exists in [0, T ′[×R
n.

We give two different proofs of this statement; the argument of the second one is
more intuitive, but can be applied only in the case n = 1.

First proof — We argue by contradiction and suppose that there exists a solution
u ∈ C2([0, T ′[×R

n), with T ′ > T ∗. By definition of T ∗, there exist t∗ ∈ ]T ∗, T ′[ ,
z∗ ∈ R

n and θ ∈ R
n \ {0} such that

Xz(t
∗; z∗) θ = θ + t∗ D2 H(Du0(z

∗)) D2u0(z
∗) θ = 0.

This implies in particular that

Pz(t
∗; z∗) θ = D2u0(z

∗) θ �= 0.
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Differentiating (1.20) with respect to z we obtain

∇2u(t∗, X (t∗, z∗)) Xz(t
∗, z∗) = Pz(t

∗, z∗).

Taking the scalar product with θ of both sides of the equality yields a contradiction.

Second proof — Here we restrict ourselves to the case n = 1. As in the first proof,
we argue by contradiction and suppose that there exists a solution u up to some
time T ′ > T ∗. By definition of T ∗ we can find t∗ < T ′ and z∗ ∈ R such that
1 + t∗H ′′(u′0(z

∗))u′′0(z
∗) = 0. Then H ′′(u′0(z

∗))u′′0(z
∗) < 0 and so, if we fix any

t̂ ∈ ]t∗, T ′[ , we have

1 + t̂ H ′′(u′0(z
∗))u′′0(z

∗) < 1 + t∗H ′′(u′0(z
∗))u′′0(z

∗) = 0.

This shows that the function z → X (t̂; z) has a negative derivative at z = z∗ and
so is decreasing in some neighborhood of z∗. Thus, there exists z1 < z2 such that
X (t̂; z1) > X (t̂; z2). On the other hand, we have X (0; z1) = z1 < z2 = X (0; z2).
By continuity, there exists s ∈ ]0, t̂[ such that X (s; z1) = X (s; z2). It follows that

u′0(zi ) = P(s; zi ) = ux (s, X (s; zi )), i = 1, 2,

which implies u′0(z1) = u′0(z2). But then we deduce from (1.21) that X (s; z2) −
X (s; z1) = z2 − z1 �= 0, in contradiction with our choice of s.

Remark 1.5.7 As it is clear from the second proof, the critical time T ∗ is the time at
which the characteristic lines start to cross. Intuitively speaking, since ux is constant
along any of these lines, the crossing of characteristics corresponds to the formation
of discontinuities in the gradient of u. Let us do some observations about this behav-
ior. From the computations of the second proof we see that the map z → X (t; z)
is strictly increasing if t < T ∗ and not monotone for t > T ∗. Thus, the map
z → X (T ∗; z) is increasing; it is either strictly increasing or it is constant on some
interval. In the first case we can intuitively say that the characteristics are not yet
crossing at the critical time t = T ∗, but start crossing immediately afterwards. In the
latter case there is a family of characteristics which are all converging to the same
point at t = T ∗, as in Example 1.3.4. However, it is easily seen that this second
behavior is nongeneric, in the sense that it is not stable under small perturbations of
the initial value. In fact, it only occurs if the derivative of z → X (T ∗; z) vanishes
identically on an interval.

Let us now focus on the case of a Hamilton–Jacobi equation coming from a varia-
tional problem of the form considered in the previous sections. We have seen that the
value function is Lipschitz continuous and solves the equation almost everywhere;
we now study the relationship between the value function and the smooth solution
obtained by the method of characteristics. We will show that the two functions agree
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as long as the latter exists, and that there is a connection between the value function
and the characteristics which is valid for all times.

We make some more regularity assumptions on L , u0 with respect to the previous
sections; namely we assume, in addition to (1.9), that L is strictly convex and that
u0 is differentiable. Then, if we denote by H the Legendre transform of L , we have
that H is differentiable (see Theorem A. 2.4 in the Appendix). Observe that such
properties of H and u0 are weaker than the ones needed in Theorem 1.5.3, but are
enough to ensure that the functions P, X,U in (1.21) are well defined.

Our first remark is that minimizers for the problem in the calculus of variations
are also characteristic curves for the Hamilton–Jacobi equation.

Proposition 1.5.8 Let L , u0 : R
n → R satisfy assumptions (1.9); suppose in addi-

tion that L is strictly convex and that u0 is of class C1. Given (t, x) ∈ [0,∞[×R
n,

let y(·) be a minimizer for problem (1.3). Then y(·) = X (·, z) for some z ∈ R
n.

Proof — Let y(·) be a minimizer for problem (1.3) and let z = y(0). In the proof
of Hopf’s formula (Theorem 1.3.1) we have seen that y has the form y(s) = z +
s(x − z)/t for some z ∈ R

n . In addition, z is a minimizer for the right-hand side of
(1.10), which implies that DL((x − z)/t) = Du0(z). By well-known properties of
the Legendre transform (see (A. 19)), this implies that DH(Du0(z)) = (x − z)/t ,
and so y(s) = X (s; z).

Let us set for (t, x) ∈ [0,+∞[×R
n ,

Z(t; x) = {z ∈ R
n : X (t; z) = x}. (1.23)

If the hypotheses of Theorem 1.5.3 are satisfied, then such a set is a singleton for
small times; in general it is a compact set, as a consequence of the definition of X
and of the properties of u0, H .

Proposition 1.5.9 Given L , u0 as in the previous proposition, let u(t, x) be the value
function of problem (1.4). Then

u(t, x) = min
z∈Z(t;x)

U (t; z). (1.24)

Proof — As we have seen in the proof of the previous proposition, when one takes
the minimum in Hopf’s formula (1.10) it is enough to consider the values of z such
that x = X (t; z). Therefore

u(t, x) = min
z∈Z(t;x)

[
u0(z)+ t L

(
x − z

t

)]
.

The condition z ∈ Z(t; x) is equivalent to DH(Du0(z)) = (x − z)/t . Recalling
identity (A. 21), we have, for z ∈ Z(t; x),

U (t; z) = u0(z)+ t L

(
x − z

t

)
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and so the two sides of (1.24) coincide.

In other words, the solution given by Hopf’s formula is a suitable selection of the
multivalued function obtained by the method of characteristics. Let us point out that
such a behavior is peculiar to Hamilton–Jacobi equations with convex hamiltonian: if
H is neither convex nor concave there is in general no way of finding a weak solution
by taking such a selection.

Corollary 1.5.10 Let L , u0 ∈ C2(Rn) satisfy assumptions (1.9). Suppose in addi-
tion that D2L is positive definite everywhere and that D2u0 is uniformly bounded.
Then there exists T ∗ > 0 such that the value function of problem (1.4) is of class
C2 in [0, T ∗[×R

n. If u0 is convex, then T ∗ = +∞ and so the value function is C2

everywhere. In addition, given (t, x) with t < T ∗, there exists a unique minimizer
for problem (1.3), which is given by

y(s) = x + (s − t)DH(∇u(t, x)). (1.25)

Proof — By Theorem A. 2.5 the Legendre transform of L is of class C2 and strictly
convex. Hence, Theorem 1.5.3 ensures the existence of T ∗ > 0 such that Z(t, x) is
a singleton for t < T ∗ and such that the method of characteristics yields a smooth
solution of the Hamilton–Jacobi equation in [0, T ∗[×R

n . By the previous theorem,
this smooth solution coincides with the value function. As observed in Corollary
1.5.5, T ∗ = +∞ if u0 is convex. Finally, (1.25) follows from Proposition 1.5.8,
from (1.22) and (1.21).

The previous theorem shows how the dynamic programming approach can pro-
vide a solution to the problem in the calculus of variations we are considering. Such a
result, however, relies on the smoothness of the value function and we have seen that
such a property does not hold in general for all times. When one tries to extend this
approach to the cases when the value function is only Lipschitz, several difficulties
arise. We have already mentioned the nonuniqueness of Lipschitz continuous solu-
tions of the Hamilton–Jacobi equation. It is also not obvious how to restate equation
(1.25) at the points where u is not differentiable. These issues will be discussed in
detail in the remainder of the book.

1.6 Semiconcavity of Hopf’s solution

In this section we show that the semiconcavity property characterizes the value func-
tion among all possible Lipschitz continuous solutions of the Hamilton–Jacobi equa-
tion (1.16).

Theorem 1.6.1 Let L , u0 satisfy assumptions (1.9). Suppose in addition that

(i) L ∈ C2(Rn), D2L(q) ≤ 2

α
I ∀ q ∈ R

n

(ii) u0(x + h)+ u0(x − h)− 2u0(x) ≤ C0|h|2, ∀ x, h ∈ R
n

(1.26)



1.6 Semiconcavity of Hopf’s solution 19

for suitable constants α > 0, C0 ≥ 0. Then there exists a constant C1 ≥ 0 such that

u(t + s, x + h)+ u(t − s, x − h)− 2u(t, x)

≤ 2tC0

2t + α(t2 − s2)C0
(|h| + C1|s|)2 (1.27)

for all t > 0, s ∈ ] − t, t[ , x, h ∈ R
n.

Proof — For fixed t, s, x, h as in the statement of the theorem, let us choose x̂ ∈ R
n

such that

u(t, x) = t L

(
x − x̂

t

)
+ u0(x̂). (1.28)

Such a x̂ exists by Hopf’s formula; in addition, by (1.13), there exists C1, depending
only on L , such that

|x − x̂ |
t

≤ C1. (1.29)

We set, for λ ≥ 0,

x+λ = x̂ + λ
(

h − s
x − x̂

t

)
, x−λ = x̂ − λ

(
h − s

x − x̂

t

)
.

Then we have

x+λ + x−λ
2

= x̂,
x+λ − x−λ

2
= λ

(
h − s

x − x̂

t

)
. (1.30)

By (1.29) we have

|x+λ − x−λ |
2

≤ λ(|h| + C1|s|). (1.31)

By Hopf’s formula (1.10) we have

u(t ± s, x ± h) ≤ (t ± s)L

(
x ± h − x±λ

t ± s

)
+ u0(x

±
λ ).

Thus, keeping into account (1.28), we can estimate

u(t + s, x + h)+ u(t − s, x − h)− 2u(t, x)

≤ 2t

[
t + s

2t
L

(
x + h − x+λ

t + s

)
+ t − s

2t
L

(
x − h − x−λ

t − s

)
− L

(
x − x̂

t

)]
+u0(x

+
λ )+ u0(x

−
λ )− 2u0(x̂). (1.32)

From (1.31) and (1.26)(ii) it follows that



20 1 A Model Problem

u0(x
+
λ )+ u0(x

−
λ )− 2u0(x̂) ≤ C0λ

2(|h| + C1|s|)2. (1.33)

We now take q0, q1 ∈ R
n , θ ∈ [0, 1] and set qθ = θq1+(1−θ)q0. Using assumption

(1.26)(i) and the equivalence between (b) and (e) in Proposition 1.1.3, we have

θL(q1)+ (1 − θ)L(q0)− L(qθ ) ≤ θ(1 − θ)
α

|q1 − q0|2. (1.34)

Therefore, observing that

t + s

2t

x + h − x+λ
t + s

+ t − s

2t

x − h − x−λ
t − s

= x − x̂

t
,

we obtain from (1.34)

t + s

2t
L

(
x + h − x+λ

t + s

)
+ t − s

2t
L

(
x − h − x−λ

t − s

)
− L

(
x − x̂

t

)

≤ t2 − s2

α(2t)2

∣∣∣∣∣ x + h − x+λ
t + s

− x − h − x−λ
t − s

∣∣∣∣∣
2

. (1.35)

In addition

x + h − x+λ
t + s

− x − h − x−λ
t − s

= (t − s)(x + h)− (t + s)(x − h)

t2 − s2
− (t − s)x+λ − (t + s)x−λ

t2 − s2

= 2
th − sx + sx̂

t2 − s2
− 2λt

t2 − s2

(
h − s

x − x̂

t

)
= 2(1 − λ)t

t2 − s2

(
h − s

x − x̂

t

)
,

which implies, by (1.29)∣∣∣∣∣ x + h − x+λ
t + s

− x − h − x−λ
t − s

∣∣∣∣∣ ≤ 2(1 − λ)t
t2 − s2

(|h| + C1|s|). (1.36)

From (1.32), (1.33), (1.35) and (1.36) we obtain, for all λ ≥ 0,

u(t + s, x + h)+ u(t − s, x − h)− 2u(t, x)

≤ C(λ)[|h| + C1|s|]2,

where

C(λ) = 2t

α(t2 − s2)
(1 − λ)2 + C0λ

2.

It is easily checked that
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min
λ≥0

C(λ) = 2tC0

2t + αC0(t2 − s2)
, (1.37)

and this proves (1.27).

Estimate (1.30) of the previous theorem easily implies that u is semiconcave with
a linear modulus. Actually, to have a semiconcavity estimate for u it is not necessary
that both assumptions in (1.26) are satisfied, but it is enough to assume one of the
two, as shown in the next corollary.

Corollary 1.6.2 Let assumptions (1.9) be satisfied and let u be the function defined
by Hopf’s formula (1.10).

(i) If L satisfies property (1.26)(i) for some α > 0, then there exists C1 such that

u(t + s, x + h)+ u(t − s, x − h)− 2u(t, x) ≤ 2t

α(t2 − s2)
(|h| + C1|s|)2.

(ii) If u0 satisfies (1.26)(ii) for some C0 ≥ 0, then there exists C1 such that

u(t + s, x + h)+ u(t − s, x − h)− 2u(t, x) ≤ C0(|h| + C1|s|)2.
(iii) If u0 is concave, then u is concave (jointly in t, x).

Proof — Formally, statements (i) and (ii) are obtained by letting respectively C0 →
∞ and α ↓ 0 in estimate (1.27). A precise motivation can be obtained by a suitable
adaptation of the proof of the previous theorem. To prove (i), we apply inequality
(1.32) with λ = 0. With this choice of λ we have x+λ = x−λ = x̂ ; thus, the terms with
u0 drop out while the terms involving L can be estimated as before. To prove (ii)
we choose instead λ = 1; then it is easily checked that the total contribution of the
terms with L in (1.32) is zero, while the remaining terms can be estimated as before.
Finally, statement (iii) follows from (ii) taking C0 = 0.

If both hypotheses in (1.26) are violated, i.e., L is not twice differentiable and
u0 is not semiconcave, then u may fail to be semiconcave, as shown by the next
example.

Example 1.6.3 Consider a one-dimensional problem with lagrangian and initial cost
given respectively by

L(q) = q2

2
+ |q|, u0(x) = |x |

2
.

Clearly, hypotheses (1.9) are satisfied. On the other hand, assumptions (1.26) are
both violated, since L is not twice differentiable at q = 0 and u0 is not semiconcave
(see Example 1.1.4).

By Hopf’s formula the value function is given by

u(t, x) = min
z∈R

{
|z|
2
+ (x − z)2

2t
+ |x − z|

}
.
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It is easily found that the quantity to minimize is a decreasing function of z for z < x
and increasing for z > x . Hence the minimum is attained for z = x , i.e.,

u(t, x) = |x |
2
, ∀ t ≥ 0, x ∈ R.

Thus, the value function is not semiconcave.

We now show that the semiconcavity property singles out Hopf’s solution among
all Lipschitz continuous solutions of the Hamilton–Jacobi equation.

Theorem 1.6.4 Let H ∈ C2(Rn) be convex and let u1, u2 ∈ Lip (QT ) be solutions
of (1.16) such that, for any t > 0 and i = 1, 2,

ui (t, x + h)+ ui (t, x − h)− 2ui (t, x) ≤ C

(
1 + 1

t

)
|h|2, x, h ∈ R

n (1.38)

for some C > 0. Then u1 = u2 everywhere in QT .

We first recall an elementary algebraic property.

Lemma 1.6.5 Let A, B be two symmetric n×n matrices. Suppose that 0 ≤ A ≤ �I
and B ≤ k I for some �, k > 0. Then

trace(AB) ≤ nk�.

Proof — Let {e1, . . . , en} be on orthonormal basis of eigenvectors of B and let
{μ1, . . . , μn} be the corresponding eigenvalues. Then our assumptions imply

μi ≤ k, 0 ≤ 〈ei , Aei 〉 ≤ �, ∀ i = 1, . . . , n.

It follows that

trace(AB) =∑n
i=1〈ei , ABei 〉 =

∑n
i=1 μi 〈ei , Aei 〉

≤ k
∑n

i=1〈ei , Aei 〉 ≤ nk�.

Proof of Theorem 1.6.4 — Setting ū(t, x) = u1(t, x)−u2(t, x)we have, for (t, x) ∈
QT a.e.,

ūt (t, x) = H(∇u2(t, x))− H(∇u1(t, x)) = −b(t, x)∇ū(t, x),

where

b(t, x) =
∫ 1

0
DH(r∇u2(t, x)+ (1 − r)∇u1(t, x))dr.

Let φ : R → [0,∞[ be a C1 function to be fixed later. Setting v = φ(ū) we obtain,
for (t, x) ∈ QT a.e.,
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vt (t, x)+ b(t, x) · ∇v(t, x) = 0. (1.39)

Let k ∈ C∞(Rn) be a nonnegative function whose support is contained in the unit
sphere and whose integral is 1. We define, for i = 1, 2, ε > 0 and (t, x) ∈ QT ,

uεi (t, x) =
1

εn

∫
Rn

ui (t, y)k

(
x − y

ε

)
dy.

By well-known properties of convolutions the functions uεi are of class C∞ with
respect to x and satisfy

(i) |∇uεi | ≤ Lip (ui )

(ii) for all t > 0, ∇uεi (t, ·)→ ∇ui (t, ·) a.e. as ε→ 0.
(1.40)

In addition, uεi satisfies the semiconcavity estimate (1.38) for all ε > 0. Therefore,
using property (e) in Proposition 1.1.3,

∇2uεi (t, x) ≤ C

(
1 + 1

t

)
I, (t, x) ∈ QT . (1.41)

Setting

bε(t, x) =
∫ 1

0
DH(r∇uε2(t, x)+ (1 − r)∇uε1(t, x))dr,

we can rewrite equation (1.39) in the form

vt + div (vbε) = (div bε)v + (bε − b) · ∇v.
Let us set

R = max{|DH(p)| : |p| ≤ max(Lip (u1),Lip (u2))},
� = max{||D2 H(p)|| : |p| ≤ max(Lip (u1),Lip (u2))}.

By (1.41) and Lemma 1.6.5 it follows that

div bε =

=
∫ 1

0

n∑
k,l=1

∂2 H

∂pk∂pl
(r∇uε2 + (1 − r)∇uε1)

(
r
∂2uε2
∂xk∂xl

+ (1 − r)
∂2uε1
∂xk∂xl

)
dr

≤ n�C(1 + 1/t). (1.42)

This is the estimate where the semiconcavity assumption on the ui ’s is used.
Given (t0, x0) ∈ QT , let us introduce the function

E(t) =
∫

B(x0,R(t0−t))
v(t, x)dx, 0 ≤ t ≤ t0

and the cone
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C = {(t, x) : 0 ≤ t ≤ t0, x ∈ B(x0, R(t0 − t))},

where we use the notation

B(x0, R(t0 − t)) = {x ∈ R
n : |x − x0| < R(t0 − t)}.

Then E is Lipschitz continuous and satisfies, for a.e. t > 0,

E ′(t) =
∫

B(x0,R(t0−t))
vt dx − R

∫
∂B(x0,R(t0−t))

vd S

=
∫

B(x0,R(t0−t))
{−div (vbε)+ (div bε)v + (bε − b) · ∇v}dx

−R
∫
∂B(x0,R(t0−t))

vd S

= −
∫
∂B(x0,R(t0−t))

v(bε · ν + R)d S

+
∫

B(x0,R(t0−t))
{(div bε)v + (bε − b) · ∇v}dx

≤
∫

B(x0,R(t0−t))
{(div bε)v + (bε − b) · ∇v}dx

≤ n�C

(
1 + 1

t

)
E(t)+

∫
B(x0,R(t0−t))

(bε − b) · ∇v dx .

Letting ε→ 0 we obtain, by (1.40)(ii),

E ′(t) ≤ n�C

(
1 + 1

t

)
E(t), t ∈ ]0, t0[ a.e. (1.43)

We now choose the function φ in the definition of v. We fix η > 0 and take φ such
that φ(z) = 0 if |z| ≤ η[Lip (u1) + Lip (u2)] and φ(z) > 0 otherwise. Then the
assumption that u1 = u2 for t = 0 implies that v(t, x) = 0 if t ≤ η. Thus we obtain,
from (1.43) and Gronwall’s inequality,

0 ≤ E(t) ≤ E(η) exp

(∫ t

η

n�C

(
1 + 1

s

)
ds

)
= 0

for any t ∈ [0, t0]. Hence

|u2 − u1| ≤ η [ Lip (u1)+ Lip (u2)] on C.

By the arbitrariness of η > 0, we deduce that u1 and u2 coincide in C, and, in
particular, u1(t0, x0) = u2(t0, x0).

We can summarize the results we have obtained about problem (1.16) as follows.
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Corollary 1.6.6 Let H, u0 satisfy hypotheses (1.17) . Suppose in addition that H ∈
C2(Rn) and that either H is uniformly convex or u0 is semiconcave with a linear
modulus. Then there exists a unique u ∈ Lip ([0,∞[×R

n) which solves problem
(1.16) almost everywhere and which satisfies

u(t, x + h)+ u(t, x − h)− 2u(t, x) ≤ C

(
1 + 1

t

)
|h|2, x, h ∈ R

n, t > 0,

(1.44)

for a suitable C > 0. In addition, u is given by Hopf’s formula (1.10), taking as L
the Legendre transform of H.

Proof — We recall that, if H is uniformly convex and L is the Legendre transform
of H , then L satisfies property (1.26)(i) (see (A. 20) in the appendix). The result then
follows from Theorem 1.4.1, Corollary 1.6.2 and Theorem 1.6.4.

Let us point out that, nowadays, using semiconcavity to obtain uniqueness results
is a procedure that has mainly an historical interest, since it has been later incorpo-
rated in the more general theory of viscosity solutions. A stronger motivation for the
study of the semiconcavity lies in the consequences for the regularity of the value
function. As we will see, the generalized differential of a semiconcave function en-
joys special properties, which play in important role in applications to the calculus
of variations and optimal control theory.

1.7 Semiconcavity and entropy solutions

In this section we discuss briefly the connection between Hamilton–Jacobi equations
and another class of partial differential equations called the hyperbolic conservation
laws.

Given H ∈ C2(R) and T ∈ ]0,∞], let u ∈ C2([0, T [×R) be a solution of

ut + H(ux ) = 0. (1.45)

Then, if we set v(t, x) := ux (t, x) and differentiate (1.45) with respect to x , we see
that v solves

vt + H(v)x = 0. (1.46)

Conversely, if v is a C1 solution of (1.46) and we set, for a given x0 ∈ R,

u(t, x) :=
∫ x

x0

v(t, y) dy −
∫ t

0
H(v(s, x0)) ds (1.47)

then u is a solution of (1.45).
Equation (1.46) is called a hyperbolic conservation law. We observe that the

above transformation can no longer be done when one considers equations in several
space dimensions or systems of equations.
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Just like Hamilton–Jacobi equations, conservation laws do not possess in general
global smooth solutions. It is interesting therefore to investigate the relation between
the two equations when dealing with generalized solutions. Conservation laws are in
divergence form and it is natural to consider solutions in the sense of distributions.
More precisely, let us consider equation (1.46) with initial data

v(0, x) = v0(x), x ∈ R a.e., (1.48)

where v0 ∈ L∞(R). Then we say that v ∈ L∞([0, T [×R) is a weak solution of
problem (1.46)–(1.48) if it satisfies∫ T

0

∫
R

[v(t, x)φt (t, x)+ H(v(t, x))φx (t, x)] dxdt

= −
∫

R

v0(x)φ(0, x) dx, ∀φ ∈ C∞
0 ([0, T [×R). (1.49)

Here C∞
0 denotes the class of C∞ functions with compact support.

It can be proved that the weak solutions to hyperbolic conservation laws defined
above correspond to Lipschitz continuous almost everywhere solutions to Hamilton–
Jacobi equations, as stated in the next result.

Theorem 1.7.1 Let u ∈ Lip ([0, T [×R) be an almost everywhere solution of (1.45)
and let v(t, x) = ux (t, x). Then v is a weak solution of (1.46)–(1.48) with v0(x) =
ux (0, x).

Conversely, let v ∈ L∞([0, T [×R) be a weak solution of (1.46)–(1.48) for some
v0 ∈ L∞(R). Then, there exists u ∈ Lip ([0, T [×R) which satisfies (1.45) al-
most everywhere and is such that ux (t, x) = v(t, x) for a.e.(t, x) ∈ [0, T [×R and
ux (0, x) = v0(x) for a.e. x ∈ R.

Proof — See [63, Theorem 2, p. 955].

We have seen that, for Hamilton–Jacobi equations, the notion of almost every-
where solution is too weak and a Cauchy problem may possess in general infinitely
many such solutions. By the equivalence result stated above, the same is true for the
distributional solutions of scalar conservation laws: in order to obtain a uniqueness
result one needs to restrict the class of solutions by adding some suitable admissi-
bility condition. In the case where H is convex, we can extend to conservation laws
the existence and uniqueness result for Hamilton–Jacobi equations of the previous
chapter, provided we require that the solutions satisfy a “differentiated” form of the
semiconcavity inequality.

Corollary 1.7.2 Given H ∈ C2(R) such that H ′′(p) ≥ c > 0 and given v0 ∈
L∞(R) there exists a unique v ∈ L∞([0,∞[×R) which is a weak solution of prob-
lem (1.46)–(1.48) and satisfies a.e.

v(y, t)− v(x, t) ≤ y − x

ct
, x < y, t > 0. (1.50)
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Proof — We observe that inequality (1.50) is equivalent to the property that for all
t > 0, x → v(x, t)− x/(ct) is nonincreasing. Therefore, if u ∈ Lip ([0,∞[×R) is
such that ux = v a.e., then v satisfies (1.50) if and only if, for all t > 0, x → u(x, t)−
x2/(2ct) is concave. The result then follows from Corollary 1.6.2, Theorem 1.6.4 and
Proposition 1.7.1, taking into account also the characterizations of semiconcavity
given in Proposition 1.1.3.

Condition (1.50) is called the Oleinik one-sided Lipschitz inequality. A weak so-
lution of (1.45)–(1.48) satisfying the Oleinik inequality is called an entropy solution.
There are other equivalent definitions of entropy solutions of scalar conservation
laws. The most powerful one was given by Kruzhkov [101] replacing equality (1.49)
by a family of integral inequalities. Kruzhkov’s definition also covers the cases where
H is not convex and where the space dimension is greater than one. In the case of
Hamilton–Jacobi equations with a general H , the appropriate class of solutions is
given by the viscosity solutions of Crandall and Lions (see Chapter 5), which coin-
cide with semiconcave solutions for the equations with convex Hamiltonian consid-
ered in this chapter. It can be shown (see e.g., [52]) that the two theories are equiva-
lent in the one-dimensional case; that is, for a general nonconvex H , a function u is
a viscosity solution of (1.45) if and only if v = ux is an entropy solution of (1.46).

Bibliographical notes

The dynamic programming approach for the analysis of control problems was started
by Bellman [25] in the 1950s and it gradually became a standard tool in control
theory (see e.g., the books [88, 111, 80]). However, in the special case of calculus
of variations considered in this chapter, many of the ideas we have described were
present in much older works. For instance, the connection between variational prob-
lems and Hamilton–Jacobi equations is well known in classical mechanics. In this
context, an approach based on the introduction of the value function was already
used by Carathéodory [49].

The representation formula (1.10) was given by Conway and Hopf in [63, 90].
An analogous formula had been previously found for the solution of conservation
laws by Lax [106] and by Oleinik [114].

The first uniqueness results for semiconcave solutions of Hamilton–Jacobi equa-
tions were obtained by Kruzhkov and Douglis (see e.g., [99, 69, 100]). Our presen-
tation of Theorem 1.6.4 follows [71].

For Hamilton–Jacobi equations of evolutionary type the semiconcavity of so-
lutions was initially studied only with respect to the space variables since such a
property is strong enough for obtaining a uniqueness result. More recently, the work
of Cannarsa and Soner [45, 46] underlined the interest of semiconcavity with respect
to the whole set of variables for the analysis of the singular set.

The connection between hyperbolic conservation laws and Hamilton–Jacobi
equations has been known since the beginning of the study of the two theories. The
uniqueness statement of Corollary 1.7.2 was proved by Oleinik in [114]. In our expo-
sition we have reversed the historical order since Oleinik’s uniqueness theorem was
proved before the corresponding statement for Hamilton–Jacobi equations. Oleinik’s
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paper inspired the aforementioned studies by Kruzhkov and Douglis and in partic-
ular suggested that the semiconcavity property could provide a uniqueness criterion
for Hamilton–Jacobi equations.
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Semiconcave Functions

This chapter and the following two are devoted to the general properties of semicon-
cave functions. We begin here by studying the direct consequences of the definition
and some basic examples, while the next chapters deal with generalized differentials
and singularities. At this stage we study semiconcave functions without referring to
specific applications; later in the book we show how the results obtained here can be
applied to Hamilton–Jacobi equations and optimization problems.

The chapter is structured as follows. In Section 2.1 we define semiconcave func-
tions in full generality, and study some direct consequences of the definition, like the
Lipschitz continuity and the relationship with the differentiability. Then we consider
some examples in Section 2.2, like the distance function from a set, or the solutions
to certain partial differential equations. We give an account of the vanishing viscos-
ity method for Hamilton–Jacobi equations, where semiconcavity estimates play an
important role. In Section 2.3 we recall some properties which are peculiar to semi-
concave functions with a linear modulus, like Alexandroff’s theorem or Jensen’s
lemma. In Section 2.4 we investigate the relation between viscous Hamilton–Jacobi
equations and the heat equation induced by the Cole–Hopf transformation, showing
that semiconcavity corresponds to the Li–Yau differential Harnack inequality for the
heat equation. Finally, in Section 2.5 we analyze the relation between semiconcavity
and a generalized one-sided estimate, a property which will be applied later in the
book to prove semiconcavity of viscosity solutions.

2.1 Definition and basic properties

Throughout the section S will be a subset of R
n .

Definition 2.1.1 We say that a function u : S → R is semiconcave if there ex-
ists a nondecreasing upper semicontinuous function ω : R+ → R+ such that
limρ→0+ ω(ρ) = 0 and

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y) ≤ λ(1 − λ)|x − y|ω(|x − y|) (2.1)
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for any pair x, y ∈ S, such that the segment [x, y] is contained in S and for any
λ ∈ [0, 1]. We call ω a modulus of semiconcavity for u in S. A function v is called
semiconvex in S if −v is semiconcave.

In the case of ω linear, we recover the class of semiconcave functions introduced
in the previous chapter (see Definition 1.1.1 and Proposition 1.1.3). We recall that, if
ω(ρ) = C

2 ρ, for some C ≥ 0, then C is called a semiconcavity constant for u in S.
We denote by SC (S) the space of all semiconcave functions in S and by SCL (S)

the functions which are semiconcave in S with a linear modulus. A usual, we use
the notation SC loc(S) or SCL loc(S) for the functions which are semiconcave (with
a linear modulus) locally in S, i.e., on every compact subset of S.

As we have remarked in Chapter 1, semiconcave functions with a linear modu-
lus are the most common in the literature. Although they are a smaller class, they
are sufficient for many applications; in addition, they enjoy stronger properties than
general semiconcave functions and are easier to analyze, since they are more closely
related to concave functions. Nevertheless, it is interesting to consider semiconcave
functions with a general modulus, since they are a larger class, sharing many of the
properties of the case of a linear modulus.

An interesting consequence of the general definition of semiconcavity given
above is that any C1 function is semiconcave, without any assumption on its sec-
ond derivatives, as the next result shows.

Proposition 2.1.2 Let u ∈ C1(A), with A open. Then both u and −u are locally
semiconcave in A with modulus equal to the modulus of continuity of Du.

Proof — Let ωK denote the modulus of continuity of Du in a compact set K ⊂ A
and let x, y ∈ K be such that the segment [x, y] ⊂ K . We have

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y)
= λ[u(x)− u(x + (1 − λ)(y − x)] + (1 − λ)[u(y)− u(y + λ(x − y))]

= −λ〈Du(ξ1), (1 − λ)(y − x)〉 − (1 − λ)〈Du(ξ2), λ(x − y)〉,

for suitable points ξ1 and ξ2 belonging to [x, y]. Since |ξ1 − ξ2| ≤ |x − y| we obtain

|λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y)|
= λ(1 − λ)|〈Du(ξ1)− Du(ξ2), x − y〉|
≤ λ(1 − λ)|x − y|ωK (|x − y|).

In the following (see Theorem 3.3.7) we will see that the converse result is also
true, that is, a function which is both semiconcave and semiconvex is continuously
differentiable. Another immediate consequence of Proposition 2.1.2 is the following.

Corollary 2.1.3 If u : A → R, with A open convex, is such that u = u1 + u2, where
u1 ∈ C1(A) and u2 is concave on A, then u ∈ SC loc(A).
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Proof — The function u is semiconcave on any compact subset of A since it is the
sum of semiconcave functions.

Such a result can be regarded as a generalization of the implication (d) ⇒ (a)
in Proposition 1.1.3. We have seen there that semiconcave functions with a linear
modulus also satisfy the converse implication, that is, they can be written as the sum
of a concave function and a smooth one. This implies that many regularity properties
of concave functions (e.g., local Lipschitz continuity) extend immediately to semi-
concave functions with linear modulus. The next result shows that this is no longer
true for semiconcave functions with arbitrary modulus.

Proposition 2.1.4 Given α ∈ ]0, 1[ , there exists u : I → R, with I ⊂ R, which is
semiconcave with modulus ω(r) = Crα for some C > 0 and that cannot be written
in the form u = u1 + u2 with u1 concave and u2 ∈ C1(I ).

Proof — Let us choose β > 1 such that αβ < 1. Let us set

s0 = 0, sn =
n∑

k=1

k−β (n ≥ 1), L = lim
n→∞ sn .

We then define a function v : [0, L] → R by setting

v(x) = (x − sn)
α, if x ∈ [sn, sn+1[.

Let us also set v(x) = 0 for x /∈ [0, L]. The function v is discontinuous at sn for all
n ≥ 1 and continuous elsewhere. Let us observe that

∞∑
n=1

[v(sn−)− v(sn+)] =
∞∑

n=1

n−αβ = +∞. (2.2)

It is also easy to see that v satisfies the one-sided Hölder estimate

v(y)− v(x) ≤ (y − x)α, ∀ x, y x ≤ y. (2.3)

Let us now set

u(x) =
∫ x

0
v(y) dy, x ∈ ]0, L + 1[ .

Using (2.3) we obtain, for any x, y with 0 < x ≤ y < L + 1,

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y)

= λ(1 − λ)(y − x)
∫ 1

0
[v(y − θλ(y − x))− v(x + θ(1 − λ)(y − x))] dθ

≤ λ(1 − λ)(y − x)
∫ 1

0
(1 − θ)(y − x)αdθ = λ(1 − λ)(y − x)1+α/2.

Thus, u is semiconcave with modulus ω(r) = rα/2. Let us now assume that there
exist two functions u1, u2 : ]0, L + 1[→ R, u1 concave and u2 ∈ C1 such that u =



32 2 Semiconcave Functions

u1 + u2. Then setting vi = u′i for i = 1, 2, we have that v2 ∈ C( ]0, L + 1[ ), while
v1 is defined for every x �= sn , x �= L and is decreasing. In addition, v1 + v2 = v.
Since v2 is continuous, we have for every n

v(sn−)− v(sn+) = v1(sn−)− v1(sn+).

Since v1 is decreasing, we deduce from (2.2) that v1(x) → −∞ as x → L−. This
is a contradiction since v1 is defined and decreasing in ]0, L + 1[ . Therefore there
exist no functions u1, u2 as above. This proves the proposition.

Let us derive another important consequence of the definition of semiconcavity.

Proposition 2.1.5 Let {uα}{α∈A} be a family of functions defined in S and semicon-
cave with the same modulusω. Then the function u := infα∈A uα is also semiconcave
in S with modulus ω provided u > −∞.

Proof — Let us take x, y such that [x, y] ⊂ S and λ ∈ [0, 1]. Given any ε > 0, we
can find α such that

uα(λx + (1 − λ)y) ≤ u(λx + (1 − λ)y)+ ε.

Then we have

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y)
≤ λuα(x)+ (1 − λ)uα(y)− uα(λx + (1 − λ)y)+ ε
≤ λ(1 − λ)|x − y|ω(|x − y|)+ ε.

Since ε > 0 is arbitrary, we obtain the assertion.

Combining Propositions 2.1.2 and 2.1.5 we obtain the following result.

Corollary 2.1.6 The infimum of a family of C1 functions which are uniformly
bounded from below and have equicontinuous gradients is a semiconcave function.
If the functions of the family are of class C2 and have second derivatives uniformly
bounded, then the infimum is semiconcave with linear modulus.

In the case of a linear modulus the above result was already obtained in Propo-
sition 1.1.3, where we also proved the converse implication. In the following (see
Theorem 3.4.2), we will see that the converse implication is true for an arbitrary
modulus; that is, any semiconcave function can be represented as the infimum of a
family of C1 functions. Functions defined as infimum of smooth functions occur in
the study of optimization problems (see the “lower–C1” and “lower–C2” functions
in [123] or the “marginal functions” in [20]). We will analyze in more detail the
relation between semiconcave functions and infima of smooth functions in Section
3.4.

Like concavity, the semiconcavity property implies local Lipschitz continuity, as
shown in the next theorem.
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Theorem 2.1.7 A semiconcave function u : S → R is locally Lipschitz continuous
in the interior of S.

Proof — We divide the proof in different steps. It is not restrictive to assume that S
is open.

STEP 1: u is locally bounded from below.

Given x0 ∈ S, we take a closed cube Q centered at x0 and contained in S. We denote
by L the diameter of Q and by x1, x2, . . . , x2n the vertices of Q. Let us set

m0 = min{u(xi ) : i = 1, 2, . . . , 2n}.

Let xi and x j be two consecutive vertices of Q. Using the semiconcavity inequality
(2.1) we obtain, for any λ ∈ [0, 1],

u(λxi + (1 − λ)x j )

≥ λu(xi )+ (1 − λ)u(x j )− λ(1 − λ)|xi − x j |ω(|xi − x j |)
≥ m0 − Lω(L)

4
.

This shows that u is bounded from below on the 1-dimensional faces of Q. We
can repeat the procedure by taking any convex combination of two points lying on
different 1-dimensional faces, and we obtain that u ≥ m0 − Lω(L)/2 on the 2-
dimensional faces. Iterating the procedure n times, we obtain that u is bounded from
below on the whole cube Q.

STEP 2: u is locally bounded from above.

Given x0 ∈ S, we consider now R > 0 such that B(x0, R) ⊂ S. By the first step, u is
greater than some constant m on B(x0, R). Using (2.1) we find, for any x ∈ B(x0, R),

|x − x0|
R + |x − x0| u

(
x0 − R

x − x0

|x − x0|
)
+ R

R + |x − x0| u(x)− u(x0)

≤ R|x − x0|
R + |x − x0| ω(R + |x − x0|).

Therefore

u(x) ≤ −|x − x0|
R

m + R + |x − x0|
R

u(x0)+ |R|ω(R + |x − x0|)
≤ |m| + 2|u(x0)| + Rω(2R),

which shows that u is bounded from above in B(x0, R).

STEP 3: u is locally Lipschitz continuous.

We first observe that the semiconcavity inequality (2.1) implies the following: if z
belongs to the segment [x, y] ⊂ S, then
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u(x)− u(z)

|x − z| − u(z)− u(y)

|z − y| ≤ ω(|x − y|).

Given x0 ∈ S, let us fix R > 0 such that B(x0, R) ⊂ S. By the first two steps,
there exist constants m,M such that m ≤ u ≤ M in B(x0, R). Given any x, y ∈
B(x0, R/2), consider the straight line through x, y and call x ′, y′ the points of this
line at distance R from x0, ordered in such a way that x ∈ [x ′, y] and y ∈ [x, y′].
Then we have

u(x ′)− u(x)

|x ′ − x | − ω(|x ′ − y|) ≤ u(x)− u(y)

|x − y| ≤ u(y)− u(y′)
|y − y′| + ω(|y′ − x |),

which implies

|u(x)− u(y)|
|x − y| ≤ 2(M − m)

R
+ ω(2R).

Remark 2.1.8 It follows from the last step of the above proof that the Lipschitz
constant of u in a given set B ⊂⊂ B ′ ⊂ S depends only on B, on supB′ |u| and on
the modulus of semiconcavity of u.

As we have remarked before, the previous theorem is immediate for semicon-
cave function with linear modulus. In fact, it is well known that concave functions
are locally Lipschitz continuous and, using Proposition 1.1.3(c), this property can be
directly extended to semiconcave function with linear modulus. However, Proposi-
tion 2.1.4 shows that such an argument cannot be applied to general semiconcave
functions. Therefore we have given an independent proof of the Lipschitz continuity,
which is actually quite similar to the one for the concave case. Similar remarks apply
to many of the properties considered in the following.

The next result shows that the linear growth near 0 is a threshold for a modulus
of semiconcavity, because the only semiconcave functions whose modulus tends to
zero faster than linear are the concave functions.

Proposition 2.1.9 Let u : A → R be a semiconcave function, with A open, and with
a modulus ω such that

lim
ρ→0+

ω(ρ)

ρ
= 0.

Then u is concave on all convex subsets of A.

Proof — We first observe that it suffices to prove the result in the case when u is
smooth. In fact, the general case can be obtained by regularizing u since the con-
volution of a semiconcave function with a mollifier is semiconcave with the same
modulus.

We may therefore assume that u ∈ C2(A). Then, for any x ∈ A and ν ∈ Sn−1,

∂2
ννu(x) = lim

h→0+
u(x + hν)+ u(x − hν)− 2u(x)

h2

≤ lim
h→0+

hω(2h)

h2
= 0.
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This shows that u is concave in A.

Checking inequality (2.1) for any λ ∈ [0, 1] may sometimes increase the techni-
cal difficulty of proving that a given function is semiconcave. The next result shows
that, for a large class of moduli, it suffices to prove the inequality for the midpoint of
any segment.

Theorem 2.1.10 Let u : S → R be a continuous function. Suppose that there
exists a nondecreasing upper semicontinuous function ω̃ : R+ → R+ such that
limρ→0+ ω̃(ρ) = 0 and

u(x)+ u(y)− 2u

(
x + y

2

)
≤ |x − y|

2
ω̃(|x − y|) (2.4)

for any x, y such that the segment [x, y] is contained in S. Then u is semiconcave in
S with modulus

ω(ρ) =
∞∑

h=0

ω̃
( ρ

2h

)
, (2.5)

provided the right-hand side is finite. If ω̃ is linear, then we can take ω = ω̃.

Proof — Let x0, x1 be such that [x0, x1] ⊂ S. We set, for λ ∈ ]0, 1[ ,

xλ = λx1 + (1 − λ)x0.

We also define, for k ≥ 1,

Dk := {xλ : λ = j

2k
for some j = 0, 1, . . . , 2k}.

We claim that

λu(x1)+ (1 − λ)u(x0)− u(xλ) ≤ λ(1 − λ)L
k−1∑
h=0

ω̃

(
L

2h

)
, ∀xλ ∈ Dk, (2.6)

where we have set L := |x1 − x0|. We proceed by induction on k. In the case k = 1
inequality (2.6) is easily checked; in fact it holds by hypothesis if λ = 1/2, while it
is trivial if λ = 0, 1. We now assume that (2.6) is satisfied for a certain k ≥ 1 and
take xλ ∈ Dk+1 \ Dk . If we set μ = λ− 2−k−1, ν = λ+ 2−k−1, then xμ, xν ∈ Dk .
Therefore, we deduce from (2.6)

(μ+ ν)u(x1)+ (2 − μ− ν)u(x0)− u(xμ)− u(xν)

≤ (μ(1 − μ)+ ν(1 − ν))L
k−1∑
h=0

ω̃

(
L

2h

)
,

which implies, by the definition of μ, ν, that
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2λu(x1)+ 2(1 − λ)u(x0)− u(xμ)− u(xν)

≤ 2

(
λ(1 − λ)− 1

22k+2

)
L

k−1∑
h=0

ω̃

(
L

2h

)
. (2.7)

On the other hand, we have by (2.4)

u(xμ)+ u(xν)− 2u(xλ) ≤ L

2k+1
ω̃

(
L

2k

)
. (2.8)

It follows that

λu(x1)+ (1 − λ)u(x0)− u(xλ) ≤ L

2k+2
ω̃

(
L

2k

)
+ λ(1 − λ)L

k−1∑
h=0

ω̃

(
L

2h

)
. (2.9)

Our hypotheses on λ imply that

λ(1 − λ) ≥ 1

2k+1

(
1 − 1

2k+1

)
>

1

2k+2
.

Thus, we conclude from (2.9)

λu(x1)+ (1 − λ)u(x0)− u(xλ) ≤ λ(1 − λ)L
k∑

h=0

ω̃

(
L

2h

)
which is the induction step required to prove (2.6). Since the union of the sets D j

is dense in [x0, x1] and u is supposed continuous, this proves that u is semiconcave
with the desired modulus.

If ω̃ is linear we can use the same procedure to prove, instead of (2.6), the sharper
estimate

λu(x1)+ (1 − λ)u(x0)− u(xλ) ≤ λ(1 − λ)Lω̃(L), ∀xλ ∈ Dk . (2.10)

As before, the case k = 1 it holds by hypothesis. When we proceed from k to k + 1,
inequality (2.7) is replaced by

2λu(x1)+ 2(1 − λ)u(x0)− u(xμ)− u(xν)

≤ 2

(
λ(1 − λ)− 1

22k+2

)
Lω̃(L),

while estimate (2.8) becomes, thanks to the linearity of ω̃,

u(xμ)+ u(xν)− 2u(xλ) ≤ L

2k+1
ω̃

(
L

2k

)
= L

22k+1
ω(L).

Summing the two inequalities we obtain (2.10). We conclude by a density argument
as in the previous case.
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Remark 2.1.11 The previous result does not yield a full equivalence between in-
equalities (2.1) and (2.4), except in the case of a linear modulus; in fact, the modulus
ω defined in (2.5) is greater than ω̃ and it is even infinite for some choices of ω̃.
We do not know whether such a result is sharp or it could be improved by a better
technique of proof. However, it is satisfactory in most applications, where we have
a power-like modulus of the form ω̃(ρ) = Cρα for some 0 < α ≤ 1. In this case,
in fact, the right-hand side of (2.5) is finite and has again the form ω(ρ) = C ′ρα for
some C ′ > C .

We conclude this section analyzing under which conditions the composition of a
semiconcave function with another function is also semiconcave.

Proposition 2.1.12 Let u : A → R be a locally semiconcave function, with A open.

(i) If f : R → R is increasing and locally semiconcave, then f ◦ u is locally
semiconcave on A. If the moduli of semiconcavity of u and f are both linear,
then so is the modulus of f ◦ u.

(ii) If φ : V → A is a C1 function, with V ⊂ R
m open, then u ◦ φ is locally

semiconcave in V . If Dφ is locally Lipschitz in V and the semiconcavity modulus
of u is linear, then the modulus of u ◦ φ is also linear.

Proof — (i) Let S be any compact subset of A, and let us denote by ω1, ω2 the
semiconcavity moduli and by L1 and L2 the Lipschitz constants of u in S and of
f in u(S), respectively. We have, for any x, y such that [x, y] ⊂ S and for any
λ ∈ [0, 1],

f (u(λx + (1 − λ)y))
≥ f ( λu(x)+ (1 − λ)u(y)− λ(1 − λ)|x − y|ω1(|x − y|) )
≥ f (λu(x)+ (1 − λ)u(y))− L2λ(1 − λ)|x − y|ω1(|x − y|)

and therefore

λ f (u(x))+ (1 − λ) f (u(y))− f (u(λx + (1 − λ)y))
≤ λ f (u(x))+ (1 − λ) f (u(y))− f (λu(x)+ (1 − λ)u(y))
+L2λ(1 − λ)|x − y|ω1(|x − y|)

≤ λ(1 − λ)|x − y|(L1ω2(L1|x − y|)+ L2ω1(|x − y|)).
Thus, f ◦ u is semiconcave with modulus ω(ρ) := L1ω2(L1ρ)+ L2ω1(ρ).
(ii) Given x0 ∈ V , let S be a convex neighborhood of x0 such that S̄ ⊂ V and
coφ(S̄) ⊂ A. Let us denote by ω1 the modulus of continuity of Dφ in S and by ω2
the semiconcavity modulus of u in coφ(S). Moreover, let L1 and L2 be the Lipschitz
constants of φ in S and of u in coφ(S). We have, for any x, y such that [x, y] ⊂ S
and for any λ ∈ [0, 1],

u(λφ(x)+ (1 − λ)φ(y))− u(φ(λx + (1 − λ)y))
≤ L2|λφ(x)+ (1 − λ)φ(y)− φ(λx + (1 − λ)y))|
≤ L2λ(1 − λ)|x − y|ω1(|x − y|)
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and therefore

λu(φ(x))+ (1 − λ)u(φ(y))− u(φ(λx + (1 − λ)y))
≤ λu(φ(x))+ (1 − λ)u(φ(y))− u(λφ(x)+ (1 − λ)φ(y))
+u(λφ(x)+ (1 − λ)φ(y))− u(φ(λx + (1 − λ)y))
≤ λ(1 − λ)|x − y|(L1ω2(L1|x − y|)+ L2ω1(|x − y|)).

2.2 Examples

A first interesting example of a semiconcave function is provided by the distance
function. We recall that the distance function from a given nonempty closed set C ⊂
R

n is defined by
dC (x) = min

y∈C
|y − x |, (x ∈ R

n).

As we show below, dC is not semiconcave in the whole space R
n , but is semiconcave

on the complement of C , at least locally. On the other hand, the square of the distance
function is semiconcave in R

n . Before proving this result, let us introduce a property
of sets which is useful for the analysis of the semiconcavity of dC .

Definition 2.2.1 We say that a set C ⊂ R
n satisfies an interior sphere condition for

some r > 0 if C is the union of closed spheres of radius r , i.e., for any x ∈ C there
exists y such that x ∈ Br (y) ⊂ C.

Proposition 2.2.2 Let C ⊂ R
n be a closed set, C �= ∅,Rn. Then the distance func-

tion dC satisfies the following properties:

(i) d2
C ∈ SCL (Rn) with semiconcavity constant 2.

(ii) dC ∈ SCL loc(R
n \ C). More precisely, given a set S (not necessarily compact)

such that dist (S,C) > 0, dC is semiconcave in S with semiconcavity constant
equal to dist(S,C)−1.

(iii) If C satisfies an interior sphere condition for some r > 0, then dC ∈ SCL (Rn \ C)
with semiconcavity constant equal to r−1.

(iv) dC is not locally semiconcave in the whole space R
n.

Proof — (i) For any x ∈ R
n we have

d2
C (x)− |x |2 = inf

y∈C
|x − y|2 − |x |2 = inf

y∈C
|y|2 − 2〈x, y〉.

Since the infimum of linear functions is concave we deduce, by Proposition 1.1.3,
that property (i) holds.
(ii) Let us first observe that, given z, h ∈ R

n , z �= 0, we have

(|z + h| + |z − h|)2

≤ 2(|z + h|2 + |z − h|2) = 4(|z|2 + |h|2) ≤
(

2|z| + |h|2
|z|

)2

.
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Thus

|z + h| + |z − h| − 2|z| ≤ |h|2
|z| . (2.11)

Let S be a set with positive distance from C . For any x, h such that [x−h, x+h] ⊂ S,
let x̄ ∈ C be such that dC (x) = |x − x̄ |. Then

dC (x + h)+ dC (x − h)− 2dC (x)

≤ |x + h − x̄ | + |x − h − x̄ | − 2|x − x̄ |
≤ |h|2
|x − x̄ | .

Moreover |x − x̄ | = dC (x) ≥ dist (S,C). By Theorem 2.1.10 we conclude that dC

satisfies the desired property.
(iii) By hypothesis C is the union of closed spheres with radius r . Thus, the distance
from C is the infimum of the distance from such spheres. By Proposition 2.1.5 it
suffices to prove the result in the case C = Br . We have, for any x ∈ Rn \ C ,

dC (x) = |x | − r = d{0}(x)− r.

Since the distance between {0} and the complement of C is r , we obtain from part
(ii) that dC is semiconcave with the desired modulus.
(iv) Let y be any point in the complement of C and let x be a projection of y onto C .
Then, if we set

ν = y − x

|y − x |
we have that dC (x + hν) = h for all h ∈ [0, dC (y)]. Therefore, since dC is nonneg-
ative, we obtain

dC (x + hν)+ dC (x − hν)− 2dC (x) ≥ h,

showing that dC is not semiconcave in any neighborhood of x .

Remark 2.2.3 Any compact set C with a smooth C2 boundary satisfies an inte-
rior sphere condition. However, even sets with corners may satisfy such a condi-
tion, provided the corners are pointing “inwards.” For instance, a set of the form
C = Br (x1) ∪ Br (x2), with x1, x2 ∈ R

n and r > |x2 − x1|/2 is nonsmooth and sat-
isfies the interior sphere condition with radius r . The condition does not hold instead
if C is a convex polyhedron (the corners of such a polyhedron C are not contained
in any sphere contained in C) or a set of dimension lower than n, e.g., a point. If a
set C does not satisfy an interior sphere condition, the distance function dC is locally
semiconcave in the complement of C , as stated in part (ii) of the above proposition,
but the semiconcavity constant can in general blow up as we approach the boundary
of C . A typical example is the case C = {0}; then dC (x) = |x | is not semiconcave in
any neighborhood of {0} (see Example 3.3.9).
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Another function which is not differentiable in general, but which is semicon-
cave, is the smallest eigenvalue of a symmetric matrix.

Proposition 2.2.4 Let M(x) be a k×k symmetric matrix whose entries are functions
in C1(A), with A ⊂ R

n open. Then the smallest eigenvalue of M(x) is a locally
semiconcave function in A.

Proof — Let λ1(x) denote the smallest eigenvalue of M(x). From linear algebra it
is known that

λ1(x) = min
ξ∈Sk−1

〈M(x)ξ, ξ〉,

where Sk−1 is the unit sphere in R
k . Since, for any ξ ∈ Sk−1, the function x →

〈M(x)ξ, ξ〉 is of class C1, our assertion follows from Propositions 2.1.5 and 2.1.2.

In a similar way, one can prove that the sum of the smallest h eigenvalues
λ1, . . . , λh of A(x) is semiconcave for all h = 1, . . . , k, recalling that

h∑
i=1

λi (x) = min
ξ1,...,ξh∈Sk−1

{
h∑

i=1

〈M(x)ξi , ξi 〉 : 〈ξi , ξ j 〉 = δi j ∀ i, j

}
.

Example 2.2.5 For x ∈ R, define

A(x) =
(

0 x
x 0

)
.

It is easily checked that the eigenvalues of A(x) are±x . Thus the smallest eigenvalue
is λ1(x) = min{−x, x} = −|x |, which is a concave function of x .

We now give examples of partial differential equations whose solutions satisfy a
semiconcavity estimate.

Proposition 2.2.6 Let u ∈ C4([0, T ] × R
n) be a solution of the equation

∂t u(t, x)+ H(∇u(t, x)) = a�u(t, x), (2.12)

where a > 0 and H ∈ C2(Rn) is uniformly convex. Suppose that the first and
second derivatives of u are bounded. Then, for any t ∈ ]0, T ], the function u(t, ·)
is semiconcave in R

n with semiconcavity constant (λt)−1, where λ > 0 is a lower
bound on the eigenvalues of D2 H.

Proof — Let us set w(t, x) = t∂2
x1x1

u(t, x). We have

∂tw = w
t
+ t∂2

x1x1
(a�u − H)

= w
t
+ a�w − 〈DH,∇w〉 − t〈D2 H(∇∂x1u),∇∂x1u〉.

Now by assumption
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t〈D2 H(∇∂x1u),∇∂x1u〉 ≥ tλ|∇∂x1u|2 ≥ λw2/t.

Therefore
∂tw ≤ w

t
(1 − λw)+ a�w − 〈DH,∇w〉.

Since w(t, ·) → 0 uniformly as t → 0, we deduce by the maximum principle that
λw(t, x) ≤ 1 everywhere. This implies that ∂2

x1x1
u(t, x) ≤ (λt)−1. The same reason-

ing can be applied to ∂2
ννu for any unit vector ν ∈ R

n . We conclude by Proposition
1.1.3.

Remark 2.2.7 The interesting part of the previous statement is not the semiconcav-
ity of u in itself (which would be a consequence of the smoothness) but the fact
that the semiconcavity constant is independent of the diffusion coefficient a. This
property is of great interest in the vanishing viscosity method for Hamilton–Jacobi
equations. In this approach one wants to obtain a solution to equation

∂t u(t, x)+ H(∇u(t, x)) = 0 (2.13)

by taking the limit as a → 0+ of the solution ua to (2.12). Equation (2.12) is called
the parabolic regularization of (2.13) and is in some respect easier to study since its
leading order term is linear and the classical theory for semilinear parabolic equa-
tions can be applied. The uniform semiconcavity estimate of Proposition 2.2.6 yields
compactness of the ua’s (as we will see in Theorem 3.3.3). In addition, it shows that
u = lim ua is also semiconcave, and this allows us to apply the uniqueness result of
Theorem 1.6.4. This method is an alternative to the one in the previous chapter based
on the representation of u as the value function of the associated variational prob-
lem. Both methods yield the same generalized solution, i.e., the unique semiconcave
solution.

The name “vanishing viscosity method” has been given in analogy with the the-
ory of conservation laws in fluid dynamics, where the second order terms usually
represent the viscosity of the fluid. Let us observe that in the modern theory of vis-
cosity solutions this approach can be carried out under much weaker estimates on
the approximate solutions ua’s than the semiconcavity estimate considered here (see
Theorem 5.2.3). Let us also mention that another second order equation for which a
similar semiconcavity estimate holds is the equation for the pressure in the theory of
porous media (see e.g., [16])

∂tv(t, x) = av(t, x)�v(t, x)+ |∇v(t, x)|2.

2.3 Special properties of SCL (A)

While many properties of semiconcave functions are valid in the case of an arbitrary
modulus of semiconcavity, there are some results which are peculiar to the case of a
linear modulus; we collect in this section some important ones, in addition to those
already given in Proposition 1.1.3.
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We have seen in Proposition 1.1.3 that semiconcave functions with a linear mod-
ulus can be regarded as C2 perturbations of concave functions. This allows to extend
immediately some well-known properties of concave functions, such as the follow-
ing.

Theorem 2.3.1 Let u ∈ SCL (A), with A ⊂ R
n open. Then the following properties

hold.

(i) (Alexandroff’s Theorem) u is twice differentiable a.e.; that is, for a.e. every
x0 ∈ A, there exist a vector p ∈ R

n and a symmetric matrix B such that

lim
x→x0

u(x)− u(x0)− 〈p, x − x0〉 + 〈B(x − x0), x − x0〉
|x − x0|2 = 0.

(ii) The gradient of u, defined almost everywhere in A, belongs to the class
BV loc(A,Rn).

Proof — Properties (i) and (ii) hold for a convex function (see e.g., [72, Ch. 6.3]).
Since u is the difference of a smooth function and a convex one, u also satisfies these
properties.

The following result shows that semiconcave functions with linear modulus ex-
hibit a behavior similar to C2 functions near a minimum point.

Theorem 2.3.2 Let u ∈ SCL (A), with A ⊂ R
n open, and let x0 ∈ A be a point

of local minimum for u. Then there exist a sequence {xh} ⊂ A and an infinitesimal
sequence {εh} ⊂ R+ such that u is twice differentiable in xh and that

lim
h→∞

xh = x0, lim
h→∞

Du(xh) = 0, D2u(xh) ≥ −εh I ∀ h.

The proof of this theorem is based on the following result.

Theorem 2.3.3 (Jensen’s Lemma) Let u ∈ SCL (A), with A ⊂ R
n open, and let

x0 ∈ A be a strict local minimum point for u. Given p ∈ R
n, let Ap denote the set

of points where the function x → u(x)+ 〈p, x〉 has a local minimum. Then, for any
r > 0 and δ > 0, the set

E = {x ∈ Br (x0) : x ∈ Ap for some p ∈ Bδ}
has positive measure.

Proof — Let C be a semiconcavity constant for u. Let us fix r0 ≤ r such that
B(x0, r0) ⊂ A and that min∂B(x0,r0) u > u(x0). Then we take δ0 ≤ δ such that

r0δ0 < min
∂B(x0,r0)

u − u(x0). (2.14)

Let us first consider the case when u is of class C∞. Given p ∈ Bδ0 , we obtain from
(2.14) that any point x ∈ Ap ∩ B(x0, r0) belongs in fact to the open ball B(x0, r0).
Recalling also Proposition 1.1.3 we find, at such an x ,
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Du(x) = −p, 0 ≤ D2u(x) ≤ C I.

Let us define

E0 = {x ∈ Br0(x0) : x ∈ Ap for some p ∈ Bδ0}.

Then we obtain that Du is a surjective mapping from E0 to Bδ0 , and in addition
|| det D2u|| ≤ Cn on E0. We conclude that

meas(Bδ0) = meas(Du(E0)) ≤
∫

E0

|| det D2u(x)|| dx ≤ meas(E0)C
n,

and so we obtain that E0 has measure greater than some constant M0 depending only
on C and δ0.

In the case where u is not smooth, we proceed by approximation. Using convo-
lutions we obtain a family uh of C∞ functions, semiconcave with the same modulus
of u, and converging uniformly to u. Then, for h large enough, the functions uh also
satisfy inequality (2.14). If we call Eh the set defined as E0 with u replaced by uh ,
we obtain that the measure of Eh is also greater than M0. Next we observe that if
some x belongs to Eh for infinitely many h, then it also belongs to E0. This implies
that E0 has measure at least M0. Since E contains E0, this proves the result.

Proof of Theorem 2.3.2 — Let B ⊂⊂ � be a bounded open set containing x0 such
that u(x) ≤ u(x0) for x ∈ B̄, and let w(x) = u(x) + |x − x0|4. Then w : B → R

satisfies the assumptions of Jensen’s Lemma; we deduce that there exist a sequence
{ph} ⊂ R

n converging to 0 and a sequence {xh} ⊂ B such that w(x)+ 〈ph, x〉 has a
minimum at xh . In view of Alexandroff’s Theorem it is not restrictive to assume that
w is twice differentiable at xh . Then we have Dw(xh) = ph and D2w(xh) ≥ 0 for
any h. Any limit point of {xh} is a minimum forw in B̄; since x0 is the only minimum
point for w in B̄, this implies that xh → x0. Since we have Du(xh) = Dw(xh) −
4|xh−x0|2(xh−x0) and D2u(xh) = D2w(xh)−4|xh−x0|2 I−8(xh−x0)⊗(xh−x0)

the assertion follows with εh = 12|xh − x0|2.

Theorem 2.3.2 plays an important role in the theory of viscosity solutions to
second order degenerate elliptic equations (see [66]).

2.4 A differential Harnack inequality

Let us consider the parabolic Hamilton–Jacobi equation

∂t u(t, x)+ |∇u(t, x)|2 = �u(t, x), t ≥ 0, x ∈ R
n . (2.15)

We have seen in Proposition 2.2.6 that the solutions to this equation are semiconcave.
We now show how such a semiconcavity result is related to the classical Harnack
inequality for the heat equation.
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A remarkable feature of equation (2.15) is that it can be reduced to the heat
equation by a change of unknown called the Cole–Hopf transformation, or logarith-
mic transformation. In fact, if we set w(t, x) = exp(−u(t, x)), a direct computation
shows that u satisfies (2.15) if and only if ∂tw = �w. Let us investigate the proper-
ties of w which follow from the semiconcavity of u.

Proposition 2.4.1 Let w be a positive solution of the heat equation in [0, T ] × R
n

whose first and second derivatives are bounded. Then w satisfies

∇2w + w
2t

I − ∇w ⊗∇w
w

≥ 0; (2.16)

∂tw + nw

2t
− |∇w|2
w

≥ 0. (2.17)

Here ∇2w denotes the hessian matrix of w with respect to the space variables; in-
equality (2.16) means that the matrix on the left-hand side is positive semidefinite.

Proof — It is not restrictive to assume that w is greater than some positive constant;
if this is not the case, we can replace w by w + ε and then let ε → 0+. Let us
set u(t, x) = − ln(w(t, x)). Then u is a solution of equation (2.15). In addition, u
is bounded together with its first and second derivatives. Therefore, by Proposition
2.2.6, u(t, ·) is semiconcave with modulus ω(ρ) = ρ/(4t). Using the equivalent
formulations of Proposition 1.1.3, we can restate this property as

∇2u ≤ 1

2t
I.

On the other hand, an easy computation shows that

∇2u = −∇
2w

w
+ ∇w ⊗∇w

w2

and this proves (2.16). Taking the trace of the left-hand side of (2.16), we obtain

�w + nw

2t
− |∇w|2
w

≥ 0,

which implies (2.17), since w solves the heat equation.

Inequality (2.17) is called a differential Harnack estimate. The connection with
the classical Harnack inequality is explained by the following result.

Corollary 2.4.2 Let w be as in the previous proposition. Then w satisfies

w(t2, y) ≥ w(t1, x)
(

t1
t2

)n/2

exp

(
− |y − x |2

4(t2 − t1)

)
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for all x, y ∈ R
n, t2 > t1 > 0. Therefore, given any bounded set � ⊂ R

n and
t2 > t1 > 0, we have

max
�
w(t1, ·) ≤ C min

�
w(t2, ·) (2.18)

for some constant C > 0 depending on t1, t2 and the diameter of � but not on w.

Proof — Let us set

γ (s) = x + s − t1
t2 − t1

(y − x), s ∈ [t1, t2].

Then we have, using (2.17),

d

ds
w(s, γ (s)) = ∂tw + ∇w · γ̇

≥ ∂tw − |∇w|2
w

− w|γ̇ |
2

4

≥ −nw

2t
− w|γ̇ |

2

4
.

It follows that

ln

(
w(t2, y)

w(t1, x)

)
=
∫ t2

t1

d

ds
lnw(s, γ (s)) ds

≥
∫ t2

t1

(
− n

2t
− |y − x |2

4(t2 − t1)2

)
ds

= −n

2
ln

(
t2
t1

)
− |y − x |2

4(t2 − t1)
,

which proves our statement.

We recall that the Harnack estimate (2.18) holds in a much more general con-
text than the one considered here; our aim was to point out the relationship with
semiconcavity induced by the Hopf–Cole transformation.

2.5 A generalized semiconcavity estimate

In this section we compare the semiconcavity estimate with another one-sided es-
timate, a priori weaker, which was introduced in [46]. We prove here that the two
estimates are in some sense equivalent, and this has applications for the study of
certain Hamilton–Jacobi equations, as we will see in the following (see Theorem
5.3.7).

Let us consider a function u : A → R, with A ⊂ R
n open. Given x0 ∈ A, we

set, for 0 < δ < dist(x0, ∂A), x ∈ B1,

ux0,δ(x) =
u(x0 + δx)− u(x0)

δ
. (2.19)
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Definition 2.5.1 Let C ⊂ A be a compact set. We say that u satisfies a generalized
one-sided estimate in C if there exist K ≥ 0, δ0 ∈ ]0, dist(C, ∂A)[ and a nondecreas-
ing upper semicontinuous function ω̃ : [0, 1] → R+, such that limh→0 ω̃(h) = 0 and

λux0,δ(x)+ (1 − λ)ux0,δ(y)− ux0,δ(λx + (1 − λ)y)
≤ λ(1 − λ)|x − y|{K δ + ω̃(|x − y|)} (2.20)

for all x0 ∈ C, δ ∈ ]0, δ0[ , x, y ∈ B1, λ ∈ [0, 1].

It is easily seen that, if u is semiconcave in A, then the above property is satisfied
taking ω̃ equal to a modulus of semiconcavity of u in A and K = 0. Conversely,
semiconcavity can be deduced from the one-sided estimate above, as the next result
shows.

Theorem 2.5.2 Let u : A → R, with A open and let C be a compact subset of A. If
u satisfies a generalized one-sided estimate in C, then u is semiconcave in C.

Proof — By hypothesis inequality (2.20) holds for some K , δ0, ω̃. Let us take x, y ∈
C such that [x, y] ⊂ C and λ ∈ [0, 1]. It is not restrictive to assume |x − y| < δ0/2.
For any δ with |x − y| < δ < δ0, we set

x0 = λx + (1 − λ)y, x ′ = δ−1(1 − λ)(x − y), y′ = δ−1λ(y − x).

From (2.19) and (2.20) we obtain

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y)
= δ{λux0,δ(x

′)+ (1 − λ)ux0,δ(y
′)− ux0,δ(λx ′ + (1 − λ)y′)}

≤ δλ(1 − λ)|x ′ − y′|{K δ + ω̃(|x ′ − y′|)}
= λ(1 − λ)|x − y|{K δ + ω̃(δ−1|x − y|)}.

Therefore

λu(x)+ (1 − λ)u(y)− u(λx + (1 − λ)y) ≤ λ(1 − λ)|x − y|ω(|x − y|)
where ω(ρ) := infδ∈ ]ρ,δ0[{K δ+ ω̃(δ−1ρ)}. The function ω is upper semicontinuous
and nondecreasing. The conclusion will follow if we show that limh→0 ω(h) = 0.
Given ε ∈ ]0, 2K δ0[ , we choose η ∈ ]0, 1[ such that ω̃(s) < ε/2 for 0 < s < η. For
any ρ < εη(2K )−1 we have ε(2K )−1 ∈ ]ρ, δ0[ ; therefore

ω(ρ) ≤
{

K
ε

2K
+ ω̃

(
2K

ε
ρ

)}
< ε.

This shows that limρ→0 ω(ρ) = 0 and concludes the proof.

Remark 2.5.3 From the above proof it is clear that the modulus of semiconcavity
ω found for u is different from the function ω̃ that appears in the one-sided estimate
(2.20). In some cases it is easy to compute explicitly ω. Let us suppose, for instance,
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that ω̃(ρ) = Cρα , with C, α > 0. Differentiating with respect to δ the quantity
K δ + Chαδ−α we find that, for small ρ,

ω(ρ) = C ′ρ
α
α+1 .

Thus, ω is also power-like, but with a lower exponent. Let us also observe that ω
cannot be linear except in the case where ω̃ ≡ 0.
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Generalized Gradients and Semiconcavity

In the last decades a branch of mathematics has developed called nonsmooth anal-
ysis, whose object is to generalize the basic tools of calculus to functions that are
not differentiable in the classical sense. For this purpose, one introduces suitable
notions of generalized differentials, which are extensions of the usual gradient; the
best known example is the subdifferential of convex analysis. The motivation for
this study is that in more and more fields of analysis, like the optimization problems
considered in this book, the functions that come into play are often nondifferentiable.

For semiconcave functions, the analysis of generalized gradients is important in
view of applications to control theory. As we have already seen in a special case
(Corollary 1.5.10), if the value function of a control problem is smooth, then one can
design the optimal trajectories knowing the differential of the value function. In the
general case, where the value function is not smooth but only semiconcave, one can
try to follow a similar procedure starting from its generalized gradient.

In Section 3.1 we define the generalized differentials which are relevant for our
purposes and recall basic properties and equivalent characterizations of these objects.
Then, we restrict ourselves to semiconcave functions. In Section 3.2 we show that
semiconcave functions possess one-sided directional derivatives everywhere, while
in Section 3.3 we describe the special properties of the superdifferential of a semi-
concave function; in particular, we show that it is nonempty at every point and that
it is a singleton exactly at the points of differentiability. These properties are classi-
cal in the case of concave functions; here we prove that they hold for semiconcave
functions with arbitrary modulus.

Section 3.4 is devoted to the so-called marginal functions, which are obtained
as the infimum of smooth functions. We show that semiconcave functions can be
characterized as suitable classes of marginal functions. In addition, we describe the
semi-differentials of a marginal function using the general results of the previous
sections. In Section 3.5 we study the so-called inf-convolutions. They are marginal
functions defined by a process which is a generalization of Hopf’s formula, and
provide approximations to a given function which enjoy useful properties. Finally,
in Section 3.6 we introduce proximal gradients and proximally smooth sets, and we
analyze how these notions are related to semiconcavity.
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3.1 Generalized differentials

We begin with the definitions of some generalized differentials and derivatives from
nonsmooth analysis. In this section u is a real-valued function defined on an open set
A ⊂ R

n .

Definition 3.1.1 For any x ∈ A, the sets

D−u(x) =
{

p ∈ R
n : lim inf

y→x

u(y)− u(x)− 〈p, y − x〉
|y − x | ≥ 0

}
(3.1)

D+u(x) =
{

p ∈ R
n : lim sup

y→x

u(y)− u(x)− 〈p, y − x〉
|y − x | ≤ 0

}
(3.2)

are called, respectively, the (Fréchet) superdifferential and subdifferential of u at x.

From the definition it follows that, for any x ∈ A,

D−(−u)(x) = −D+u(x) . (3.3)

Example 3.1.2

Let A = R and let u(x) = |x |. Then it is easily seen that D+u(0) = ∅ whereas
D−u(0) = [−1, 1].

Let A = R and let u(x) = √|x |. Then, D+u(0) = ∅ whereas D−u(0) = R.
Let A = R

2 and u(x, y) = |x | − |y|. Then, D+u(0, 0) = D−u(0, 0) = ∅.

Definition 3.1.3 Let x ∈ A and θ ∈ R
n. The upper and lower Dini derivatives of u

at x in the direction θ are defined as

∂+u(x, θ) = lim sup
h→0+,θ ′→θ

u(x + hθ ′)− u(x)

h

and

∂−u(x, θ) = lim inf
h→0+,θ ′→θ

u(x + hθ ′)− u(x)

h
,

respectively.

It is readily seen that, for any x ∈ A and θ ∈ R
n

∂−(−u)(x, θ) = −∂+u(x, θ) . (3.4)

Remark 3.1.4 Whenever u is Lipschitz continuous in a neighborhood of x , the
lower Dini derivative reduces to

∂−u(x, θ) = lim inf
h→0+

u(x + hθ)− u(x)

h
(3.5)

for any θ ∈ R
n . Indeed, if L > 0 is the Lipschitz constant of u we have∣∣∣∣u(x + hθ ′)− u(x)

h
− u(x + hθ)− u(x)

h

∣∣∣∣ ≤ L|θ ′ − θ | ,

and (3.5) easily follows. A similar property holds for the upper Dini derivative.
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Proposition 3.1.5 Let u : A → R and x ∈ A. Then the following properties hold
true.

(a) We have

D+u(x) = { p ∈ R
n : ∂+u(x, θ) ≤ 〈p, θ〉 ∀ θ ∈ R

n },
D−u(x) = { p ∈ R

n : ∂−u(x, θ) ≥ 〈p, θ〉 ∀ θ ∈ R
n }.

(b) D+u(x) and D−u(x) are closed convex sets (possibly empty).
(c) D+u(x) and D−u(x) are both nonempty if and only if u is differentiable at x; in

this case we have that

D+u(x) = D−u(x) = {Du(x)}.
Proof — (a) The fact that, for every vector p ∈ D+u(x) and any θ ∈ R

n ,

∂+u(x, θ) ≤ 〈p, θ〉 (3.6)

is a direct consequence of (3.1). The converse can be proved by contradiction. Indeed,
let p ∈ R

n be a vector satisfying (3.6) for all θ , but suppose that p /∈ D+u(x). Then,
a number ε > 0 and a sequence {xk} ⊂ A exist such that xk → x as k →∞, and

u(xk)− u(x) ≥ 〈p, xk − x〉 + ε|xk − x | (3.7)

for all k ∈ N. Moreover, possibly taking a subsequence, we may assume that the
sequence of unit vectors

θk := xk − x

|xk − x |
converges to some unit vector θ as k →∞. Then, (3.7) yields

ε + 〈p, θ〉 ≤ lim sup
k→∞

u(xk)− u(x)

|xk − x |
= lim sup

k→∞
u(x + |xk − x |θk)− u(x)

|xk − x | ≤ ∂+u(x, θ) ,

which contradicts (3.6). The analogous property for D−u(x) immediately follows
recalling (3.3) and (3.4).
(b) This property is a consequence of (a).
(c) If u is differentiable at x , then it is easily seen that

Du(x) ∈ D+u(x) ∩ D−u(x).

Conversely, let p1 ∈ D+u(x) and p2 ∈ D−u(x). Then, property (i) yields

〈p2, θ〉 ≤ ∂−u(x, θ) ≤ ∂+u(x, θ) ≤ 〈p1, θ〉 ,
and so 〈p1 − p2, θ〉 ≥ 0 for any θ ∈ R

n . This implies that p1 = p2. So, if D+u(x)
and D−u(x) are both nonempty, they coincide and reduce to a singleton. Using the
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definition of D± we obtain that u is differentiable at x with gradient Du(x) = p1.
Hence the conclusion follows.

If u is continuous, then it turns out that the super– and subdifferential of u can
be described in terms of “test” functions. For this purpose, it is useful to introduce
the following notion of contact between (the graphs of) two real–valued functions, u
and φ, defined on A.

Definition 3.1.6 We say that φ touches u from above at a point x0 ∈ A if

u(x0) = φ(x0) (3.8)

and, for some open ball Br (x0) ⊂ A,

u(x) ≤ φ(x) , ∀x ∈ Br (x0) . (3.9)

Similarly, φ touches u from below at x0 ∈ A if the above properties hold with ≤
replaced by ≥.

Clearly, if (3.8) holds, then (3.9) is equivalent to requiring that u − φ has a local
maximum at x .

Proposition 3.1.7 Let u ∈ C(A), p ∈ R
n, and x ∈ A. Then the following properties

are equivalent:

(a) p ∈ D+u(x) (resp. p ∈ D−u(x) );
(b) p = Dφ(x) for some function φ ∈ C1(A) touching u from above (resp. below )

at x;
(c) p = Dφ(x) for some function φ ∈ C1(A) such that u − φ attains a local

maximum (resp. minimum ) at x.

Before giving the proof, let us prove a technical lemma.

Lemma 3.1.8 Let ω : ]0,+∞[→ [0,+∞[ be an upper semicontinuous function
such that limr→0 ω(r) = 0. Then there exists a continuous nondecreasing function
ω1 : [0,+∞[→ [0,+∞[ such that

(i) ω1(r)→ 0 as r → 0,
(ii) ω(r) ≤ ω1(r) for any r ≥ 0,
(iii) the function γ (r) := rω1(r) is in C1([0,+∞[) and satisfies γ ′(0) = 0.

Proof — Let us first set
ω̄(r) = max

ρ∈ ]0,r ]
ω(ρ).

Then ω̄ is nondecreasing, not smaller than ω and tends to 0 as r → 0. Next we define
for r > 0

ω0(r) = 1

r

∫ 2r

r
ω̄(ρ)dρ, ω1(r) = 1

r

∫ 2r

r
ω0(ρ)dρ,
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and we set ω1(0) = 0. We first observe that, since ω̄ is nondecreasing, the same
holds for ω0 and ω1. Then we have that ω(r) ≤ ω0(r) ≤ ω̄(2r), and so ω0(r)→ 0
as r → 0. Arguing in the same way with ω1 we deduce that properties (i) and (ii)
hold. To prove (iii), let us set γ (r) = rω1(r). Then γ ∈ C1(]0,+∞[)with derivative
γ ′(r) = 2ω0(2r) − ω0(r). Thus γ ′(r) → 0 as r → 0 and so γ is C1 in the closed
half-line [0,+∞[ .

Proof of Proposition 3.1.7 — The implications (b)⇒ (c) and (c)⇒ (a) are obvious;
so, it is enough to prove that (a) implies (b). Given p ∈ D+u(x), let us define, for
r > 0,

ω(r) = max
y:|y−x |=r

[
u(y)− u(x)− 〈p, y − x〉

r

]
+
,

where [·]+ denotes the positive part. The function ω is continuous and tends to 0 as
r → 0, by definition of D+u. Let ω1 be the function given by the previous lemma.
Then, setting

φ(y) = u(x)+ 〈p, y − x〉 + |y − x |ω1(|y − x |),
we have that φ is in C1 and touches u from above at x .

The above characterization can be used to study the super- and subdifferentiabil-
ity sets of a nonsmooth function u. A first result in this direction is the following.

Proposition 3.1.9 Let u ∈ C(A). Then the sets

A+(u) = {x ∈ A : D+u(x) �= ∅}
and

A−(u) = {x ∈ A : D−u(x) �= ∅}
are both dense in A.

Proof — Given x0 ∈ A, let us fix R > 0 such that B R(x0) ⊂ A. Given ε > 0, let
xε be a point of B R(x0) where the function u(x)− |x − x0|2/ε attains its maximum.
Then we have

u(xε)− |xε − x0|2
ε

≥ u(x0),

which implies that

|xε − x0|2 ≤ ε
[

max
B R(x0)

u − u(x0)

]
.

Thus, xε → x0 as ε → 0. It also follows that xε lies in the interior of B R(x0) for
ε small enough. For such an ε let us set φε(x) = |x − x0|2/ε. Then u − φε attains
a local maximum at xε and so, by Proposition 3.1.7(c), Dφε(xε) ∈ D+u(xε). This
shows that A+(u) is dense in A.

Let us now introduce another kind of generalized gradient which will be impor-
tant in our later analysis.
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Definition 3.1.10 Let u : A → R be locally Lipschitz. A vector p ∈ R
n is called a

reachable gradient of u at x ∈ A if a sequence {xk} ⊂ A \ {x} exists such that u is
differentiable at xk for each k ∈ N, and

lim
k→∞

xk = x , lim
k→∞

Du(xk) = p . (3.10)

The set of all reachable gradients of u at x is denoted by D∗u(x).

It is easily seen that D∗u(x) is a compact set: it is closed by definition and it is
bounded since we are taking u Lipschitz. From Rademacher’s Theorem it follows
that D∗u(x) �= ∅ for every x ∈ A. Let us now recall some more definitions from
nonsmooth analysis.

Definition 3.1.11 For any fixed x ∈ A and θ ∈ R
n, the generalized lower derivative

is defined as

u0
−(x, θ) = lim inf

h→0+, y→x

u(y + hθ)− u(y)

h
. (3.11)

Moreover the set

∂C u(x) = {p ∈ R
n : u0

−(x, θ) ≤ 〈p, θ〉 ∀ θ ∈ R
n} (3.12)

is called Clarke’s gradient of u at x.

The generalized derivative u0−(x, θ) defined above is quite different from the Dini
derivatives ∂±u(x, θ) defined in Definition 3.1.3, as the next example shows.

Example 3.1.12 Let u(x) = |x |, for x ∈ R, and let θ = 1. Then ∂+u(0, θ) =
∂−u(0, θ) = 1. On the other hand, since we can choose y = −h in (3.11), we
easily see that u0−(0, θ) = −1. We obtain similarly that u0−(0,−1) = −1; in general
u0−(0, θ) = −|θ |. Therefore

∂C u(0) = { p ∈ R : −|θ | ≤ p θ ∀ θ ∈ R } = [−1, 1].

Observe that for this function ∂C u(0) = D−u(0). We will see that this is true for all
convex and semiconvex functions.

One can also define the generalized upper derivative as

u0
+(x, θ) = lim sup

h→0+, y→x

u(y + hθ)− u(y)

h
.

Since u0−(x, θ) = −u0+(x,−θ), an equivalent definition of Clarke’s gradient is there-
fore

∂C u(x) = {p ∈ R
n : u0

+(x, θ) ≥ 〈p, θ〉 ∀ θ ∈ R
n}.
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It is proved in [54, Th. 2.5.1] that, if u is locally Lipschitz, then the reachable gradi-
ents of u at x generate Clarke’s gradient in the sense of convex analysis, i.e.,

∂C u(x) = co D∗u(x) . (3.13)

Consequently, ∂C u(x) is nonempty, convex and compact (see Corollary A. 1.7).
Moreover, by Remark 3.1.4,

u0
−(x, θ) ≤ ∂−u(x, θ) ≤ ∂+u(x, θ) ≤ u0

+(x, θ)

for any x ∈ A and θ ∈ R
n . Then, recalling point (a) of Proposition 3.1.5, we conclude

that
D+u(x) ⊂ ∂C u(x) and D−u(x) ⊂ ∂C u(x)

for any x ∈ A. We conclude the section by recalling the following extension of the
classical mean value theorem (see [54, Th. 2.3.7]).

Theorem 3.1.13 Let u : A → R be locally Lipschitz. Given x, y ∈ A such that
[x, y] ⊂ A, there exists ξ ∈ ]x, y[ and p ∈ ∂C u(ξ) such that u(y)−u(x) = p·(y−x).

3.2 Directional derivatives

We begin our exposition of the differential properties of semiconcave functions
showing that they possess (one-sided) directional derivatives

∂u(x, θ) := lim
h→0+

u(x + hθ)− u(x)

h
(3.14)

at any point x and in any direction θ .

Theorem 3.2.1 Let u : A → R be semiconcave. Then, for any x ∈ A and θ ∈ R
n,

∂u(x, θ) = ∂−u(x, θ) = ∂+u(x, θ) = u0
−(x, θ). (3.15)

Proof — Let δ > 0 be fixed so that Bδ|θ |(x) ⊂ A. Then, for any pair of numbers
h1, h2 satisfying 0 < h1 ≤ h2 < δ, estimate (2.1) yields(

1 − h1

h2

)
u(x)+ h1

h2
u(x + h2θ)− u(x + h1θ) ≤ h1

(
1 − h1

h2

)
|θ |ω(h2|θ |).

Hence,

u(x + h1θ)− u(x)

h1
(3.16)

≥ u(x + h2θ)− u(x)

h2
−
(

1 − h1

h2

)
|θ |ω(h2|θ |) .

Taking the lim inf as h1 → 0+ in both sides of the above inequality, we obtain
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∂−u(x, θ) ≥ u(x + h2θ)− u(x)

h2
− |θ |ω(h2|θ |).

Now, taking the lim sup as h2 → 0+, we conclude that

∂−u(x, θ) ≥ ∂+u(x, θ) .

So, ∂u(x, θ) exists and coincides with the lower and upper Dini derivatives.
To complete the proof of (3.15) it suffices to show that

∂+u(x, θ) ≤ u0
−(x, θ), (3.17)

since the reverse inequality holds by definition and by Remark 3.1.4. For this pur-
pose, let ε > 0, λ ∈ ]0, δ[ be fixed. Since u is continuous, we can find α ∈
]0, (δ − λ)θ [ such that

u(x + λθ)− u(x)

λ
≤ u(y + λθ)− u(y)

λ
+ ε, ∀ y ∈ Bα(x).

Using inequality (3.16) with x replaced by y, we obtain

u(y + λθ)− u(y)

λ
≤ u(y + hθ)− u(y)

h
+ |θ |ω(λ|θ |), ∀ h ∈ ]0, λ[ .

Therefore,

u(x + λθ)− u(x)

λ
≤ inf

y∈Bα(x),h∈ ]0,λ[

u(y + hθ)− u(y)

h
+ |θ |ω(λ|θ |)+ ε.

This implies, by definition of u0−(x, θ), that

u(x + λθ)− u(x)

λ
≤ u0

−(x, θ)+ |θ |ω(λ|θ |)+ ε.

Hence, taking the limit as ε, λ→ 0, we obtain inequality (3.17).

3.3 Superdifferential of a semiconcave function

The superdifferential of a semiconcave function enjoys many properties that are not
valid for a general Lipschitz continuous function, and that can be regarded as exten-
sions of analogous properties of concave functions. We start with the following basic
estimate. Throughout the section A ⊂ R

n is an open set.

Proposition 3.3.1 Let u : A → R be a semiconcave function with modulus ω and
let x ∈ A. Then, a vector p ∈ R

n belongs to D+u(x) if and only if

u(y)− u(x)− 〈p, y − x〉 ≤ |y − x |ω(|y − x |) (3.18)

for any point y ∈ A such that [y, x] ⊂ A.
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Proof — If p ∈ R
n satisfies (3.18), then, by the very definition of superdifferential,

p ∈ D+u(x). In order to prove the converse, let p ∈ D+u(x). Then, dividing the
semiconcavity inequality (2.1) by (1 − λ)|x − y|, we have

u(y)− u(x)

|y − x | ≤ u(x + (1 − λ)(y − x))− u(x)

(1 − λ)|y − x | + λω(|x − y|), ∀λ ∈ ]0, 1].

Hence, taking the limit as λ→ 1−, we obtain

u(y)− u(x)

|y − x | ≤ 〈p, y − x〉
|y − x | + ω(|x − y|),

since p ∈ D+u(x). Estimate (3.18) follows.

Remark 3.3.2 In particular, if u is concave on a convex set A, we find that p ∈
D+u(x) if and only if

u(y) ≥ u(x)+ 〈p, y − x〉, ∀ y ∈ A.

In convex analysis (see Appendix A. 1) this property is usually taken as the definition
of the superdifferential. Therefore, the Fréchet super- and subdifferential coincide
with the classical semidifferentials of convex analysis in the case of a concave (resp.
convex) function.

Before investigating further properties of the superdifferential, let us show how
Proposition 3.3.1 easily yields a compactness property for semiconcave functions.

Theorem 3.3.3 Let un : A → R be a family of semiconcave functions with the same
modulus ω. Given an open set B ⊂⊂ A, suppose that the un’s are uniformly bounded
in B. Then there exists a subsequence unk converging uniformly to a function u :
B → R semiconcave with modulus ω. In addition, Dunk → Du a.e. in B.

Proof — From Remark 2.1.8 we deduce that the functions un are uniformly Lipschitz
in B; thus, by the Ascoli–Arzelà theorem, there exists a subsequence, which we de-
note again by un for simplicity, converging uniformly to some u : B → R. Since the
semiconcavity inequality is preserved by pointwise convergence, u is semiconcave
with the same modulus of the un’s. Let us consider a point x0 ∈ B such that u and all
un are differentiable at x0, for all n; we observe that all points of B have this prop-
erty except for a set of measure zero. We claim that Dun(x0) → Du(x0). To prove
this, we argue by contradiction. The sequence {Dun(x0)} is bounded; if it does not
converge to Du(x0) there exists a subsequence converging to some p0 �= Du(x0).
But then, passing to the limit in (3.18), we obtain that p0 ∈ D+u(x0) and we find a
contradiction. This proves that Dun → Du a.e. in B.

Let us now derive other important consequences of Proposition 3.3.1.

Proposition 3.3.4 Let u : A → R be a semiconcave function with modulus ω, and
let x ∈ A. Then the following properties hold true.
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(a) If {xk} is a sequence in A converging to x, and if pk ∈ D+u(xk) converges to a
vector p ∈ R

n, then p ∈ D+u(x).
(b) D∗u(x) ⊂ ∂D+u(x).
(c) D+u(x) �= ∅.
(d) If D+u(x) is a singleton, then u is differentiable at x.
(e) If D+u(y) is a singleton for every y ∈ A, then u ∈ C1(A).

Remark 3.3.5 By ∂D+u(x) in part (b) above we mean the boundary taken with re-
spect to the standard topology of R

n , and not the relative boundary of convex analysis
(see Definition A. 1.8). Observe therefore that every time the dimension of D+u(x)
is less than n, we have ∂D+u(x) = D+u(x).

Proof — (a) This property follows from Proposition 3.3.1, using also the upper semi-
continuity of ω.
(b) First we note that, in light of (a), D∗u(x) ⊂ D+u(x). Therefore, the nontrivial
part of (b) is that all reachable gradients are boundary points of D+u(x). Indeed,
let p ∈ D∗u(x) and let xk ∈ A be as in (3.10). Without loss of generality we may
assume that

lim
k→∞

xk − x

|xk − x | = θ

for some unit vector θ ∈ R
n . We claim that

p − tθ /∈ D+u(x) , ∀ t > 0 , (3.19)

which implies that p is in the boundary of D+u(x). Indeed, by (3.18),

u(xk)− u(x)− 〈p − tθ, xk − x〉
= u(xk)− u(x)− 〈Du(xk), xk − x〉
+〈Du(xk)− p, x − xk〉 + t〈θ, x − xk〉

≥ −|xk − x |ω(|xk − x |)− |Du(xk)− p||xk − x | + t〈θ, x − xk〉.

Therefore,

lim inf
k→∞

u(xk)− u(x)− 〈p − tθ, xk − x〉
|xk − x | ≥ t ,

and our claim (3.19) follows.
(c) This property is an immediate consequence of (b). Indeed, u is locally Lipschitz
by Theorem 2.1, and so D∗u(x) �= ∅.
(d) Suppose that D+u(x) = {p} for some p ∈ R

n , and let {xk} ⊂ A be any sequence
such that xk → x . By (c), we can pick a point pk ∈ D+u(xk) for any k. On the other
hand, by (a), sequence {pk} can only admit p as a cluster point. Therefore, pk → p.
Moreover, by Proposition 3.3.1,

u(xk)− u(x)− 〈p, xk − x〉
= u(xk)− u(x)+ 〈pk, x − xk〉 + 〈pk − p, xk − x〉
≥ −|xk − x |ω(|xk − x |)− |pk − p||xk − x |.
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Hence,

lim inf
k→∞

u(xk)− u(x)− 〈p, xk − x〉
|xk − x | ≥ 0 .

Since {xk} is arbitrary, we conclude that p ∈ D−u(x). Then, Proposition 3.1.5(c)
implies that u is differentiable at x .
(e) This assertion is an easy consequence of (a) and (d).

In the terminology of set-valued analysis, property (a) above is usually expressed by
saying that the set valued map D+u is upper semicontinuous (see Definition A. 5.1).

Theorem 3.3.6 Let u : A → R be a semiconcave function and let x ∈ A. Then

D+u(x) = coD∗u(x) = ∂C u(x) . (3.20)

Moreover the directional derivatives of u defined in (3.14) satisfy

∂u(x, θ) = min
p∈D+u(x)

〈p, θ〉 = min
p∈D∗u(x)

〈p, θ〉 (3.21)

for any θ ∈ R
n.

Proof — We prove (3.21) first. From Theorem 3.2.1, Proposition 3.1.5(a) and Propo-
sition 3.3.4(b) we deduce that

∂u(x, θ) ≤ min
p∈D+u(x)

〈p, θ〉 ≤ min
p∈D∗u(x)

〈p, θ〉 , ∀ θ ∈ R
n .

Therefore, to obtain (3.21) it suffices to show that

min
p∈D∗u(x)

〈p, θ〉 ≤ ∂u(x, θ) , ∀ θ ∈ R
n . (3.22)

Indeed, let θ ∈ R
n be a fixed unit vector. Since u is a.e. differentiable, one can find a

sequence {xk} of differentiability points of u, such that

θk := xk − x

|xk − x | → θ, as k →∞ ,

and Du(xk) converges to some vector p0 ∈ D∗u(x). Let ω be a modulus of semi-
concavity for u. Then, by (3.18),

〈Du(xk), θk〉 ≤ u(x + |xk − x |θk)− u(x)

|xk − x | + ω(|xk − x |) .

Taking the limit as k →∞, we obtain

〈p0, θ〉 ≤ ∂u(x, θ) ,
whence (3.22) follows. Now, since by Proposition A. 1.17,

min
p∈D∗u(x)

〈p, θ〉 = min
p∈coD∗u(x)

〈p, θ〉 ,
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equality (3.21) implies that the two convex sets D+u(x) and coD∗u(x) have the same
support function. By well-known properties of convex sets (see Corollary A. 1.7 and
Proposition A. 1.18) they coincide. Taking into account also (3.13), we obtain (3.20).

Theorem 3.3.7 If u : A → R is both semiconvex and semiconcave in A, then u ∈
C1(A). In addition, on each compact subset of A the modulus of continuity of Du
is of the form ω1(r) = c1ω(c2r), where ω is a modulus of semiconvexity and of
semiconcavity for u and c1, c2 > 0 are constants.

Proof — We recall that, in the case of a modulus of the form ω(r) = rα , with
0 < α < 1, the above result can be deduced from [133, Prop. V.8–V.9]. We give here
an independent proof, which is valid for any modulus.

At any point of A both u and −u have nonempty superdifferential. Since
D+(−u) = −D−(u), this implies that the subdifferential of u is also nonempty
everywhere. Therefore, by Proposition 3.1.5(c) and 3.3.4(e), u belongs to C1(A).

To prove the second part of the statement, observe first that if u is semiconcave
and semiconvex with modulus ω, then by Proposition 3.3.1

|u(y)− u(x)− 〈Du(x), y − x〉| ≤ |y − x |ω(|y − x |) (3.23)

for all x, y ∈ A such that [x, y] ⊂ A
Now take any x ∈ A and let r > 0 such that B2r (x) ⊂ A. Given any v,w ∈ R

n

with |v|, |w| ≤ r we have, using (3.23) and the semiconcavity and semiconvexity of
u,

〈Du(x + w)− Du(x), v〉
≤ u(x + w + v)− u(x + w)− u(x + v)+ u(x)+ 2|v|ω(|v|)
= u(x + w + v)− 1

2
u(x + 2v)− 1

2
u(x + 2w)

−u(x + w)+ 1

2
u(x + 2w)+ 1

2
u(x)

−u(x + v)+ 1

2
u(x + 2v)+ 1

2
u(x)+ 2|v|ω(|v|)

≤ 1

2
|v + w|ω(2|v + w|)+ 1

2
|w|ω(2|w|)+ 1

2
|v|ω(2|v|)+ 2|v|ω(|v|).

It follows that, for all w ∈ Br ,

|Du(x + w)− Du(x)| = 1

|w| max
|v|=|w|

〈Du(x + w)− Du(x), v〉
≤ ω(4|w|)+ ω(2|w|)+ 2ω(|w|)
≤ 4ω(4|w|).

In the case of a linear modulus we can give a sharper estimate of the modulus of
continuity of Du.
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Corollary 3.3.8 Let A ⊂ R
n be open convex and let u : A → R be both semiconvex

and semiconcave with a linear modulus and constant C. Then u ∈ C1,1(A) and the
Lipschitz constant of Du is equal to C.

Proof — The previous theorem already implies that Du is locally Lipschitz in A, so
we only have to estimate its Lipschitz constant. By Proposition 1.1.3, all directional
second derivatives of u of the form ∂ννu with |ν| = 1 satisfy ||∂ννu|| ≤ C . Now any
mixed distributional second derivative is the linear combination of directional ones,
as follows:

∂2
ξηu =

1

4

(
∂2
(ξ+η)(ξ+η)u − ∂2

(ξ−η)(ξ−η)u
)
, ∀ξ, η ∈ R

n .

We deduce that

||D2u|| = sup
|ξ |=|η|=1

|∂2
ξηu| ≤ sup

|ξ |=|η|=1

C

4

(
|ξ + η|2 + |ξ − η|2

)
= C

in the sense of distributions. Since Du is Lipschitz, the distributional hessian D2u
coincides with the standard hessian which exists almost everywhere. We conclude
that the Lipschitz constant of Du is equal to C .

The previous results can be used to show that a given function is not semiconcave.

Example 3.3.9 We have observed in Example 1.1.4 that the function u(x) = |x | is
not semiconcave with a linear modulus in any neighborhood of 0. To see that it is not
semiconcave with any modulus, it suffices to observe that u is convex; were u also
semiconcave, it would be differentiable by Theorem 3.3.7.

It is well known that the superdifferential of a concave function has a monotonic-
ity property. Semiconcave functions satisfy this property in a weaker form, as shown
by the next result.

Proposition 3.3.10 Let u : A → R be a semiconcave function with modulus ω.
Given x, y ∈ A such that [x, y] ⊂ A we have, for any p ∈ D+u(x) and q ∈
D+u(y),

〈q − p, y − x〉 ≤ 2|y − x |ω(|y − x |). (3.24)

Proof — Applying Proposition 3.3.1 twice, we find

−〈q, x − y〉 − |y − x |ω(|y − x |) ≤ u(y)− u(x) ≤ 〈p, y − x〉 + |y − x |ω(|y − x |).

The conclusion follows.

Property (3.24) characterizes in fact semiconcave functions, as we show below.
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Proposition 3.3.11 Let u : A → R
n be a Lipschitz continuous function and let ∂cu

denote its Clarke gradient. Suppose that there exists a nondecreasing upper semi-
continuous function ω : [0,∞[→ [0,∞[ such that ω(0) = 0 and such that

〈q − p, y − x〉 ≤ |y − x |ω(|y − x |) (3.25)

for all x, y such that [x, y] ⊂ A, p ∈ ∂cu(x) and q ∈ ∂cu(y). Then u is semiconcave
in A with modulus ω.

Proof — We can proceed exactly as in the proof of Proposition 2.1.2, using the
nonsmooth version of the mean value theorem (Theorem 3.1.13).

Before giving further results, let us recall a standard definition from convex anal-
ysis.

Definition 3.3.12 Given a convex set C ⊂ R
n, we say that x ∈ C is an extreme

point of C if x cannot be expressed as the convex combination of x0, x1 ∈ C, with
x0, x1 �= x. The set of all the extreme points of C is denoted by Ext(C).

Formula (3.20) trivially implies that, for a semiconcave function,

Ext(D+u(x)) ⊂ D∗u(x) , ∀x ∈ A . (3.26)

One may wonder if such an inclusion is in fact an equality. This is not the case, as
the following example shows.

Example 3.3.13 Let u : R
2 → R be the concave function

u(x, y) = −
√

x2 + y4 .

Then u is differentiable on R
2 \ {(0, 0)}, whereas

D+u(0, 0) = [−1, 1] × {0} .
We can check this by computing the directional derivatives

∂u( (0, 0) , (θ1, θ2) ) = −|θ1|, ∀ (θ1, θ2) ∈ R
2,

and recalling Proposition 3.1.5(a). Therefore, Ext(D+u(0, 0)) = {(−1, 0), (1, 0)}.
On the other hand, we claim that D∗u(0, 0) = [−1, 1]×{0}. Indeed, we first observe
that

Du(x, y) = −
(

x√
x2 + y4

,
2y3√

x2 + y4

)
, (x, y) ∈ R

2 \ {(0, 0)} .

We know from (3.26) that {(−1, 0), (1, 0)} ⊂ D∗u(0, 0), so it suffices to show that
vectors of the form (r, 0) with |r | < 1 belong to D∗u(0, 0). For such an r , set
a = −r/

√
1 − r2 and consider the parabola (x, y) = (at2, t). We have
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lim
t→0

Du(at2, t) =
(
− a√

a2 + 1
, 0

)
= (r, 0).

This proves that D∗u(0, 0) = [−1, 1] × {0}.

Let us recall some terminology from convex analysis.

Definition 3.3.14 Let u : A → R be a Lipschitz function. Given x ∈ A, θ ∈ R
n \{0}

we set

D+u(x, θ) = {p ∈ D+u(x) : p · θ ≤ q · θ, ∀ q ∈ D+u(x)}.
This set is called the exposed face of D+u(x) in direction θ . If D+u(x, θ) = {p},
then we say that θ is an exposed direction and p is an exposed point of D+u(x). We
denote the set of exposed points of D+u(x) by Eu(x).

Then we have the following property, which can be regarded as a refinement of
Proposition 3.3.4–(a).

Proposition 3.3.15 Let u : A → R be semiconcave and let x ∈ A, p̄ ∈ R
n be given.

Suppose that there exist two sequences {xk} ⊂ (A \ {x}), {pk} ⊂ R
n such that

lim
k→∞

xk = x, lim
k→∞

xk − x

|xk − x | = θ, pk ∈ D+u(xk), lim
k→∞

pk = p̄ (3.27)

for some unit vector θ . Then p̄ ∈ D+u(x, θ).

Proof — From Proposition 3.3.4(a) it follows that p̄ ∈ D+u(x). Moreover, by
Proposition 3.3.1 we have

u(xk)− u(x)

|xk − x | ≥ 〈pk,
xk − x

|xk − x | 〉 − ω(|x − xk |), ∀ k ≥ 1.

Thus we have

∂+u(x, θ) ≥ lim sup
k→∞

u(xk)− u(x)

|xk − x | ≥ p̄ · θ.

On the other hand, any vector p ∈ D+u(x) satisfies the opposite inequality by Propo-
sition 3.1.5(a). We conclude that

p̄ · θ = ∂+u(x, θ) = min
p∈D+u(x)

p · θ.

Let us prove a technical result which is useful in the analysis of evolution prob-
lems where one considers functions u depending on (t, x) ∈ ]0, T [×A, for some
T > 0 and A ⊂ R

n . For these functions, it is natural to consider the generalized
partial differentials with respect to x as follows:

∇+u(t, x) :=
{
η ∈ R

n : lim sup
h→0

u(t, x + h)− u(t, x)− 〈η, h〉
|h| ≤ 0

}
, (3.28)
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and

∇∗u(t, x) = {
p ∈ R

n : xi → x , ∇u(t, xi )→ p
}
. (3.29)

Observe that (3.20) immediately implies that if u ∈ SC ( ]0, T [×A), then

∇+u(t, x) = co∇∗u(t, x) . (3.30)

Let �x : R
n+1 → R

n be the projection onto the x-space, i.e., �x (t, x) = x . The
next result explains the relationship between ∇+u(t, x) and D+u(t, x).

Lemma 3.3.16 For any u ∈ SC (]0, T [×A), we have that

�x D+u(t, x) = ∇+u(t, x) ∀(t, x) ∈ ]0, T [×U . (3.31)

Proof — The inclusion �x D+u(t, x) ⊂ ∇+u(t, x) is a simple consequence of the
definition. Let us prove that ∇+u(t, x) ⊂ �x D+u(t, x). First, we observe that it
suffices to show that

∇∗u(t, x) ⊂ �x D∗u(t, x) . (3.32)

To prove this inclusion, fix px := limi→∞∇u(t, xi ) ∈ ∇∗u(t, x). By the upper
semicontinuity of D+u we can find, for any i ∈ N, a point {(ti , yi )} where u is
differentiable and such that

|(t, xi )− (ti , yi )| < 1

i
, Du(ti , yi ) ∈ D+u(t, xi )+ 1

i
B1 .

The last property implies that |∇u(ti , yi ) − ∇u(t, xi )| ≤ 1/ i. Thus, we deduce that
(ti , xi )→ (t, x) and ∇u(ti , yi )→ px , which implies that px ∈ �x D∗u(t, x).

We conclude the section by giving an equivalent characterization of the set D∗u
for a semiconcave function.

Proposition 3.3.17 If u : A → R is semiconcave then, for any x ∈ A,

D∗u(x) =
{

lim
i→∞

pi : pi ∈ D+u(xi ) , xi → x , diam(D+u(xi ))→ 0
}
. (3.33)

Proof — Let us denote by D�u(x) the right-hand side of (3.33). Since D+u reduces
to the gradient at any differentiability point of u, we have that D∗u(x) ⊂ D�u(x).
Now, to show the reverse inclusion, let us fix a point p = limi→∞ pi , with
pi ∈ D+u(xi ) and xi ∈ A as in (3.33). Then, for all i ∈ N, let us pick any
p∗i ∈ D∗u(xi ). Recalling the definition of D∗u, we can find a point x∗i ∈ A, at
which u is differentiable, such that

|xi − x∗i | + |Du(x∗i )− p∗i | ≤
1

i
.

Then, x∗i → x and

|Du(x∗i )− p| ≤ |Du(x∗i )− p∗i | + |p∗i − pi | + |pi − p|
≤ 1

i
+ diam(D+u(xi ))+ |pi − p| → 0,

as i →∞. Hence, p ∈ D∗u(x).
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3.4 Marginal functions

A function u : A → R is called a marginal function if it can be written in the form

u(x) = inf
s∈S

F(s, x), (3.34)

where S is some topological space and the function F : S × A → R depends
smoothly on x . Functions of this kind appear often in the literature, sometimes with
different names (see e.g., the lower Ck-functions in [123]).

Under suitable regularity assumptions for F , a marginal function is semiconcave.
For instance, Corollary 2.1.6 immediately implies the following.

Proposition 3.4.1 Let A ⊂ R
n be open and let S ⊂ R

m be compact. If F = F(s, x)
is continuous in C(S×A) together with its partial derivatives Dx F, then the function
u defined in (3.34) belongs to SC loc(A). If D2

xx F also exists and is continuous in
S × A, then u ∈ SCL loc(A).

We now show that the converse also holds.

Theorem 3.4.2 Let u : A → R be a semiconcave function. Then u can be locally
written as the minimum of functions of class C1. More precisely, for any K ⊂ A
compact, there exists a compact set S ⊂ R

2n and a continuous function F : S×K →
R such that F(s, ·) is C1 for any s ∈ S, the gradients Dx F(s, ·) are equicontinuous,
and

u(x) = min
s∈S

F(s, x), ∀ x ∈ K . (3.35)

If the modulus of semiconcavity of u is linear, then F can be chosen such that F(s, ·)
is C2 for any s, with uniformly bounded C2 norm.

Proof — Let ω be the modulus of semiconcavity of u and let ω1 be a function such
that ω1(0) = 0, that ω1(r) ≥ ω(r) and that the function x → |x |ω1(|x |) belongs to
C1(Rn). The existence of such an ω1 has been proved in Lemma 3.1.8. If ω is linear
we simply take ω1 ≡ ω.

Let us set S = {(y, p) : y ∈ K , p ∈ D+u(y)}. By Proposition 3.3.4(a) and the
local Lipschitz continuity of u, S is a compact set. Then we define

F(y, p, x) = u(y)+ 〈p, x − y〉 + |y − x |ω1(|y − x |).
Then F has the required regularity properties. In addition F(y, p, x) ≥ u(x) for
all (y, p, x) ∈ S × K by Proposition 3.3.1. On the other hand, if x ∈ K , then
D+u(x) is nonempty and so there exists at least a vector p such that (x, p) ∈ S.
Since F(x, p, x) = u(x), we obtain (3.35).

If u is semiconcave with a linear modulus, then it admits another representation
as the infimum of regular functions by a procedure that is very similar to the Legendre
transformation.
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Proposition 3.4.3 Let u : R
n → R be semiconcave with linear modulus and semi-

concavity constant C. For any given K > C, define

ũ(y) = min
x∈Rn

[
K

2
|x − y|2 − u(x)

]
, y ∈ R

n . (3.36)

Then

u(x) = min
y∈Rn

[
K

2
|x − y|2 − ũ(y)

]
, x ∈ R

n .

Proof — The result is a direct consequence of the involutive character of the Legen-
dre transform of convex functions (see Appendix A. 2). Observe that, by Proposition
1.1.3(c), the function v(x) = K

2 |x |2 − u(x) is convex and superlinear. This shows
in particular that the minimum in the definition of ũ exists. Let us denote by v∗ the
Legendre transform of v. Then we have

v∗(p) = max
x∈Rn

[x · p − v(x)] = max
x∈Rn

[
x · p − K

2
|x |2 + u(x)

]
= max

x∈Rn

[
−K

2

∣∣∣x − p

K

∣∣∣2 + |p|2
2K

+ u(x)

]

= − min
x∈Rn

[
K

2

∣∣∣x − p

K

∣∣∣2 − u(x)

]
+ |p|2

2K

= −ũ
( p

K

)
+ |p|2

2K
.

Recalling Theorem A. 2.3–(c), we obtain

u(x) = K
2 |x |2 − v(x) = K

2 |x |2 − maxp∈Rn
[
x · p − v∗(p)]

= K
2 |x |2 + minp∈Rn

[
−x · p − ũ

( p
K

)+ |p|2
2K

]
= minp∈Rn

[
K
2

∣∣ p
K − x

∣∣2 − ũ
( p

K

)]
= miny∈Rn

[ K
2 |y − x |2 − ũ (y)

]
.

The function ũ defined in (3.36) is called semiconcave conjugate of u. The above
result can be generalized to cases where u is not defined in the whole space (see [79,
Theorem 4.6]).

When we have a representation of the form (3.34) for a semiconcave function,
it is interesting to relate the generalized differentials of u with the partial derivative
Dx F .

Theorem 3.4.4 Let A ⊂ R
n be open and let S ⊂ R

m be compact. Let the function
F = F(s, x) be continuous in S × A together with its partial derivative Dx F, and
let us define u(x) = mins∈S F(s, x). Given x ∈ A, let us set

M(x) = {s ∈ S : u(x) = F(s, x)}, Y (x) = {Dx F(s, x) : s ∈ M(x)}.
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Then, for any x ∈ A

D+u(x) = coY (x) (3.37)

D−u(x) =
{ {p} if Y (x) = {p}
∅ if Y (x) is not a singleton.

(3.38)

Proof — From Proposition 3.4.1 we know that u is locally semiconcave in A and so
we can apply the results of the previous sections. We first observe that if s ∈ M(x),
then F(s, ·) touches u from above at the point x , and therefore Dx F(s, x) ∈ D+u(x).
This shows that Y (x) is contained in D+u(x); since D+u(x) is convex, the same
holds for the convex hull of Y (x).

Let us now prove that D+u(x) is contained in the convex hull of Y (x). In view of
(3.20), it is enough to prove that D∗u(x) ⊂ Y (x). Let us therefore pick p ∈ D∗u(x).
Let {xn} be a sequence of points of differentiability of u such that xn → x and
Du(xn) → p. Let sn ∈ S be such that u(xn) = F(sn, xn). By the first part of the
proof, we have Dx F(sn, xn) = Du(xn). By possibly extracting a subsequence, we
can assume that sn → s̄ for some s̄ ∈ S. But then we have

u(x) = lim u(xn) = lim F(sn, xn) = F(s̄, x),

p = lim Du(xn) = lim Dx F(sn, xn) = Dx F(s̄, x).

This shows that p ∈ Y (x) and concludes the proof of (3.37). To obtain (3.38), it suf-
fices to recall Proposition 3.3.4(d) and that D−u(x) is necessarily empty if D+u(x)
contains more than one element.

As an application of the above result, we can provide a description of the semi-
differentials of the distance function dS from a nonempty closed set S ⊂ R

n . We
denote by projS(x) the set of closest points in S to x , i.e.,

projS(x) = {y ∈ S : dS(x) = |x − y|} x ∈ R
n .

Corollary 3.4.5 Let S be a nonempty closed subset of R
n. Then the following prop-

erties hold.

(i) dS is differentiable at x /∈ S if and only if projS(x) is a singleton and in this case

DdS(x) = x − y

|x − y|
where y is the unique element of projS(x).

(ii) If projS(x) is not a singleton, then we have

D+dS(x) = co

{
x − y

|x − y| : y ∈ projS(x)

}
= x − co (projS(x))

dS(x)
(3.39)

while D−dS(x) = ∅.
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(iii) For any x /∈ S and any y ∈ projS(x), dS is differentiable along the segment
]x, y[.

(iv) For any x /∈ S

D∗dS(x) =
{

x − y

|x − y| : y ∈ projS(x)

}
. (3.40)

Proof — We have dS(x) = miny∈S F(x, y) where F(x, y) = |x − y|. Observe that
for any fixed y ∈ S, F is a smooth function of x on the complement of S and has
derivative Dx F(x, y) = (x − y)/|x − y|. Parts (i) and (ii) are then an immediate
consequence of Theorem 3.4.4 observing that

M(x) = projS(x), Y (x) =
{

x − y

|x − y| : y ∈ projS(x)

}
.

To obtain (iii) we observe that if y ∈ projS(x), then projS(z) reduces to the singleton
{y} for all z ∈ ]x, y[ . Thus the assertion follows from (i).

It remains to check (iv). In the proof of Theorem 3.4.4 we have observed that
D∗u(x) ⊂ Y (x) for a general marginal function u. Thus, it suffices to show that
in the case of the distance function we have Y (x) ⊂ D∗dS(x) as well. Let us take
any p ∈ Y (x); then p = (x − y)/|x − y| for some y ∈ projS(x). By part (iii),
dS is differentiable at any z ∈ ]x, y[ and satisfies DdS(z) = p; this shows that
p ∈ D∗dS(x).

3.5 Inf-convolutions

Given g : R
n → R and ε > 0, the functions

x → inf
y∈Rn

(
g(y)+ |x − y|2

2ε

)
x → sup

y∈Rn

(
g(y)− |x − y|2

2ε

)

are called inf- and sup-convolutions of g respectively, due to the formal analogy with
the usual convolution. They have been used in various contexts as a way to approx-
imate g; one example is the uniqueness theory for viscosity solutions of Hamilton–
Jacobi equations. In some cases it is useful to consider more general expressions,
where the quadratic term above is replaced by some other coercive function. In this
section we analyze such general convolutions, showing that their regularity proper-
ties are strictly related with the properties of semiconcave functions studied in the
previous sections.

Definition 3.5.1 Let g ∈ C(Rn) satisfy

|g(x)| ≤ K (1 + |x |) (3.41)

for some K > 0 and let φ ∈ C(Rn) be such that
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lim
|q|→+∞

φ(q)

|q| = +∞. (3.42)

The inf-convolution of g with kernel φ is the function

gφ(x) = inf
y∈Rn

[g(y)+ φ(x − y)], (3.43)

while the sup-convolution of g with kernel φ is defined by

gφ(x) = sup
y∈Rn

[g(y)− φ(x − y)]. (3.44)

We observe that the function u given by Hopf’s formula (1.10) is an inf-
convolution with respect to the x variable for any fixed t . In addition, inf-convolutions
are a particular case of the marginal functions introduced in the previous section.

We give below some regularity properties of the inf-convolutions. The corre-
sponding statements about the sup-convolutions are easily obtained observing that
gφ = −((−g)φ).

Lemma 3.5.2 Let g and φ be as in Definition 3.5.1. Then the infimum in formula
(3.43) is a minimum. In addition, for any r > 0 there exists R > 0 such that, if
|x | ≤ r , then any y at which the minimum in (3.43) is attained satisfies |y| < R.

Proof — Given r > 0, let R > max{1, 2r} be such that

φ(q)

|q| ≥ 3K , ∀ q : |q| ≥ R − r,

where K is the constant which appears in (3.41). Such an R exists by assumption
(3.42); in addition, we can choose it large enough to have

K R > φ(0)+ 3Kr + max
x∈Br

g(x).

Given any x, y with |x | < r and |y| > R we have

|y − x | ≥ |y| − |x | > R − r,

and so we can estimate

g(y)+ φ(x − y) ≥ −K (1 + |y|)+ φ(x − y)

|x − y| |x − y|
> −2K |y| + 3K (|y| − |x |)
> K |y| − 3K |x | > K R − 3Kr

> φ(0)+ g(x).

This shows that the function y → g(y)+ φ(x − y) attains at y = x a value which is
smaller than any value assumed for |y| > R. Therefore,

g(y)+ φ(x − y) > min
z∈B R

[g(z)+ φ(x − z)], ∀ y : |y| > R,

and this proves the lemma.
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Theorem 3.5.3 Let g and φ be as in Definition 3.5.1. Then the following properties
hold.

(i) If either φ or g is semiconcave with modulus ω, then the same holds for gφ .
(ii) If g is Lipschitz continuous with constant Lg, then so is gφ .
(iii) If g and φ are both convex, then so is gφ .
(iv) Suppose that φ is uniformly convex, that is, that there exists C > 0 such that
φ(x) − C

2 |x |2 is convex. Suppose also that g is semiconvex with constant B for
some B < C. Then gφ is semiconvex with constant BC(C − B)−1.

Proof — If φ is semiconcave, then gφ is semiconcave with the same modulus as a
consequence of Proposition 2.1.5. If g is semiconcave we obtain the same conclusion
observing that

gφ(x) = inf
y∈Rn

[g(y)+ φ(x − y)] = inf
z∈Rn

[g(x − z)+ φ(z)].

To prove (ii) we can take any x, h ∈ R
n and estimate

gφ(x + h) = min
y∈Rn

[g(y)+ φ (x + h − y)]

= min
z∈Rn

[g(z + h)+ φ (x − z)]

≥ −Lg|h| + min
z∈Rn

[g(z)+ φ (x − z)]

= gφ(x)− Lg|h|.
We now turn to (iii) and (iv). We take x1, x2 ∈ R

n , and denote by yi the points
where the infimum in (3.43) with x = xi is attained, for i = 1, 2. We find by
definition

gφ(x1)+ gφ(x2)− 2gφ

(
x1 + x2

2

)
≥ φ(x1 − y1)+ φ(x2 − y2)− 2φ

(
x1 + x2

2
− y1 + y2

2

)
+g(y1)+ g(y2)− 2g

(
y1 + y2

2

)
. (3.45)

In case (iii) the above quantity is nonnegative, and this shows that gφ is convex. In
case (iv) we have, using our assumption for φ, that

φ(x1 − y1)+ φ(x2 − y2)− 2φ

(
x1 + x2

2
− y1 + y2

2

)
≥ C

2

(
|x1 − y1|2 + |x2 − y2|2 − 2

∣∣∣∣ x1 + x2

2
− y1 + y2

2

∣∣∣∣2
)

= C

4
(|x1 − x2|2 + |y1 − y2|2 − 2〈x2 − x1, y2 − y1〉),
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≥ C

4

(
|x1 − x2|2 + |y1 − y2|2 − C

C − B
|x1 − x2|2 − C − B

C
|y1 − y2|2

)
= − BC

C − B

∣∣∣∣ x1 − x2

2

∣∣∣∣2 + B

∣∣∣∣ y1 − y2

2

∣∣∣∣2 .
On the other hand, since g is semiconvex with constant B, we have

g(y1)+ g(y2)− 2g

(
y1 + y2

2

)
≥ −B

∣∣∣∣ y1 − y2

2

∣∣∣∣2 ,
and so we deduce from (3.45) that

gφ(x1)+ gφ(x2)− 2gφ

(
x1 + x2

2

)
≥ − BC

C − B

∣∣∣∣ x1 − x2

2

∣∣∣∣2 ,
which proves (v).

From general results for marginal functions we can deduce the following descrip-
tion of the semidifferentials of an inf-convolution.

Proposition 3.5.4 Let g, φ be as in Definition 3.5.1, and suppose in addition that φ
is of class C1. Given x̄ ∈ R

n, let us denote by Y (x̄) the set of the points where the
minimum in (3.43) with x = x̄ is attained. Then gφ is differentiable at x̄ if and only
if Y (x̄) is a singleton. More precisely, if Y (x̄) = {ȳ} we have Dgφ = Dφ(ȳ − x̄),
while if Y (x̄) contains more than one point we have

D+gφ(x̄) = co{Dφ(y − x̄) : y ∈ Y (x̄)}, D−gφ(x̄) = ∅.
Proof — The result is a consequence of Theorem 3.4.4, after recalling that, by
Lemma 3.5.2, inf-convolutions can be locally written as an infimum over a compact
ball BR .

We now give an example of how inf- and sup-convolutions can be used to approx-
imate a given function g. We restrict ourselves to the case when g is Lipschitz con-
tinuous, but we point out that such convolutions have good approximating properties
also in more general cases, for instance when g is just continuous or semicontinuous,
or when g is a function defined on a Hilbert space.

Definition 3.5.5 Given g ∈ Lip (Rn), φ ∈ C(Rn) satisfying (3.42) and ε > 0 we
define

gε(x) = min
y∈Rn

[
g(y)+ εφ

(
x − y

ε

)]
, x ∈ R

n, (3.46)

gε(x) = max
y∈Rn

[
g(y)− εφ

(
x − y

ε

)]
, x ∈ R

n . (3.47)



72 3 Generalized Gradients and Semiconcavity

Remark 3.5.6 If φ is convex, the above definitions are related to the theory of
Hamilton–Jacobi equations. To see this, let us denote by H the Legendre transform
of φ. Then, recalling Hopf’s formula, gε = u(ε, ·), where u is the solution of the
equation ut + H(∇u) = 0 with initial value u(0, ·) = g. Analogously, gε is the
solution of ut − H(∇u) = 0, with initial value g, evaluated at time t = ε.

In what follows we will also consider compositions of the form (gε)δ, (gε)δ ,
which are called sup-inf- and inf-sup-convolutions. Let us observe a preliminary
property.

Lemma 3.5.7 Let us denote by Mε(x) and Mε(x) the set of points where the mini-
mum in (3.46) and the maximum in (3.47), respectively, is attained. Then there exists
R > 0, depending only on φ and on the Lipschitz constant of g, such that any point
y ∈ Mε(x) ∪ Mε(x) satisfies |y − x | < εR.

Proof — Let us denote by Lg the Lipschitz constant of g and let R be such that
(φ(x)− φ(0))/|x | > Lg for |x | > R. Such an R exists by assumption (3.42). Given
x ∈ R

n , suppose that y ∈ Mε(x). Then we have

g(y)+ εφ
(

x − y

ε

)
≤ g(x)+ εφ(0)
≤ g(y)+ Lg|x − y| + εφ(0),

which implies

Lg
|x − y|
ε

≥ φ
(

x − y

ε

)
− φ(0).

By definition of R, we obtain that |x − y| ≤ εR. The proof for Mε(x) is analogous.

Theorem 3.5.8 Let g ∈ Lip (Rn), and let φ ∈ C(Rn) satisfy (3.42). Then we have,
with the notation of Definition 3.5.5,

lim
ε→0+

(gε)(x) = lim
ε→0+

(gε)(x) = g(x), x ∈ R
n uniformly (3.48)

lim
ε,δ→0+

(gε)δ(x) = lim
ε,δ→0+

(gε)
δ(x) = g(x), x ∈ R

n uniformly . (3.49)

Suppose in addition that φ is convex and belongs to C2(Rn). Let R > 0 be as in the
previous lemma and let λ,� > 0 be such that

λI ≤ D2φ(q) ≤ �I, ∀q ∈ BR . (3.50)

Then, for any ε > 0, gε (resp. gε) is semiconcave (resp. semiconvex) with semicon-
cavity constant �/ε. In addition, if δ < �−1λε, the functions (gε)δ and (gε)δ are of
class C1,1.
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Proof — For given x ∈ R
n and ε > 0, let us take yε ∈ Mε(x). Recalling the

definition of gε and Lemma 3.5.7 we find that

εφ(0) ≥ gε(x)− g(x) ≥ g(yε)− g(x)+ εminφ

≥ −Lg|yε − x | + εminφ ≥ −ε(Lg R − minφ),

and therefore, setting M = max{|φ(0)|, |Lg R − minφ|}, we have that |g(x) −
gε(x)| ≤ εM for any x . Similarly, we find |g(x) − gε(x)| ≤ εM . Since
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Clearly, a proximal subgradient (supergradient) belongs to D−u(x) (resp. to
D+u(x)) but the converse is not true in general. The two notions coincide, however,
for a semiconvex (semiconcave) function with a linear modulus.

Proposition 3.6.2 Let u ∈ SCL (�), with � ⊂ R
n open. Then p is a proximal

supergradient of u at x ∈ � if and only if p ∈ D+u(x).

Proof — The assertion is a direct consequence of Proposition 3.3.1.

Definition 3.6.3 Let S ⊂ R
n. A vector ν ∈ R

n is called a perpendicular (or proximal
normal) to S at a point x̄ ∈ ∂S if, for some λ > 0,

dS(x̄ + λν) = λ|ν|, (3.51)

that is, the open ball with center x̄ + λν and radius λ|ν| does not intersect S. We
denote by NS(x̄) the set of perpendiculars to S at x̄ .

Remark 3.6.4 It is immediate from the definition that NS(x̄) is a cone. It coincides
with the half-line parallel to the standard outer normal if ∂S is a C2 manifold. Prop-
erty (3.51) is equivalent to saying that x̄ is a projection of x̄ + λν onto S. It is easy
to see that if (3.51) holds, then for any α ∈ ]0, λ[ the closed ball with center x̄ + αν
and radius α|ν| intersects S only at x̄ , that is, x̄ is the unique projection of x̄ + αν
onto S.

Definition 3.6.5 A nonempty set S ⊂ R
n is called proximally smooth with radius

r > 0 if all unit vectors ν ∈ NS(x̄) are such that Br (x̄ + rν) ∩ S = ∅.

Sets of the above form, which admit different equivalent definitions, have been
widely studied in the literature (see e.g., the sets with positive reach in [75]). It turns
out that these sets are exactly the ones possessing a neighborhood where the distance
function is differentiable (see Theorems 3.6.7, 3.6.8). We call such sets “proximally
smooth,” following [56] where the equivalence between various definitions is proved.

By Proposition 3.3.1, the graph of a semiconcave function with linear modulus
can be touched from above at each point by a paraboloid with fixed curvature. Thus
it is natural to expect that semiconcavity is related to the proximal smoothness of the
subgraph. The next result shows that this is the case.

Theorem 3.6.6 Let u ∈ Lip (�), with� ⊂ R
n open, convex and bounded. Then u is

semiconcave with a linear modulus if and only if its subgraph is proximally smooth.

Proof — See [56, Theorem 5.2].

The Lipschitz continuity assumption in the above statement is essential. Roughly
speaking, the correspondence between tangent spheres to a graph and tangent para-
boloids breaks down if the graph becomes arbitrarily steep. In fact, one can check
that the function u(x) = −√|x |, x ∈ R, has a proximally smooth subgraph but is
not locally Lipschitz (and thus it is not semiconcave).
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The proximal smoothness property is a possible way to characterize the sets S
possessing a neighborhood N such that the distance function dS is differentiable in
N \ S. More precisely, for a given r > 0, let us set

Sr = {x : 0 < dS(x) < r}.

Then we have the following result.

Theorem 3.6.7 Let a closed set S be proximally smooth with radius r . Then dS ∈
C1,1

loc (Sr ).

Proof — From Proposition 2.2.2-(ii) we know that, for a general set S, dS is locally
semiconcave with a linear modulus on the complement of S. It suffices to show
that under the hypothesis of proximal smoothness, dS is semiconvex with a linear
modulus on Sr ; then the C1,1 regularity will follow from Theorem 3.3.7. To this end,
let us set K (r) = {x : dS(x) ≥ r}. The proximal smoothness of S easily implies
that K (r) is nonempty. We claim that

dS(y)+ dK (r)(y) = r, ∀y ∈ Sr . (3.52)

To see this, take y ∈ Sr , and let x̄ and x̂ denote a projection of y onto S and K (r)
respectively. Then we have

dS(y)+ dK (r)(y) = |x̄ − y| + |x̂ − y| ≥ |x̄ − x̂ | ≥ r. (3.53)

On the other hand, since x̄ is a projection of y onto S, we have y − x̄ ∈ NS(x̄). Let
us set

x∗ = x̄ + r
y − x̄

|y − x̄ | .

By the proximal smoothness assumption, the ball Br (x∗) does not intersect S. Hence
dS(x∗) ≥ r ; in fact, dS(x∗) = r , observing that |x∗ − x̄ | = r . Since the three points
x̄, y and x∗ are on the same line, we have

|x∗ − y| = |x∗ − x̄ | − |y − x̄ | = r − dS(y).

Recalling that x∗ ∈ K (r) we find that

dK (r)(y) ≤ |x∗ − y| = r − dS(y),

which, together with (3.53), proves (3.52). We know from Proposition 2.2.2–(ii) that
dK (r) is locally semiconcave with a linear modulus on the complement of K (r), and
so dS = r − dK (r) is locally semiconvex on Sr . This proves the theorem.

The converse implication is also true (see [56, Theorem 4.1]).

Theorem 3.6.8 If the distance function to a closed set S is differentiable in Sr for
some r > 0, then S is proximally smooth with radius r .
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For other characterizations of proximally smooth sets (also in infinite dimen-
sional spaces) see e.g., [56, 117] and the references therein.
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4

Singularities of Semiconcave Functions

By a singular point, or singularity, of a semiconcave function u we mean a point
where u is not differentiable. This chapter is devoted to the analysis of the set of all
singular points for u, which is called singular set and is denoted here by�(u). As we
have already remarked, the singular set of a semiconcave function has zero measure
by Rademacher’s theorem. However, we will see that much more detailed properties
can be proved.

In Section 4.1 we study the rectifiability properties of the singular set. We divide
the singular points according to the dimension of the superdifferential of u denoting
by �k(u) the set of points x such that D+u(x) has dimension k. Then we show that
�k(u) is countably (n− k)-rectifiable for all integers k = 1, . . . , n. In particular, the
whole singular set �(u) is countably (n − 1)-rectifiable.

Sections 4.2 and 4.3 are devoted to the propagation of singularities for semi-
concave functions: given a singular point x0, we look for conditions ensuring that
x0 belongs to a connected component of dimension ν ≥ 1 of the singular set. We
study first the propagation along Lipschitz arcs and then along Lipschitz manifolds
of higher dimension. In general we find that a sufficient condition for the propagation
of singularities from x0 is that the inclusion D∗u(x0) ⊂ ∂D+u(x0) (see Proposition
3.3.4-(b) ) is strict.

As an application of the previous analysis, we study in Section 4.4 some prop-
erties of the distance function from a closed set S. Using our propagation results,
we show that the distance function has no isolated singularities except for the spe-
cial case when the singularity is the center of a spherical connected component of
the complement of S. In general, we show that a point x0 which is singular for the
distance function belongs to a connected set of singular points whose Hausdorff di-
mension is at least n − k, with k =dim(D+d(x0)).

4.1 Rectifiability of the singular sets

Throughout this chapter � ⊂ R
n is an open set and u : � → R is a semiconcave

function. We denote by �(u) the set of points of � where u is not differentiable and



78 4 Singularities of Semiconcave Functions

we call it the singular set of u. In the following we use some notions from measure
theory, like Hausdorff measures and rectifiable sets, which are recalled in Appendix
A. 3.

We know from Theorem 2.3.1–(ii) that Du is a function with bounded variation if
u is semiconcave with a linear modulus. For functions of bounded variation one can
introduce the jump set, whose rectifiability properties have been widely studied (see
Appendix A. 6). We now show that the jump set of Du coincides with the singular
set �(u). To this purpose we need two preliminary results. The first one is a lemma
about approximate limits (see Definition A. 6.2).

Lemma 4.1.1 Let w ∈ L1(A), with A ⊂ R
n open, let x̄ ∈ A, and let

ap limx→x̄ w(x) = w̄. Then for any θ ∈ R
n with |θ | = 1 we can find a sequence

{xk} ⊂ A such that

xk → x̄,
xk − x̄

|xk − x̄ | → θ, w(xk)→ w̄ as k →∞.

Proof — For any k ∈ N, let us define

Ak =
{

x ∈ A \ {x̄} :

∣∣∣∣ x − x̄

|x − x̄ | − θ
∣∣∣∣ < 1

k

}
.

Any such set Ak is the intersection of A with an open cone of vertex x̄ . Therefore

lim
ρ→0+

meas (Bρ(x̄) ∩ Ak)

ρn
> 0.

By the definition of approximate limit we have

lim
ρ→0+

meas ({x ∈ Bρ(x̄) ∩ Ak : |w(x)− w̄| > 1/k})
ρn

= 0.

Comparing the above relations we see that the set

{x ∈ Bρ(x̄) ∩ Ak : |w(x)− w̄| ≤ 1/k}
is nonempty if ρ is small enough. Thus, we can find xk ∈ Ak such that |w(xk)−w̄| ≤
1/k, |xk − x̄ | ≤ 1/k. Repeating this construction for all k we obtain a sequence {xk}
with the desired properties.

Next we give a result showing, roughly speaking, that for the gradient of a semi-
concave function the notions of limit and of approximate limit coincide.

Theorem 4.1.2 Let u : � → R be a semiconcave function, with � open. Then the
following properties are equivalent for a point y ∈ �:

(i) ap limy→x Du(y) = p1;
(ii) lim

y→x
y /∈�(u)

Du(y) = p1;
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(iii) u is differentiable at x and Du(x) = p1.

Proof — Property (iii) implies (ii) thanks to Proposition 3.3.4(a), while property (ii)
implies (i) because the set �(u) has zero measure. Therefore it suffices to prove that
property (i) implies (iii).

Let us suppose that ap limy→x Du(y) = p1. Then p1 ∈ D∗u(x). If we show that
D∗u(x) contains no other elements, then we obtain (iii), thanks to property (3.20)
and to Proposition 3.3.4(d). We argue by contradiction and suppose that there is
p2 ∈ D∗u(x), p2 �= p1. By the previous lemma, we can find a sequence {yk} ⊂ A
such that u is differentiable at yk and such that

yk → x,
yk − x

|yk − x | →
p1 − p2

|p1 − p2| , Du(yk)→ p1 as k →∞.

Then, by Proposition 3.3.10,

〈Du(yk)− p2, yk − x〉 ≤ 2ω(|yk − x |)|yk − x |.

Dividing by |yk − x | and letting k → ∞ we obtain |p1 − p2| ≤ 0, which is a
contradiction.

The above results allow us to obtain a first rectifiability result for the singular set
of a semiconcave function with linear modulus.

Proposition 4.1.3 Suppose that u : � → R is semiconcave with a linear modulus.
Then �(u) coincides with the jump set SDu of the gradient Du considered as a
function of BVloc(�,R

n) and is a countably Hn−1-rectifiable set.

Proof — It is a direct consequence of Theorem 2.3.1-(ii), Theorem 4.1.2 and of
general results on BV functions (Theorem A. 6.5).

Using completely independent techniques, we will now obtain a rectifiability
result which is more detailed than the one above and which holds for semiconcave
functions with arbitrary modulus. Our strategy will be to derive first a rectifiability
criterion (Theorem 4.1.6) and then show that this criterion can be applied to �(u).

In the following we call k-planes the k-dimensional subspaces of R
n . Given a k-

plane�, we denote by�⊥ its orthogonal complement. Given x ∈ R
n , we denote by

π(x) and π⊥(x) the orthogonal projections of x onto � and �⊥ respectively. If we
have several k-planes �1, . . . ,�r , we will denote by πi (x), π⊥i (x) the projections
onto �i ,�

⊥
i for any i = 1, . . . , r

Let A ⊂ �, where � ⊂ R
n is a k-plane and let φ : A → �⊥ be a Lipschitz

continuous map. Then the graph

�φ := {x ∈ R
n : π(x) ∈ A, π⊥(x) = φ(π(x))} (4.1)

is clearly a k-rectifiable set (see Definition A. 3.4).
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Definition 4.1.4 Let � ⊂ R
n be a k-plane and let M > 0. The set

KM (�) = {x ∈ R
n : |π⊥(x)| ≤ M |π(x)|}

is called a cone of axis � and width M.

Proposition 4.1.5 Given a set � ⊂ R
n, a k-plane � and M > 0, the two following

properties are equivalent.

(i) There exists A ⊂ � and a Lipschitz function φ : A → �⊥ with Lip (φ) ≤ M
such that � coincides with the graph �φ defined in (4.1).

(ii) For any x ∈ �, we have � ⊂ x + KM (�).

Proof — Suppose that (i) holds and let x, x ′ be any two points of �. Then we have

|π⊥(x ′ − x)| = |φ(π(x ′))− φ(π(x))| ≤ M |π(x ′ − x)|,
which means that x ′ ∈ x + KM (�). Therefore, (ii) holds.

Conversely, suppose that (ii) is satisfied. Then we have, for any x, x ′ ∈ �,

|π⊥(x ′ − x)| ≤ M |π(x ′ − x)|.
Thus, if x, x ′ ∈ � and π(x) = π(x ′), then x = x ′. It follows that for any y ∈ π(�),
there exists a unique z ∈ �⊥ such that y + z ∈ �. Setting A = π(�) and z = φ(y)
we have that φ is Lipschitz continuous with Lipschitz constant M and that � = �φ .

We now give our rectifiability criterion.

Theorem 4.1.6 Let S ⊂ R
n have the following property: for all x ∈ S there exist

constants ρx > 0, Mx ≥ 0 and a k-plane �x such that

S ∩ Bρx (x) ⊂ x + KMx (�x ). (4.2)

Then S is countably k-rectifiable.

Proof — Let us set α = supx∈S Mx . It is not restrictive to assume that α is finite,
since otherwise we can split S in a countable union of subsets with this property.

Let us now set, for any positive integer i ,

Si =
{

x ∈ S : ρx >
1

i

}
,

and let us prove the rectifiability of Si . Let us fix δ > 0 small enough to have

δ(α + 1) < 1,
α + δ(α + 1)

1 − δ(α + 1)
≤ 2α. (4.3)

Let us now choose a family {�1, . . . ,�N } of k-planes with the property that given
any other k-plane �, we have
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min
1≤ j≤N

||π j − π || < δ. (4.4)

In this formula we have denoted by ||π j−π || the operator norm of the linear function
π j −π . To see that such a family {�1, . . . ,�N } exists, it suffices to observe that any
projection π satisfies ||π || = 1, and thus the set of all projections is a bounded subset
of L(Rn,Rn).

Let us define, for j = 1, . . . , N ,

Si j = {x ∈ Si : ||πx − π j || < δ}.
We claim that any set T ⊂ Si j with diameter less than 1/ i is contained in a k-
dimensional Lipschitz graph with constant not greater than 2α. This proves the the-
orem, since by (4.4) the sets Si j cover Si .

To prove our claim, let us take x, x ′ ∈ T . Then, using the definition of Si j and
assumption (4.2) we obtain

|π⊥j (x − x ′)| = |x − x ′ − π j (x − x ′)|
= |π⊥x (x − x ′)+ πx (x − x ′)− π j (x − x ′)|
≤ |π⊥x (x − x ′)| + δ|x − x ′| ≤ α|πx (x − x ′)| + δ|x − x ′|
≤ α|π j (x − x ′)| + δ(α + 1)|x − x ′|
≤ [α + δ(α + 1)]|π j (x − x ′)| + δ(α + 1)|π⊥j (x − x ′)|.

Thus, by inequality (4.3),

|π⊥j (x − x ′)| ≤ 2α|π j (x − x ′)|
and so T ⊂ x + K2α(� j ). Our claim follows from Proposition 4.1.5.

We now show that the above criterion can be applied to the analysis of the sin-
gular set of a semiconcave function. Let us first recall a definition from nonsmooth
analysis.

Definition 4.1.7 Let S ⊂ R
n and x ∈ S be given. The contingent cone (or Bouli-

gand’s tangent cone) to S at x is the set

T (x, S) =
{

lim
i→∞

xi − x

ti
: xi ∈ S, xi → x, ti ∈ R+, ti ↓ 0

}
.

The vector space generated by T (x, S) is called the tangent space to S at x and is
denoted by Tan(x, S).

Remark 4.1.8 It is easily checked that T (x, S) is a cone and that Tan(x, S) is in
general strictly larger than T (x, S). For instance, if

S = {(x, y) ∈ R
2 : xy = 0},

then T ( (0, 0) , S ) = S, while Tan( (0, 0) , S ) = R
2.
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Corollary 4.1.9 Let S ⊂ R
n be a set such that

dim Tan(x, S) ≤ k, ∀ x ∈ S

for a given integer k ∈ [0, n]. Then S is countably k-rectifiable.

Proof — Let us check that the hypotheses of Theorem 4.1.6 are satisfied. Given
x ∈ S, let �x be a k-plane containing Tan(x, S). We claim that

∀ M > 0 ∃ ρ > 0 : S ∩ Bρ(x) ⊂ x + KM (�x ). (4.5)

We prove this by contradiction. Suppose that (4.5) is not valid. Then there exists
M > 0 and a sequence {xi } ⊂ S converging to x and such that

|π⊥x (xi − x)| > M |πx (xi − x)|, ∀ i. (4.6)

By passing to a subsequence, we can assume that

xi − x

|xi − x | → θ

for some unit vector θ . By definition, θ belongs to T (x, S) and therefore to�x . This
implies that

lim
i→∞
π⊥x

(
xi − x

|xi − x |
)
= 0.

On the other hand, by (4.6),∣∣∣∣π⊥x (
xi − x

|xi − x |
)∣∣∣∣ > M

∣∣∣∣πx

(
xi − x

|xi − x |
)∣∣∣∣→ M as i →∞.

The contradiction shows that our claim (4.5) is valid, and so we can apply Theorem
4.1.6.

We now turn back to the analysis of the singular set �(u) of a semiconcave
function u : � → R

n . To obtain a fine description, it is convenient to introduce a
hierarchy of subsets of �(u) according to the dimension of the superdifferential.

Definition 4.1.10 The magnitude of a point x ∈ � (with respect to u) is the integer

κ(x) = dim D+u(x) .

Given an integer k ∈ {0, . . . , n} we set

�k(u) = {x ∈ � : κ(x) = k}.
Let us also introduce the following sets. Given ρ > 0, we denote by �k

ρ(u) the
set of all x ∈ � such that D+u(x) contains a k-dimensional sphere of radius ρ. By
well-known properties of convex sets (see Proposition A. 1.10), we have �k(u) ⊂
∪ρ>0�

k
ρ(u). On the other hand, a point x ∈ �k

ρ(u) does not necessarily belong to
�k(u), since D+u(x) may have dimension greater than k.
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Proposition 4.1.11 If u is semiconcave in �, then �k
ρ(u) is closed for any ρ > 0

and k = 0, . . . , n.

Proof — Let x ∈ � be the limit of a sequence {xi } ⊂ �k
ρ(u). Then, for any i we can

find a k-dimensional ball Bi
ρ of radius ρ and contained in D+u(xi ). These spheres are

all contained in a bounded set in R
n by the local Lipschitz continuity of u. Passing to

a subsequence and using the upper semicontinuity of D+u (see Proposition 3.3.4(a) )
we obtain that D+u(x) contains a k-dimensional ball sphere Bρ of radius ρ whose
points are limit of points of the spheres Bi

ρ . This proves that x ∈ �k
ρ(u).

Theorem 4.1.12 If u is semiconcave in �, then

Tan(x, �k
ρ(u)) ⊂ [D+u(x)]⊥, ∀ x ∈ �k

ρ(u) ∩�k(u) (4.7)

for any ρ > 0 and k = 0, . . . , n.

Proof — It suffices to prove the desired inclusion for the tangent cone T (x, �k
ρ(u)).

Let us take any nonzero vector θ ∈ T (x, �k
ρ(u)). Then there exist xi ∈ �k

ρ(u) and ti
such that as i →∞,

xi → x, ti ↓ 0,
xi − x

ti
→ θ.

As in the proof of Proposition 4.1.11, we can find a k-dimensional ball Bρ ⊂ D+u(x)
whose elements can all be approximated by elements of D+u(xi ).

Let p, p′ be two arbitrary elements of Bρ and let pi ∈ D+u(xi ) be such that
pi → p′ as i →∞. From Proposition 3.3.10 we know that

〈pi − p, xi − x〉 ≤ 2|xi − x |ω(|xi − x |)
where ω is a modulus of semiconcavity for u. Letting i → ∞ we obtain that
〈p′ − p, θ〉 ≤ 0. Exchanging the role of p and p′ we find that 〈p′ − p, θ〉 = 0
for all p, p′ ∈ Bρ . Therefore the k-plane containing Bρ is orthogonal to θ . Since
D+u(x) is k-dimensional by assumption and contains Bρ , we conclude that D+u(x)
is also orthogonal to θ .

Corollary 4.1.13 If u is semiconcave in �, then the set �k(u) is countably (n − k)-
rectifiable for any integer k = 0, . . . , n.

Proof — From Theorem 4.1.12 we obtain that

dim
[
Tan

(
x, �k

ρ(u)
)]

≤ dim
[
D+u(x)

]⊥ = n − k

for all x ∈ �k
ρ(u) ∩ �k(u). We can apply Corollary 4.1.9 to conclude that �k

ρ(u) ∩
�k(u) is countably (n − k)-rectifiable. Therefore, �k(u) is also countably (n − k)-
rectifiable.
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4.2 Propagation along Lipschitz arcs

Let u be a semiconcave function in an open domain� ⊂ R
n . The rectifiability prop-

erties of �(u), obtained in the previous section, can be regarded as “upper bounds”
for �(u). From now on, we shall study the singular set of u trying to obtain “lower
bounds” for such a set. In the rest of the chapter, we restrict our attention to semi-
concave functions with a linear modulus.

Given a point x0 ∈ �(u), we are interested in conditions ensuring the existence
of other singular points approaching x0. The following example explains the nature
of such conditions.

Example 4.2.1 The functions

u1(x1, x2) = −
√

x2
1 + x2

2 , u2(x1, x2) = −|x1| − |x2|

are concave in R
2, and (0, 0) is a singular point for both of them. Moreover, (0, 0) is

the only singularity for u1 while

�(u2) = {(x1, x2) : x1x2 = 0 } .

So, (0, 0) is the intersection point of two singular lines of u2. Notice that (0, 0) has
magnitude 2 with respect to both functions as

D+u1(0, 0) = {(p1, p2) : p2
1 + p2

2 ≤ 1}
D+u2(0, 0) = {(p1, p2) : |p1| ≤ 1 , |p2| ≤ 1 } .

The different structure of �(u1) and �(u2) in a neighborhood of x0 is captured by
the reachable gradients. In fact,

D∗u1(0, 0) = {(p1, p2) : p2
1 + p2

2 = 1} = ∂D+u1(0, 0)

D∗u2(0, 0) = {(p1, p2) : |p1| = 1 , |p2| = 1} �= ∂D+u2(0, 0) .

In other words, the inclusion D∗u(x) ⊂ ∂D+u(x) (see Proposition 3.3.4(b)) is an
equality for u1 and a proper inclusion for u2.

The above example suggests that a sufficient condition to exclude that x0 is an
isolated point of �(u) should be that D∗u(x0) fails to cover the whole boundary
of D+u(x0). As we shall see, such a condition implies a much stronger property,
namely that x0 is the initial point of a Lipschitz singular arc.

In the following we call an arc a continuous map x : [0, ρ] → R
n , ρ > 0 .We

shall say that the arc x is singular for u if the support of x is contained in � and
x(s) ∈ �(u) for every s ∈ [0, ρ] . The following result describes the “arc structure”
of the singular set �(u).
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Theorem 4.2.2 Let x0 ∈ � be a singular point of a function u ∈ SCL (�). Suppose
that

∂D+u(x0) \ D∗u(x0) �= ∅ . (4.8)

Then there exist a Lipschitz singular arc x : [0, ρ] → R
n for u, with x(0) = x0, and

a positive number δ such that

lim
s→0+

x(s)− x0

s
�= 0 (4.9)

diam
(

D+u(x(s))
)
≥ δ ∀s ∈ [0, ρ] . (4.10)

Moreover, x(s) �= x0 for any s ∈ ]0, ρ].

Observe that Theorem 4.2.2 gives no information on the magnitude of x(s) as a
singular point. However, by Corollary 4.1.13, we can exclude that the support of x
consists entirely of singular points of magnitude n.

Remark 4.2.3 We note that condition (4.8) is equivalent to the existence of two
vectors, p0 ∈ R

n and q ∈ R
n \ {0}, such that

p0 ∈ D+u(x0) \ D∗u(x0) (4.11)

〈q, p − p0〉 ≥ 0 ∀ p ∈ D+u(x0) . (4.12)

Indeed, (4.11) and (4.12) imply that p0 ∈ ∂D+u(x0) \ D∗u(x0). Conversely, if (4.8)
holds true, then (4.11) is trivially satisfied by any vector p0 ∈ ∂D+u(x0) \ D∗u(x0),
and (4.12) follows taking −q in the normal cone to the convex set D+u(x0) at p0
(see Definition A. 1.12).

Remark 4.2.4 It is easy to see that the support of the singular arc x, given by The-
orem 4.2.2, is a connected set of Hausdorff dimension 1. Indeed, from the Lipschitz
continuity of x it follows that the support of x is 1-rectifiable, while property (4.9)
implies that the 1-dimensional Hausdorff measure of x([0, T ]) is positive.

The idea of the proof of Theorem 4.2.2 relies on a simple geometric argument:
intuition suggests that the distance between the graph of u and a transverse plane
through (x0, u(x0)) should be maximized along the singular arc we expect to find.
We will be able to construct such a plane using the vector p0−q, where p0 and q are
chosen as in Remark 4.2.3. Indeed, condition (4.12) implies that p0 − q /∈ D+u(x0),
and so the graph of

x �→ u(x0)+ 〈p0 − q, x − x0〉 x ∈ R
n (4.13)

is transverse to the graph of u. We single out this step of the proof in the next lemma,
as such a technique applies to any point x0 of the domain of a semiconcave function,
not necessarily singular. For x0 ∈ �(u), we will then show that the arc we construct
in this way is singular for u.
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Lemma 4.2.5 Let u be semiconcave in B R(x0) ⊂ � with semiconcavity constant C.
Fix p0 ∈ ∂D+u(x0) and let q ∈ R

n \ {0} be such that

〈q, p − p0〉 ≥ 0 ∀p ∈ D+u(x0) . (4.14)

Define

σ = min

{
R

4|q| ,
1

2C

}
. (4.15)

Then there exists a Lipschitz arc x : [0, σ ] → BR(x0), with x(0) = x0, such that

0 < |x(s)− x0| < 4|q|s ∀ s ∈ ]0, σ ] (4.16)

lim
s↓0

x(s)− x0

s
= q (4.17)

p(s) := p0 + x(s)− x0

s
− q ∈ D+u(x(s)) ∀ s ∈ ]0, σ ] . (4.18)

Moreover,

Lip (x) ≤ 4 L + 2 |q| (4.19)

where L is a Lipschitz constant for u in BR(x0).

Proof — Let us define, for any s ∈ ]0, 1/C[ ,

φs(x) = u(x)− u(x0)− 〈p0 − q, x − x0〉 − 1

2s
|x − x0|2 x ∈ B R(x0) .

Notice that φs is the difference between the affine function in (4.13) and the function
x �→ u(x)− 1

2s |x − x0|2, which is a concave perturbation of u.
Being strictly concave, φs has a unique maximum point in B R(x0), which we

term xs . For technical reasons to be clarified in the sequel, we restrict our attention
to the interval 0 ≤ s ≤ σ , where σ is the number given by (4.15). Let us define x by

x(s) =
{

x0 if s = 0

xs if s ∈ ]0, σ ].

We now proceed to show that x possesses all the required properties.
First, we claim that x satisfies estimate (4.16). Indeed, by property (3.18) satisfied

by the elements of D+u, we have that

φs(x) ≤ 〈q, x − x0〉 +
(

C

2
− 1

2s

)
|x − x0|2 (4.20)

for any x ∈ B R(x0).Moreover, p0−q /∈ D+u(x0) in view of condition (4.14). Since
this fact implies that there are points in B R(x0) at which φs is positive, we conclude
that φs(x(s)) > 0. The last estimate and (4.20) yield
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0 < |x(s)− x0| < 2s|q|
1 − Cs

∀s ∈ ]0, σ ] (4.21)

and so (4.16) follows from (4.15).
Second, we proceed to check (4.18). For this purpose we note that, on account

of estimate (4.21), the choice of σ forces x(s) ∈ BR(x0) for any s ∈ [0, σ ]. Hence,
x(s) is also a local maximum point of φs . This implies that

0 ∈ D+φs(x(s)) = D+u(x(s))− p0 + q − x(s)− x0

s

for any s ∈ ]0, σ ]. Clearly, the last inclusion can be recast in the desired form (4.18).
Third, to prove (4.17), we show that lims→0 p(s) = p0, where p is defined in

(4.18). Let p = limk→∞ p(sk) for some sequence sk ↓ 0. Then, taking the scalar
product of both sides of the identity

p(sk)− p0 + q = x(sk)− x0

sk
,

with p(sk)− p0 and recalling property (3.24), we obtain

|p(sk)− p0|2 + 〈q, p(sk)− p0〉 (4.22)

= 1

sk
〈p(sk)− p0, x(sk)− x0〉 ≤ C

sk
|x(sk)− x0|2 .

Now, observe that the right-hand side above tends to 0 as k →∞, in view of (4.21).
Moreover, p ∈ D+u(x0) since D+u is upper semicontinuous; so 〈q, p − p0〉 ≥ 0
by assumption (4.14). Therefore, (4.22) yields |p− p0|2 ≤ 0 in the limit as k →∞.
This proves that p = p0 as required.

Finally, let us derive the Lipschitz estimate (4.19). Let r, s ∈ [0, σ ]. Using (4.18)
to evaluate x(s) and x(r) one can easily compute that

x(s)− x(r) = s[p(s)− p(r)] + (s − r)[p(r)− p0 + q] . (4.23)

Now, taking the scalar product of both sides of the above equality with x(s)− x(r),
and recalling (3.24), we obtain

|x(s)− x(r)|2 ≤ Cs|x(s)− x(r)|2 + |s − r | |x(s)− x(r)| |p(r)− p0 + q| .
Hence, for any r, s ∈ [0, σ ],

(1 − Cs)|x(s)− x(r)| ≤ |p(r)− p0 + q| |s − r | ≤ (2 L + |q|) |s − r | ,
because L provides a bound for D+u in BR(x0). This completes the proof.

Proof of Theorem 4.2.2 — To begin, let us fix a radius R > 0 such that B R(x0) ⊂
�.We recall that, as noted in Remark 4.2.3, the geometric assumption that ∂D+u(x0)\
D∗u(x0) be nonempty is equivalent to the existence of vectors p0 ∈ R

n and
q ∈ R

n \ {0} satisfying
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p0 ∈ D+u(x0) \ D∗u(x0) & 〈q, p − p0〉 ≥ 0 ∀ p ∈ D+u(x0) . (4.24)

Applying Lemma 4.2.5 to such a pair, we can construct two arcs, x and p, that enjoy
properties (4.17) and (4.18). Moreover, the same lemma ensures that x is Lipschitz
continuous and that x(s) �= x0 for any s ∈ ]0, σ ].

Therefore, it remains to show that the restriction of x to a suitable subinterval
[0, ρ] is singular for u, and that the diameter of D+u(x(s)) is bounded away from
0 for all s ∈ [0, ρ]. In fact, it suffices to check the latter point. Let us argue by
contradiction: suppose that a sequence sk ↓ 0 exists such that diam(D+u(x(sk)))→
0 as k →∞. Then, by Proposition 3.3.17, p0 = limk→∞ p(sk) belongs to D∗u(x0),
in contradiction with (4.24). This proves the theorem.

4.3 Singular sets of higher dimension

In the previous section we proved that the singularities of a function u ∈ SCL (�)
propagate along a Lipschitz image of an interval [0, ρ], from any point x0 ∈ � at
which D∗u(x0) fails to cover the whole boundary of D+u(x0). Such a result de-
scribes a sort of basic structure for the propagation of singularities of a semiconcave
function. Our next step will be to give a more detailed propagation result in the case
where the singular set has dimension greater than 1. Let us consider a simple exam-
ple.

Example 4.3.1 It is easy to check that the singular set of the concave function

u(x) = −|x3| x = (x1, x2, x3) ∈ R
3

is given by the coordinate plane

�(u) = {x ∈ R
3 : x3 = 0} .

Moreover,

D∗u(0) = {(0, 0, 1), (0, 0,−1)} D+u(0) = {(0, 0, p3) : |p3| ≤ 1} .

Therefore, one can apply Theorem 4.2.2 with x0 = 0 and p0 = 0, but this pro-
cedure only gives a Lipschitz singular arc starting at 0, whereas our function has
a 2-dimensional singular set. Actually, a more careful application of Lemma 4.2.5
suggests that a singular arc for u should correspond to any vector q �= 0 satisfying
(4.14). Moreover, such a correspondence should be 1-to-1 in light of (4.17). Since
(4.14) is satisfied by all vectors q ∈ R

3 such that q2
1 + q2

2 = 1 , q3 = 0, one can
imagine constructing the whole singular plane x3 = 0 in this way.

The next result generalizes Theorem 4.2.2, showing the propagation of singular-
ities along a ν-dimensional set. The integer ν ≥ 1 is given by the number of linearly
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independent directions of the normal cone to the superdifferential of u at the initial
singular point, as conjectured in the above example.

In the following we write NS(x) to denote the normal cone to a convex set S at a
point x ∈ S. Moreover, we use the notation

A  x → x0

to mean that x ∈ A and x → x0. For a family {Ai }i∈N of subsets of R
n , we write

Ai  xi → x

to denote a sequence xi ∈ Ai converging to x .

Theorem 4.3.2 Let x0 ∈ � be a singular point of a function u ∈ SCL (�). Suppose
that

∂D+u(x0) \ D∗u(x0) �= ∅
and, having fixed a point p0 ∈ ∂D+u(x0) \ D∗u(x0), define

ν := dim ND+u(x0)(p0) .

Then a number ρ > 0 and a Lipschitz map f : ND+u(x0)(p0) ∩ Bρ → �(u) exist
such that

f(q) = x0 − q + |q|h(q)
with h(q)→ 0 as ND+u(x0) ∩ Bρ  q → 0

(4.25)

lim inf
r→0+

r−νHν
(

f(ND+u(x0)(p0) ∩ Bρ) ∩ Br (x0)
)
> 0 . (4.26)

Moreover,

diam
(

D+u(f(q))
)
≥ δ ∀q ∈ ND+u(x0)(p0) ∩ Bρ (4.27)

for some δ > 0.

Remark 4.3.3 As one can easily realize, Theorem 4.3.2 is an extension of Theo-
rem 4.2.2. The property

f(q) �= x0 ∀q ∈ ND+u(x0)(p0) ∩ Bρ \ {0},
though absent from the statement of Theorem 4.3.2, is valid in the present case as
well. In fact, it can also be derived from (4.25), possibly restricting the domain of f.
The reason for treating the one-dimensional case first is that the Hausdorff estimate
for the density of �(u) is immediate if ν = 1, and so the main ideas of the approach
can be more easily understood.

As in the previous section, we first prove a preliminary result.
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Lemma 4.3.4 Let u be semiconcave in B R(x0) ⊂ � with semiconcavity constant C.
Fix p0 ∈ ∂D+u(x0) and define

σ = min

{
1

2C
,

R

4

}
. (4.28)

Then a Lipschitz map f : ND+u(x0) ∩ Bσ → R
n exists such that

f(q) = x0 − q + |q|h(q)
with h(q)→ 0 as ND+u(x0) ∩ Bσ  q → 0

(4.29)

p0 + h(q) ∈ D+u(f(q)) ∀ q ∈ ND+u(x0)(p0) ∩ Bσ . (4.30)

Moreover,

Lip (f) ≤ 4 L + 2 (4.31)

where L is a Lipschitz constant for u in BR(x0).

Proof — Let us set, for brevity,

N := ND+u(x0)(p0).

We proceed as in the proof of Lemma 4.2.5 and consider, for any q ∈ N \ {0}, the
function

φq(x) = u(x)− u(x0)−
〈

p0 + q

|q| , x − x0

〉
− 1

2|q| |x − x0|2 x ∈ B R(x0)

and the point xq given by the relation

φq(xq) = max
x∈B R(x0)

φq(x) .

Then, we define σ as in (4.28) and f by

f(q) =
{

x0 if q = 0

xq if q ∈ N ∩ Bσ \ {0} .
Arguing as in the proof of Lemma 4.2.5, we obtain

0 < |f(q)− x0| < 2|q|
1 − C |q| ∀q ∈ N ∩ Bσ \ {0} (4.32)

and

p0 + f(q)− x0 + q

|q| ∈ D+u(f(q)) ∀ q ∈ N ∩ Bσ . (4.33)
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Hence, denoting by h(q) the quotient in (4.33), assertion (4.30) follows.
To prove (4.29) we must show that

h(q)→ 0 as N ∩ Bσ  q → 0. (4.34)

For this purpose, let {qi } be an arbitrary sequence in N ∩ Bσ \ {0} such that qi →
0. Since h is bounded, we can extract a subsequence (still termed {qi }) such that
limi→∞ h(qi ) exists and

lim
i→∞

qi

|qi | = q

for some q ∈ N satisfying |q| = 1. We claim that limi→∞ h(qi ) = 0, which in turn
implies (4.34). Indeed, let us set

p := p0 + lim
i→∞

h(qi )

and observe that p ∈ D+u(x0) as D+u is upper semicontinuous and f is continuous
at 0. Taking the scalar product of both sides of the identity

h(qi )− qi

|qi | =
f(qi )− x0

|qi |
with h(qi ) and applying inequality (3.24), we deduce that

|h(qi )|2 −
〈

qi

|qi | , h(qi )

〉
= 1

|qi | 〈f(qi )− x0, h(qi )〉

≤ C

|qi | |f(qi )− x0|2 ≤ C

|qi |
(

2|qi |
1 − C |qi |

)2

where the last estimate follows from (4.32). In the limit as i → ∞, the above in-
equality yields

|p − p0|2 − 〈q, p − p0〉 ≤ 0 .

Hence, recalling that q ∈ N , we conclude that p = p0, which proves our claim and
implies (4.29). Finally, the Lipschitz estimate (4.31) can be obtained by the same
reasoning as in the proof of Lemma 4.2.5.

Proof of Theorem 4.3.2 — Keeping the abbreviated notation N = ND+u(x0)(p0) as
in the proof of Lemma 4.3.4, let us denote by L(N ) the linear subspace generated by
N , and by π : R

n → L(N ) the orthogonal projection of R
n onto L(N ).

Having fixed R > 0 so that B R(x0) ⊂ �, let f : N ∩ Bσ → R
n be the map given

by Lemma 4.3.4. Arguing by contradiction—as in the proof of Theorem 4.2.2—the
reader can easily show that a suitable restriction of f to N ∩ Bρ , 0 < ρ ≤ σ ,
satisfies (4.27). In particular, f(q) ∈ �(u) for any q ∈ N ∩ Bρ . Moreover, (4.25) is
an immediate consequence of (4.29).

Therefore, the only point of the conclusion that needs to be demonstrated is es-
timate (4.26) for the ν-dimensional Hausdorff density of the singular set f(N ∩ Bρ),
or, since Hν is translation invariant,
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lim inf
r→0+

r−νHν
(

[f(N ∩ Bρ)− x0] ∩ Br

)
> 0 .

We note that the above inequality can be deduced from the lower bound

lim inf
r→0+

r−νHν
(
π([f(N ∩ Bρ)− x0] ∩ Br )

)
> 0 (4.35)

since

Hν
(

[f(N ∩ Bρ)− x0] ∩ Br

)
≥ Hν

(
π([f(N ∩ Bρ)− x0] ∩ Br )

)
.

Now, using the shorter notation F(q) = π(x0 − f(q)), we observe that (4.35) can in
turn be derived from the lower bound

lim inf
r→0+

r−νHν(F(N ∩ Br )) > 0 . (4.36)

Indeed, for any sufficiently small r , say 0 < r ≤ Mρ where M := Lip (f), we have
that

F(N ∩ Br/M ) = π
[
x0 − f

(
N ∩ Br/M

)] ⊂ π[(x0 − f
(
N ∩ Bρ

)) ∩ Br

]
.

The rest of our reasoning will therefore be devoted to the proof of (4.36). To
begin, we note that in view of (4.25) the map F : N ∩ Bρ → L(N ) introduced above
can be also represented as

F(q) = q + H(q)

where H(q)/|q| → 0 as N ∩ Bρ  q → 0. Consequently, the function

λ(r) := sup{|H(q)| : q ∈ N ∩ Br }

satisfies

lim
r↓0

λ(r)

r
= 0 . (4.37)

Let us define

Nr :=
{

q ∈ N ∩ Br : d�r (q) ≥ λ(r)
}

0 < r ≤ ρ , (4.38)

where �r denotes the relative boundary of N ∩ Br and d�r the distance from �r .
Using the limit (4.37), it is easy to check that Nr �= ∅ provided r is sufficiently
small, say 0 < r < ρ0 ≤ ρ.We claim that

Nr ⊂ F(N ∩ Br ) ∀ r ∈ (0, ρ0) . (4.39)

Indeed, having fixed y ∈ Nr , let us rewrite the equation F(q) = y as

q = y − H(q) =: Hy(q) .
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Now, observe that Bλ(r)(y) ⊂ N ∩ Br and that the continuous map Hy(q) satisfies

Hy

(
Bλ(r)(y)

)
⊂ y − H(N ∩ Br ) ⊂ y + Bλ(r) = Bλ(r)(y) .

Therefore, applying Brouwer’s fixed point theorem, we conclude that q = Hy(q)
has a solution q ∈ Bλ(r)(y). So, our claim (4.39) follows.

Our next step is to obtain the lower bound

lim inf
r→0+

Hν(Nr )

rν
> 0 (4.40)

for the density of the set Nr introduced in (4.38). To verify the above estimate let
q be a point in the relative interior of N , with |q| = 1. Then, using the notation
B̂α := Bα ∩ L(N ) to denote ν-dimensional balls, we have that

q + B̂2α ⊂ N

for some α ∈ ]0, 1/2]. On account of (4.37), there exists r0 ∈ ]0, ρ0[ such that

λ(r) ≤ rα

2
∀r ∈ ]0, r0] . (4.41)

Hence,

r

2

(
q + B̂2α

)
⊂ N ∩ Br ∀r ∈ ]0, r0[ . (4.42)

Now, combining (4.41), (4.42) and the definition of Nr , we discover

r

2

(
q + B̂α

)
⊂ Nr ∀r ∈ ]0, r0[ .

Estimate (4.40) is an immediate consequence of the last inclusion.
Finally, to complete the proof, it suffices to observe that (4.36) follows from

(4.39) and (4.40).

Remark 4.3.5 Though clear from (4.26), we explicitly note that Theorem 4.3.2 en-
sures that in a neighborhood of x0 �(u) covers a rectifiable set of Hausdorff dimen-
sion ν.Moreover, from formula (4.25) it follows that the set f(ND+u(x0)(p0)∩ Bρ) ⊂
�(u) possesses a tangent space at x0 whenever the normal cone ND+u(x0)(p0) is
actually a vector space. This happens, for instance, when x0 is a singular point of
magnitude k(x0) < n and one can find a point p0 in the relative interior of D+u(x0),
but not in D∗u(x0). Then, it is easy to check that ND+u(x0)(p0) is a vector space of
dimension ν = n − k(x0).
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4.4 Application to the distance function

In this section we examine some properties of the singular set of the distance function
dS associated to a nonempty closed subset S of R

n . As in Section 3.4, we denote by
projS(x) the set of closest points in S to x , i.e.,

projS(x) = {y ∈ S : dS(x) = |x − y|} x ∈ R
n .

Our first result characterizes the isolated singularities of dS .

Theorem 4.4.1 Let S be a nonempty closed subset of R
n and x /∈ S a singular point

of dS. Then the following properties are equivalent:

(a) x is an isolated point of �(dS).
(b) ∂D+dS(x) = D∗dS(x).
(c) projS(x) = ∂Br (x) where r := dS(x).

Proof — The implication (a)⇒(b) is an immediate corollary of the propagation re-
sult of Section 4.2. Indeed, if ∂D+dS(x)\D∗dS(x) is nonempty, then Theorem 4.2.2
ensures the existence of a nonconstant singular arc with initial point x . In particular,
x could not be isolated.

Let us now show that (b) implies (c). First, we claim that, if (b) holds, then
x must be a singular point of magnitude κ(x) = n, i.e., dim D+dS(x) = n. For
suppose the strict inequality κ(x) < n is verified. Then, the whole superdifferential
would be made of boundary points and so, owing to (b), D+dS(x) = D∗dS(x).
Therefore, D+dS(x) ⊂ ∂B1 as all reachable gradients of dS are unit vectors. But the
last inclusion contradicts the fact that D+dS(x) is a convex set of dimension at least
1. Our claim is thus proved.

Now, we use the fact that D+dS(x) is an n-dimensional convex set with

∂D+dS(x) = D∗dS(x) ⊂ ∂B1

to conclude that D+dS(x) = B1 and D∗dS(x) = ∂B1 . Then, we invoke formula
(3.40) to discover

projS(x) = x − dS(x)D
∗dS(x) = ∂Br (x) , (4.43)

which proves (c).
Finally, let us show that (c) implies (a). From Corollary 3.4.5 (iii) we know that

dS is differentiable along each segment ]x, y[ with y ∈ projS(x) = ∂Br (x) . So,
dS ∈ C1(Br (x) \ {x}) and the proof is complete.

In other words, the previous result shows that a point x0 is an isolated singularity
for the distance function from a set S only if there exists an open sphere B centered
at x0, such that B ∩ S = ∅ and ∂B ⊂ S. In particular, if S is a simply connected set
in R

2, or a set in R
n with trivial n− 1 homotopy group, then the distance from S has

no isolated singularities in the complement of S.
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We now apply the theory of Section 4.3 to obtain a result on the propagation of
singularities for the distance function. In the following, we use the shorter notation

PS(x) = co[projS(x)].

In view of (3.39),

PS(x) = x − dS(x)D
+dS(x) . (4.44)

Theorem 4.4.2 Let S be a nonempty closed subset of R
n and let x /∈ S be a non-

isolated singular point of dS . Then PS(x) has an exposed face of dimension at least
1. Moreover, if y is in the relative interior of an exposed face E of PS(x) satisfying
dim E ≥ 1, then dim NPS(x)(y) is a lower bound for the Hausdorff dimension of the
connected component of x in �(dS).

Proof — Since x is a non-isolated singular point of dS , Theorem 4.4.1 ensures that

∂D+dS(x) \ D∗dS(x) �= ∅ .

Now, simple arguments of convex analysis show that if p ∈ ∂D+dS(x) \ D∗dS(x),
then p belongs to some exposed face V of D+dS(x), with dim V ≥ 1. Then, recalling
(4.44) we conclude that x − dS(x)V is an exposed face of PS(x).

By similar arguments we have that if y is in the relative interior of an exposed
face E of PS(x) with dim E ≥ 1, then

p := x − y

dS(x)
∈ ∂D+dS(x) \ D∗dS(x)

and NPS(x)(y) = −ND+dS(x)(p). Then, to complete the proof, it suffices to apply
Theorem 4.3.2 to the distance function.

The next result immediately follows from the previous one since, due to (4.44),
the dimension of PS(x) coincides with κ(x), the magnitude of x .

Corollary 4.4.3 Let S be a nonempty closed subset of R
n and x /∈ S a singular point

of dS . Then n − κ(x) is a lower bound for Hausdorff dimension of the connected
component of x in �(dS).

A typical situation that is covered by Corollary 4.4.3 is when projS(x) =
{y0, . . . , yk} for some k ∈ {1, . . . , n−1} provided that the vectors y1−y0, . . . , yk−y0
are linearly independent. In this case the connected component of x in �(dS) has di-
mension ≥ n − k.
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5

Hamilton–Jacobi Equations

Hamilton–Jacobi equations are nonlinear first order equations which have been first
introduced in classical mechanics, but find application in many other fields of math-
ematics. Our interest in these equations lies mainly in the connection with calculus
of variations and optimal control. We have seen in Chapter 1 how the dynamic pro-
gramming approach leads to the analysis of a Hamilton–Jacobi equation and other
examples will be considered in the remainder of the book. However, our point of
view in this chapter will be to study Hamilton–Jacobi equations for their intrinsic
interest without referring to specific applications.

We begin by giving, in Section 5.1, a fairly general exposition of the method of
characteristics. This method allows us to construct smooth solutions of first order
equations, and in general can be applied only locally. However, this method is in-
teresting also for the study of solutions that are not smooth. As we will see in the
following, characteristic curves (or suitable generalizations) often play an important
role for generalized solutions and are related to the optimal trajectories of the asso-
ciated control problem.

In Section 5.2 we recall the basic definitions and results from the theory of vis-
cosity solutions for Hamilton–Jacobi equations. In this theory solutions are defined
by means of inequalities satisfied by the generalized differentials or by test functions.
With such a definition it is possible to obtain existence and uniqueness theorems un-
der quite general hypotheses. In addition, in most cases where the equation is asso-
ciated to a control problem, the viscosity solution coincides with the value function
of the problem. Although this section is meant to be a collection of results whose
proof can be found in specialized monographs, we have included the proofs of some
simple statements in order to give to the reader the flavor of the techniques of the
theory.

In Section 5.3 we analyze the relation between semiconcavity and the viscosity
property. Roughly speaking, it turns out that the two properties are equivalent when
the hamiltonian is a convex function of the gradient of the solution. However, it
is also possible to obtain semiconcavity results under different assumptions on the
hamiltonian.
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In the remaining sections we analyze the singular set of semiconcave functions
that are solutions of a Hamilton–Jacobi equation. We show that for such functions
the results of the previous chapter can be improved; in particular, we give sufficient
conditions for the propagation of singularities which are easier to verify than for a
general semiconcave function. In addition, we can prove the propagation of singular-
ities along generalized characteristics, i.e., arcs which solve a differential inclusion
that generalizes the equation satisfied by the characteristic curves in the smooth case.

5.1 Method of characteristics

In Section 1.5 we have introduced the method of characteristics to construct a local
classical solution of the Cauchy problem for equations of the form ∂t u+H(∇u) = 0.
We now show how this method can be extended to study general first order equations.

As a first step, let us show how the procedure of Section 1.5 can be generalized
to Cauchy problems where the hamiltonian depends also on t, x . Let us consider the
problem

∂t u(t, x)+ H(t, x,∇u(t, x)) = 0, (t, x) ∈ [0,∞[×R
n (5.1)

u(0, x) = u0(x), x ∈ R
n, (5.2)

with H and u0 of class C2.
Suppose, first, we have a solution u ∈ C2([0, T ] × R

n) of the above problem.
Given z ∈ R

n , we call characteristic curve associated to u starting from z the curve
t → (t, X (t; z)), where X (·; z) solves

Ẋ = Hp(t, X,∇u(t, X)), X (0) = z.

Here and in the following the dot denotes differentiation with respect to t . Now, if
we set

U (t; z) = u(t, X (t; z)), P(t; z) = ∇u(t, X (t; z)).

we find that

U̇ = ut (t, X)+ ∇u(t, X) · Ẋ = −H(t, X, P)+ P · Hp(t, X, P),

Ṗ = ∇ut (t, X)+ ∇2u(t, X)Hp(t, X,∇u(t, X)).

Taking into account that

0 = ∇(ut (t, x)+ H(t, x,∇u(t, x)))

= ∇ut (t, x)+ Hx (t, x,∇u(t, x))+ ∇2u(t, x)Hp(t, x,∇u(t, x))

we obtain that
Ṗ = −Hx (t, X,∇u(t, X)) = −Hx (t, X, P).
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Therefore, the pair X, P solves the ordinary differential problem{
Ẋ = Hp(t, X, P)

Ṗ = −Hx (t, X, P)

{
X (0) = z

P(0) = ∇u0(z),
(5.3)

while U satisfies

U̇ = −H(t, X, P)+ P · Hp(t, X, P), U (0; z) = u0(z). (5.4)

This shows that X, P and U are uniquely determined by the initial value u0. As in
Section 1.5, the above arguments suggest that one can obtain a solution to the partial
differential equation (5.1) by solving the characteristic system (5.3), provided the
map z → X (t; z) is invertible. We have the following result, which can be proved
by a reasoning similar to the one of Theorem 1.5.3.

Theorem 5.1.1 For any z ∈ R
n, let X (t; z), P(t; z) denote the solution of problem

(5.3) and let U (t; z) be defined by (5.4). Suppose that there exists T ∗ > 0 such that

(i) the maximal interval of existence of the solution to (5.3) contains [0, T ∗[ for all
z ∈ R

n;
(ii) the map z → X (t; z) is invertible with C1 inverse x → Z(t; x) for all t ∈

[0, T ∗[ .

Then there exists a unique solution u ∈ C2([0, T ∗[×R
n) of problem (5.1), which is

given by

u(t, x) = U (t; Z(t; x)), (t, x) ∈ [0, T ∗[×R
n . (5.5)

Remark 5.1.2 In the cases where no global smooth solution exists, it is natural to
wonder whether one can still use the method of characteristics to obtain a function
defined globally, which is a solution in some generalized sense. To be more precise,
let us consider again the maps X,U, P defined above. In general, the map X (t; ·)
is not injective if t is larger than some critical time T ∗; for larger times, no smooth
solution exists, and formula (5.5) is not well defined. However, we can still define a
multivalued function in this way:

U(t, x) = {U (t; z) : z such that X (t; z) = x}.

Then we may look for a suitable selection of U , that is, a function u(t, x) such that
u(t, x) ∈ U(t, x) for all t, x , and check whether u(t, x) is a generalized solution of
the equation in some sense. It turns out that this can be done when the hamiltonian
is either convex or concave with respect to p (and the derivatives of H, u0 satisfy
suitable growth restrictions, which will not be specified here). For instance, it can be
shown that, in situations where the hamiltonian H is convex with respect to p, the
minimal selection

u(t, x) = min{U (t; z) : z such that X (t; z) = x} (5.6)
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yields the unique semiconcave function satisfying the equation almost everywhere.
We have already proved this result (see Proposition 1.5.9) in the case where H =
H(p) and we will see another case in Chapter 6. A symmetric property holds for
hamiltonians that are concave in p: in this case the maximal selection of U yields
the unique semiconvex almost everywhere solution of the equation. Let us point out,
however, that these results are usually obtained “a posteriori,” as in Proposition 1.5.9.
Rather than studying directly the function u defined in (5.6), one defines a “good”
notion of generalized solution using semiconcavity (or the more general theory of
viscosity solutions, see the next section). Then one obtains a representation formula
of the solution as the value function of an optimization problem (such as the Hopf
formula of Chapter 1). Finally, one proves that the generalized solution coincides
with u given in (5.6) by showing that the extremal arcs of the optimization problem
coincide with the characteristic curves associated to the Hamilton–Jacobi equation.
Trying to derive a general theory of weak solutions using only the method of charac-
teristics would not be convenient in general; however, the constructive nature of this
method provides a valuable tool for the study of weak solutions, once one knows that
there is the relationship described above.

Let us now consider a more general situation. Let � ⊂ R
n be an open set and

let � ⊂ � be an (n − 1)–dimensional surface of class C2 without boundary. We
consider the problem {

H(x, u(x), Du(x)) = 0, x ∈ �
u(x) = g(x) x ∈ �,

(5.7)

where H ∈ C2(�× R× R
n) and g ∈ C2(�). Our arguments can be easily adapted

to the case of a Dirichlet problem, corresponding to � = ∂�, under the assumptions
that H, g are C2 in �.

Given a point z ∈ �, let us denote by ν(z) the unit normal to � at z. If u ∈ C1(�)

satisfies u = g on �, then it is known from elementary calculus that Du(z) =
Dg(z)+ λν(z) for some λ = λ(z) ∈ R. If in addition u solves equation (5.7), then λ
must belong to the set

�(z) = {λ ∈ R : H(z, g(z), Dg(z)+ λν(z)) = 0}. (5.8)

As in the evolutionary case, we first perform some computations assuming that
we already have a solution u ∈ C2(�) of the problem (5.7). Given z ∈ �, we define
X (·; z) to be the solution of

Ẋ = Hp(X, u(X), Du(X)), X (0; z) = z (5.9)

and we set

U (s; z) = u(X (s; z)), P(s; z) = ∇u(X (s; z)). (5.10)

We then check whether the triple (X,U, P) satisfies an ordinary differential system
with initial conditions determined by g. By a straightforward computation we obtain
the following.
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Lemma 5.1.3 Let u ∈ C2(�) be a solution of (5.7). Given z ∈ �, let X,U, P be
defined as in (5.9), (5.10). Then there exists λ ∈ �(z) such that X,U, P satisfy⎧⎪⎪⎨⎪⎪⎩

Ẋ = Hp(X,U, P)

Ṗ = −Hx (X,U, P)− Hu(X,U, P)P

U̇ = P · Hp(X,U, P)

(5.11)

with initial conditions

X (0) = z, U (0) = g(z), P(0) = Dg(z)+ λν(z). (5.12)

We now no longer assume a priori the existence of a solution u, and try to con-
struct one by using system (5.11), called the characteristic system. Before going
further let us give the following definition. Given z0 ∈ �, we say that the vector
p0 ∈ R

n is characteristic for problem (5.7) at z0 if

Hp(z0, g(z0), p0) · ν(z0) = 0.

Let us denote by �∗(z0) the set of all λ ∈ �(z0) such that Dg(z0) + λν(z0) is not
characteristic at z0. It is easy to see that �∗(z0) is a discrete set.

Recall that Hp is the speed of the characteristic curves X introduced above.
Therefore, a vector p0 is characteristic if and only if the curve X obtained solv-
ing (5.11) with initial conditions X (0) = z0, P(0) = p0, U (0) = g(z0) is tangent to
� at z0. Such a behavior is not good for our purposes because we want the charac-
teristic curves to cover a neighborhood of �. Therefore, the choice of λ in the initial
conditions (5.12) will be restricted to the elements of �∗(z0).

Lemma 5.1.4 Let z0 ∈ � and let λ0 ∈ �∗(z0). Then there exists a neighborhood of
z0 (in the relative topology of �) �′ ⊂ �, and a unique C1 map μ : �′ → R such
that

μ(z0) = λ0, μ(z) ∈ �∗(z) ∀ z ∈ �′. (5.13)

Moreover, if we take λ = μ(z) in (5.12) and denote by X (t; z), U (t; z), P(t; z)
the corresponding solution of (5.11)–(5.12), then the map (t, z)→ X (t; z) is a C1-
diffeomorphism between a neighborhood of (0, z0) ∈ R×�′ and a neighborhood of
z0 ∈ R

n.

Proof — Let us introduce a parametrization of � near z0. More precisely, let A ⊂
R

n−1 be an open set, let φ : A → R
n be a map of class C2 such that φ(A) ⊂ �,

Dφ(y) has rank n − 1 for all y ∈ A and φ(y0) = z0 for some y0 ∈ A. Let us define,
for (y, λ) ∈ A × R,

F(y, λ) = H( φ(y), g(φ(y)), Dg(φ(y))+ λν (φ(y)) ).
If λ0 ∈ �∗(z0), then F(y0, λ0) = 0 and Fλ(y0, λ0) �= 0. By the implicit function
theorem, there is a unique function λ = f (y) of class C1 defined in a neighborhood
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of y0 such that f (y0) = λ0 and F(y, f (y)) = 0. If we set μ(z) = f (φ−1(z)) for
z ∈ � close to z0 we have thatμ(z) ∈ �(z); if we take our neighborhoods sufficiently
small we also have, by continuity, that Dg(z)+ μ(z)ν(z) is noncharacteristic.

The statement about X will follow from the inverse function theorem if we
show that the jacobian of the function X̃(t, y) := X (t, φ(y)) is nonsingular at
(0, y0). Now, since X̃(0, y) ≡ φ(y), the partial derivatives of X̃ with respect
to the y components at the point (0, y0) are linearly independent vectors gener-
ating the tangent space to � at z0. On the other hand, the vector ∂t X̃(0, y0) =
Hp(z0, g(z0), Dg(z0) + λ0ν(z0)) does not belong to this space, by the assumption
that λ0 ∈ �∗(z0). Thus, the jacobian of X̃ is nonsingular and the lemma is proved.

Theorem 5.1.5 Given z0 ∈ � and λ0 ∈ �∗(z0), we can choose R > 0 such that
there exists a unique u ∈ C2 which solves problem (5.7) in BR(z0) and satisfies
Du(z0) = Dg(z0)+ λ0ν(z0).

Proof — As in the previous lemma, we define X (t; z), U (t; z), P(t; z) solving sys-
tem (5.11)–(5.12) with λ = μ(z) in (5.12). By the lemma, X (t; z) is locally invert-
ible; therefore we can define in a unique way, for x near z0, two functions τ(x) and
ζ(x) such that X (τ (x); ζ(x)) = x . We then set u(t, x) = U (τ (x); ζ(x)); we claim
that u satisfies the required properties.

First we observe that H(X (t; z),U (t; z), P(t; z)) ≡ 0. In fact, recalling equa-
tions (5.11) and writing for simplicity U = U (t, z), Hp = Hp(X,U, Z), etc., we
find

d

dt
H(X (t; z),U (t; z), P(t; z)) = Hx Ẋ + Hu U̇ + Hp Ṗ

= Hx · Hp + Hu P · Hp − Hp · (Hx + Hu P) = 0,

which implies

H(X (t; z),U (t; z), P(t; z)) = H(X (0; z),U (0; z), P(0; z))

= H(z, g(z), Dg(z)+ μ(z)ν(z)) = 0.

Let us now denote by φ : A → R
n a local parametrization of �. It is convenient

to change variables and set

X̄(t, y) = X (t;φ(y)), Ū (t, y) = U (t;φ(y)), P̄(t, y) = P(t;φ(y)),
where y ∈ A ⊂ R

n−1 and t ∈ ] − r, r [ with r > 0 suitably small. We want to
compute the derivatives of Ū . To this purpose we introduce, for any fixed y ∈ A and
i = 1, . . . , n − 1, the function

v(t) = ∂Ū
∂yi
(t, y)− P̄(t, y) · ∂ X̄

∂yi
(t, y).

Then we have
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v(0) = ∂

∂yi
g(φ(y))− [Dg(φ(y))+ μ(φ(y))ν(φ(y))] · ∂φ

∂yi
(y)

= −μ(φ(y))ν(φ(y)) · ∂φ
∂yi
(y) = 0.

In addition we have, writing for simplicity Hp instead of Hp(X̄(t, y), . . . ), etc.,

v̇(t) = ∂ P̄

∂yi
· Hp + P̄ · ∂

∂yi
Hp + (Hx + Hu P̄)

∂ X̄

∂yi
− P̄ · ∂

∂yi
Hp

= Hp · ∂ P̄

∂yi
+ (Hx + Hu P̄) · ∂ X̄

∂yi
.

Now, differentiating the identity H(X̄ , Ū , P̄) ≡ 0, we obtain

Hx · ∂ X̄

∂yi
+ Hu

∂Ū

∂yi
+ Hp · ∂ P̄

∂yi
= 0.

Therefore

v̇(t) = Hu

(
P̄ · ∂ X̄

∂yi
− ∂Ū
∂yi

)
= −Hu v(t).

Since v(0) = 0, this implies that v(t) = 0 for all t . Thus, we conclude that

∂Ū

∂yi
(t, y) = P̄(t, y) · ∂ X̄

∂yi
(t, y).

We are now ready to compute the derivatives of u(x). If we set η(x) = φ−1(ζ(x)),
it follows from our definitions that u(x) = Ū (τ (x), η(x)), and that X̄(τ (x), η(x)) =
x for all x in a neighborhood of z0. Thus, we find

∂u

∂x j
(x) = ∂Ū

∂t

∂τ

∂x j
(x)+

n−1∑
i=1

∂Ū

∂yi

∂ηi

∂x j
(x)

= P̄ · Hp
∂τ

∂x j
(x)+

n−1∑
i=1

P̄ · ∂ X̄

∂yi

∂ηi

∂x j
(x)

= P̄ ·
(
∂ X̄

∂t

∂τ

∂x j
(x)+

n−1∑
i=1

∂ X̄

∂yi

∂ηi

∂x j
(x)

)

= P̄ · ∂
∂x j

X̄(τ (x), η(x)) = P · ∂
∂x j

x = Pj ,

where Pj is the j-th component of P . Therefore,

Du(x) = P(τ (x), ζ(x)).

This implies that u is of class C2. In addition
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H(x, u(x), Du(x)) = H(X (τ (x); ζ(x)),U (τ (x); ζ(x)), P(τ (x); ζ(x))) = 0,

and so u solves the equation. The fact that u is the unique solution in a neighborhood
of z0 follows from Lemma 5.1.3 and from the uniqueness of the function μ(·) given
by Lemma 5.1.4.

It is clear from the above statement that neither local existence nor local unique-
ness of a classical solution to problem (5.7) are ensured. In fact, if �(z0) is empty,
then no smooth solution of (5.7) exists in a neighborhood of z0. On the other hand,
if �∗(z0) contains more than one element λ0, we find different classical solutions
corresponding to each choice of λ0. Finally, nothing can be said in general about the
existence and uniqueness of solutions corresponding to values of λ ∈ �(z0)\�∗(z0).

Applying the previous theorem along the whole surface � we easily obtain the
following result.

Corollary 5.1.6 Let μ ∈ C(�) be such that μ(z) ∈ �∗(z) for all z ∈ �. Then there
exists a neighborhood N of � and a unique u ∈ C2(N ) which solves problem (5.7)
and satisfies Du(z) = Dg(z)+ μ(z)ν(z) for all z ∈ �.

As in the evolutionary case, the applicability of the method of characteristics is
guaranteed only in a neighborhood of � and we cannot expect in general the exis-
tence of a smooth solution in the whole set�. Observe that in this stationary case we
have the additional hypothesis that �∗(z) be nonempty; this can be interpreted as a
compatibility condition on the problem data.

Example 5.1.7 Let us consider the eikonal equation

|Du(x)|2 − 1 = 0, x ∈ R
n

with data
u(z) = 0 for all z ∈ � := {z ∈ R

n : |z| = 1}.
Then

�(z) = �∗(z) = {−1,+1}
for all z ∈ �. The two corresponding solutions to the characteristic system are

X (t; z) = (1 ± 2t)z, U (t; z) = 2t, P(t; z) = ±z.

We can invert X as long as 1 ± 2t > 0 and find

z(x) = x

|x | , t (x) = ±|x | − 1

2
.

Thus we obtain the two solutions

u(x) = U (t (x); z(x)) = 2t (x) = ±(|x | − 1).

Observe that the two solutions are smooth everywhere except at the origin, which is
the point where the characteristic lines intersect. Notice also that the distance func-
tion from � is given by d�(x) = | |x | − 1|; thus, both solutions coincide with d�
multiplied by a minus sign either inside or outside the unit ball.
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5.2 Viscosity solutions

Let � ⊂ R
n be an open set and let H ∈ C(�× R × R

n). Let us again consider the
general nonlinear first order equation

H(x, u, Du) = 0, x ∈ � ⊂ R
n, (5.14)

in the unknown u : �→ R. As usual, evolution equations can be recast in this form
by considering time as an additional space variable.

As we have already mentioned, when one considers boundary value problems or
Cauchy problems for equations of the above form, one finds that in general no global
smooth solutions exist even if the data are smooth. On the other hand, the property of
being a Lipschitz continuous function satisfying the equation almost everywhere is
usually too weak to have uniqueness results. Therefore, a crucial step in the analysis
is to give a notion of a generalized solution such that global existence and uniqueness
results can be obtained. In Chapter 1 we have seen a class of problems which are well
posed in the class of semiconcave solutions. Here we present the notion of a viscosity
solution, which has a much wider range of applicability.

Definition 5.2.1 A function u ∈ C(�) is called a viscosity subsolution of equation
(5.14) if, for any x ∈ �, it satisfies

H(x, u(x), p) ≤ 0, ∀ p ∈ D+u(x). (5.15)

Similarly, we say that u is a viscosity supersolution of equation (5.14) if, for any
x ∈ �, we have

H(x, u(x), p) ≥ 0, ∀ p ∈ D−u(x). (5.16)

If u satisfies both of the above properties, it is called a viscosity solution of equation
(5.14).

Observe that, by virtue of Proposition 3.1.7, condition (5.15) (resp. (5.16)) can
be restated in an equivalent way by requiring

H(x, u(x), Dφ(x)) ≤ 0 (resp. H(x, u(x), Dφ(x)) ≥ 0 ) (5.17)

for any φ ∈ C1(�) such that u − φ has a local maximum (resp. minimum) at x .
We see that if u is differentiable everywhere the notion of a viscosity solution

coincides with the classical one since we have at any point D+u(x) = D−u(x) =
{Du(x)}. On the other hand, if u is not differentiable everywhere, the definition of
a viscosity solution includes additional requirements at the points of nondifferentia-
bility. The reason for taking inequalities (5.15)–(5.16) as the definition of solution
might not be clear at first sight, as well as the relation with the semiconcavity prop-
erty considered in Chapter 1. However, we will see that with this definition one can
obtain existence and uniqueness results for many classes of Hamilton–Jacobi equa-
tions, and that the viscosity solution usually coincides with the one which is relevant
for the applications, like the value function in optimal control. The relationship with
semiconcavity will be examined in detail in the next section.
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Example 5.2.2 Consider the equation (u′(x))2− 1 = 0 in the interval ]− 1, 1[ with
boundary data u(−1) = u(1) = 0. We first observe that no classical solution exists:
if u ∈ C1([−1, 1]) satisfies u(−1) = u(1) = 0, then we have u′(x0) = 0 at some
x0 ∈ ] − 1, 1[ and so the equation does not hold at x0. On the other hand, we can
check that u(x) = 1 − |x | is a viscosity solution of the equation. The equation is
clearly satisfied for x �= 0 where u is differentiable. At x = 0 we have D−u(0) = ∅
and D+u(0) = [−1, 1]; thus, the requirement in (5.16) is empty, while (5.15) holds
since p2 − 1 ≤ 0 for all p ∈ D+u(0). In the following (see Theorem 5.2.10) we
will see a uniqueness result which ensures that u is the only viscosity solution of our
boundary value problem.

If we consider the function v(x) = −u(x) = |x |−1, we find by a similar analysis
that v is a subsolution but not a supersolution. Observe that the situation changes if
we consider equation 1 − (u′(x))2 = 0; then v is a solution, while u is only a
supersolution. This shows that viscosity solutions are not invariant after changing
the sign of the whole equation; this unusual feature can be better understood in the
light of results such as Theorem 5.2.3 below.

Let us mention that the notion of a viscosity solution can be generalized to cases
where u, or H , or both, are discontinuous, or to second order equations whose prin-
cipal part is degenerate elliptic. These topics are beyond the scope of the present
work.

In this section we summarize some of the main results about viscosity solutions.
For the reader who is not familiar with this theory, we first prove some statements
under special hypotheses in order to present some of the basic techniques. Then we
give, without proof, more general existence and uniqueness results. For a compre-
hensive exposition of the theory, the reader may consult [110, 66, 22, 20, 64, 71] and
the references therein.

We first present an existence result based on the vanishing viscosity method.

Theorem 5.2.3 Let {εk} ⊂ ]0,+∞[ be a sequence converging to 0 and let uk ∈
C2(�) be a solution of

H(x, uk(x), Duk(x)) = εk�uk(x), x ∈ �. (5.18)

Suppose in addition that the sequence uk converges to some function u locally uni-
formly in �. Then u is a viscosity solution of equation (5.14).

Proof — It is convenient to use the equivalent formulation (5.17) of the definition
of a viscosity solution. We prove only that u is a subsolution since the other part is
completely analogous. Let φ ∈ C1(�) be such that u − φ has a maximum at some
point x0 ∈ �. We have to show that

H(x0, u(x0), Dφ(x0)) ≤ 0. (5.19)

It suffices to consider the case where u − φ has a strict maximum. In fact, if the
maximum is not strict, we can replace φ(x) by ψ(x) = φ(x) + |x − x0|2. Then
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u − ψ has a strict maximum at x0 and Dφ(x0) = Dψ(x0); therefore, if ψ satisfies
(5.19), the same holds for φ.

We first prove (5.19) under the additional assumption that φ is of class C2. Then,
since x0 is a strict local maximum for u−φ and uk → u locally uniformly, it is easily
seen that there exists a sequence {xk} of points converging to x0 such that uk −φ has
a local maximum at xk . Then we have

Duk(xk) = Dφk(xk), �uk(xk) ≤ �φ(xk).

Using the fact that uk solves (5.18) we obtain

H(xk, u(xk), Dφ(xk)) ≤ εk�φ(xk),

and so inequality (5.19) follows as k →∞.
If φ is only of class C1, we pick a sequence φk ∈ C2(�) such that φk →

φ, Dφk → Dφ locally uniformly in �. Then, since u − φ has a strict local max-
imum at x0, there exists a sequence {yk} of points converging to x0 such that
u − φk has a local maximum at yk . By the first part of the proof, we have that
H(yk, u(yk), Dφk(yk)) ≤ 0. Letting k →∞, we obtain the assertion.

Remark 5.2.4 In the previous result one assumes the existence of a solution for the
approximate equation (5.18). Such an equation is semilinear elliptic, and there are
standard techniques (see [110]) which ensure, under general hypotheses, the exis-
tence of a solution, as well as suitable bounds yielding the uniform convergence of
some sequence {uk}. The above result shows how powerful the notion of viscosity
solution is since the passage to the limit can be done under the assumption only that
{uk} converges and without requiring explicitly any convergence of the derivatives.

As explained in Remark 2.2.7, the term ε�u, with ε → 0+, is called vanish-
ing viscosity. This kind of approximation explains why the viscosity solutions of
a Hamilton–Jacobi change if we multiply the equation by −1; the approximating
equation becomes −H(x, u, Du) = ε�u, which does not have the same solutions
as (5.18). The vanishing viscosity method played an important role in the beginning
of the theory of viscosity solutions (see [67, 110]), and explains the name of these so-
lutions. Since then several other approaches have been introduced to prove existence
results, some of which will be mentioned later in this section.

By an argument completely analogous to the proof of the previous theorem one
can obtain the following stability result for viscosity solutions.

Theorem 5.2.5 Let uk ∈ C(�) be viscosity subsolutions (resp. supersolutions) of

Hk(x, uk, Duk) = 0

where Hk ∈ C(�×R×R
n). Suppose that uk → u and Hk → H locally uniformly.

Then u is a viscosity subsolution (resp. supersolution) of

H(x, u, Du) = 0.
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We now give a uniqueness statement for viscosity solutions of a problem on the
whole space.

Theorem 5.2.6 Let u1, u2 ∈ C(Rn) be viscosity solutions of

u(x)+ H(Du(x))− n(x) = 0, x ∈ R
n,

where H is continuous and n is uniformly continuous. Suppose in addition that
ui (x)→ 0 as |x | → +∞ for i = 1, 2. Then u1 ≡ u2.

Proof — We argue by contradiction and suppose that the difference u2 − u1 is not
identically zero. Since u2(x) − u1(x) → 0 as |x | → ∞, it has either a positive
maximum or a negative minimum. Let us suppose for instance that it attains a positive
maximum m at some point x̄ . Let us also set M = sup |u1| + sup |u2|.

For given ε > 0, let us consider the function of 2n variables

�ε(x, y) = u2(x)− u1(y)− |x − y|2
2ε

, x, y ∈ R
n .

It is easy to check that the assumption that u1(x)→ 0 and u2(x)→ 0 as |x | → ∞
implies that lim sup||(x,y)||→∞�ε(x, y) = 0. Then, since �ε(x̄, x̄) = m > 0, we
deduce that �ε attains a maximum at some point (xε, yε) and that �ε(xε, yε) ≥ m.
Therefore

|xε − yε|2 = 2ε(u2(xε)− u1(yε)−�ε(xε, yε)) ≤ 2ε(M − m). (5.20)

The property that (xε, yε) is a maximum point for �ε implies in particular that xε
is a maximum point for the function x → u2(x) − (|x − yε|2)/(2ε). Hence, the
superdifferential of this function at the point x = xε contains 0, and this is equivalent
to (xε − yε)/ε ∈ D+u2(xε). Using the definition of viscosity solution, we deduce
that

u2(xε)+ H

(
xε − yε
ε

)
≤ n(xε).

Analogously, from the property that y → −u1(y) − (|xε − y|2)/(2ε) attains its
maximum at yε we deduce that (xε − yε)/ε ∈ D−u1(yε) and therefore

u1(yε)+ H

(
xε − yε
ε

)
≥ n(yε).

Hence
u2(xε)− u1(yε) ≤ n(xε)− n(yε) ≤ ω(|yε − xε|),

where ω is the modulus of continuity of n. Taking into account (5.20) we obtain that

lim sup
ε→0

[u2(xε)− u1(yε)] ≤ 0.

On the other hand, we have that u2(xε) − u1(yε) ≥ �ε(xε, yε) ≥ m > 0 for every
ε > 0. The contradiction shows that u1 ≡ u2.
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The above uniqueness result holds under less restrictive assumptions on the be-
havior of u1, u2 at infinity; the hypothesis that u1, u2 tend to 0 allows us to avoid
some technicalities in the proof.

We now give some more general statements without proof. We begin by giving a
comparison result for the stationary case, first in the case of a bounded domain, then
in the whole space. It is possible to give many different versions of these results by
changing the hypotheses on the hamiltonian and on the solutions; a comprehensive
account can be found in the general references quoted earlier.

Theorem 5.2.7 Let� ⊂ R
n be open and bounded, and let H ∈ C(�×R

n). Suppose
that u1, u2 ∈ Lip (�) are a viscosity subsolution and supersolution, respectively, of

u(x)+ H(x, Du(x)) = 0, x ∈ �. (5.21)

If u1 ≤ u2 on ∂�, then u1 ≤ u2 in �.

Proof – See e.g., [22, Theorem 2.4].

Theorem 5.2.8 Let H ∈ C(Rn × R
n) and suppose that, for any R > 0, H is uni-

formly continuous in R
n × BR. Let u1, u2 ∈ Lip (Rn) be a viscosity subsolution and

supersolution respectively of

u(x)+ H(x, Du(x)) = 0, x ∈ R
n . (5.22)

Then u1 ≤ u2 in R
n.

Proof – See [22, Theorem 2.11].

The previous two theorems can be extended to hamiltonians of the form
H(x, u, Du) provided H is strictly increasing in the u argument. If this monotonic-
ity assumption is violated, then the solution to the Dirichlet problem may no longer
be unique, as shown by the following example (taken from [96]).

Example 5.2.9 The Dirichlet problem{
u′(x)2 = x2, x ∈ ] − 1, 1[

u(−1) = u(1) = 0

has infinitely many viscosity solutions, given by

uc(x) = 1

2
min{(1 − x2), (c + x2)}

for c ∈ [−1, 1].

However, the strict monotonicity in u can be replaced by other assumptions, as shown
in the next result.
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Theorem 5.2.10 Let H ∈ C(�× R
n) satisfy the following.

(i) H(x, ·) is convex for any x ∈ �;
(ii) there exists φ ∈ C1(�) ∩ C(�) such that supx∈� H(x, Dφ(x)) < 0.

Let u1, u2 ∈ Lip (�) be a viscosity subsolution and supersolution, respectively, of

H(x, Du(x)) = 0, x ∈ �.
If u1 ≤ u2 on ∂�, then u1 ≤ u2 in �.

Proof — See [22, Theorem 2.7].

Example 5.2.11 The above theorem can be applied to equation |Du(x)|2−n(x) = 0
if n ∈ C(�) is a positive function. In this case, in fact, hypothesis (ii) holds taking
φ ≡ 0. Let us remark that the same argument does not apply to Example 5.2.9 since
the function on the right-hand side vanishes at x = 0.

We now turn to the evolutionary case and give a comparison result for the Cauchy
problem.

Theorem 5.2.12 Let H ∈ C([0, T ] × R
n × R

n) satisfy

|H(t, x, p)− H(t, x, q)| ≤ K (|x | + 1)|p − q|, ∀ t, x, p, q

for some K > 0. Suppose also that for all R > 0, there exists m R : [0,∞[→ [0,∞[
continuous, nondecreasing, with m R(0) = 0 and such that

|H(t, x, p)− H(t, y, p)| ≤ m R(|x − y|)+ m R(|x − y||p|),
∀ x, y ∈ BR, p ∈ R

n, t ∈ [0, T ].

Let u1, u2 ∈ C([0, T ]× R
n) be, respectively, a viscosity subsolution and supersolu-

tion of the equation

ut + H(t, x,∇u(t, x)) = 0, (t, x) ∈ ]0, T [×R
n . (5.23)

Then
sup

Rn×[0,T ]
(u1 − u2) ≤ sup

Rn
(u1(0, ·)− u2(0, ·)).

Proof — See [20, Theorem III.3.15, Exercise III.3.6].

Remark 5.2.13 The previous result can be generalized to hamiltonians depending
also on u. While in the stationary case it was necessary to assume that H is monotone
increasing with respect to u, in the evolutionary case it suffices to assume that there
exists γ ≥ 0 such that

H(t, x, u, p)− H(t, x, v, p) ≥ −γ (u − v), for all u > v.
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However, the dependence on u cannot be completely arbitrary. In particular, the case
of hyperbolic conservation laws is not covered by the theory of viscosity solutions
and has to be treated using other techniques. This is not surprising if one thinks of the
connection described in Section 1.7, which suggests that solutions to conservation
laws are less regular than the ones to Hamilton–Jacobi equations (roughly speaking,
they have “one derivative less”).

Let us now mention some existence results for viscosity solutions. We first con-
sider the stationary case in the whole space.

Theorem 5.2.14 Let H : R
n × R

n be uniformly continuous on R
n × BR for every

R > 0. Suppose in addition that H(·, 0) is bounded on R
n and that

lim
|p|→∞

inf
x∈Rn

H(x, p) = +∞.

Then there exists a viscosity solution of u + H(x, Du) = 0 in R
n which belongs to

W 1,∞(Rn).

Proof — See [22, Theorem 2.12].

Existence theorems like the previous one are usually proved by a Perron-type
technique which was introduced by Ishii [94]. Such a procedure can be applied,
roughly speaking, to all Hamilton–Jacobi equations where the comparison principle
for viscosity solutions holds.

Another way to obtain existence for Hamilton–Jacobi equations is illustrated in
the next result. In this approach one introduces a suitable problem in the calculus of
variations and proves that the value function is the viscosity solution of the equation.
The connection between Hamilton–Jacobi equations and problems in the calculus
of variations (or optimal control) has already been observed in Chapter 1 in a spe-
cial case, and other examples will be given in the next chapters. Observe that this
connection is exploited here in a reversed way compared to the approach followed
elsewhere in the book: here one starts from the equation and then introduces a prob-
lem in the calculus of variations in order to solve the equation. Such an approach to
prove existence does not have such a wide applicability as the Perron-type technique
mentioned above (in particular, it is only applicable when H is convex with respect
to p), but it has the important advantage of yielding a representation formula for the
solution.

Theorem 5.2.15 Let the open set � ⊂ R
n be bounded, smooth and connected, let

H ∈ C(�× R
n) and φ ∈ C(∂�). Consider the Dirichlet problem{

u(x)+ H(x, Du(x)) = 0, x ∈ �
u(x) = φ(x), x ∈ ∂�.

(5.24)

Suppose that H is convex with respect to p and satisfies
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lim
|p|→∞

(
inf
x∈�

H(x, p)

)
= +∞.

Let L(x, q) = supq∈Rn [−p · q − H(x, p)]. Define, for x ∈ �, y ∈ ∂�,

v(x, y) = inf

{∫ T

0
e−t L(γ (t), γ̇ (t)) dt + e−Tφ(y)

}
, (5.25)

where the infimum is taken over all T ≥ 0 and all arcs γ ∈ Lip ([0, T ]) such that
γ (0) = x, γ (T ) = y and γ (t) ∈ � for all t ∈ [0, T ].

Then problem (5.24) possesses a viscosity solution u ∈ Lip (�) if and only if we
have v(x, y) ≥ φ(x) for all x, y ∈ ∂�; in this case, the solution is given by

u(x) = inf
y∈∂�
v(x, y), x ∈ �.

Proof — See [110, Theorem 5.4].

Remark 5.2.16 From the previous statement we see that the Dirichlet problem un-
der consideration may not possess any solution u ∈ Lip (�) for some boundary data.
In fact, the boundary data must satisfy the compatibility condition φ(x) ≤ v(x, y)
for all x, y ∈ ∂�. To see, at least intuitively, why some compatibility condition on
the Dirichlet data is needed, let us consider a slightly different equation, namely the
eikonal equation

|Du(x)|2 = 1, x ∈ �.
It can be proved that viscosity solutions to this equation are Lipschitz continuous
with constant 1. Therefore, if we are looking for a viscosity solution assuming the
boundary data in the classical sense, we have to restrict ourselves to data φ ∈ C(∂�)
which are Lipschitz with constant 1. Such a requirement can be restated as

φ(x) ≤ φ(y)+ |x − y|, for all x, y ∈ ∂�,
which has some formal analogy with the compatibility condition in the above theo-
rem. An alternative way of characterizing admissible boundary data for the Dirichlet
problem is requiring the existence of a sub- and supersolution to the equation assum-
ing the data on the boundary. More general problems can be treated by the theory of
discontinuous viscosity solutions (see e.g., [22], [20] and the references therein).

5.3 Semiconcavity and viscosity

We now analyze the relation between the notions of a semiconcave solution and a
viscosity solution to Hamilton–Jacobi equations. We will see that the two notions
are strictly related when the hamiltonian is a convex function of Du. We begin with
the following result.
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Proposition 5.3.1 Let u be a semiconcave function satisfying equation (5.14) almost
everywhere. If H is convex in the third argument, then u is a viscosity solution of the
equation.

Proof — As a first step, we show that u satisfies the equation at all points of dif-
ferentiability (our assumption is a priori slightly weaker). Let u be differentiable at
some x0 ∈ �. Then there exists a sequence of points xk converging to x0 such that

(i) u is differentiable at xk ;
(ii) H(xk, u(xk), Du(xk)) = 0;
(iii) Du(xk) has a limit for k →∞.

From Proposition 3.3.4(a) we deduce that the limit of Du(xk) is Du(x0). By the
continuity of H , the equation holds at x0 as well.

Let us now take an arbitrary x ∈ � and check that (5.15) is satisfied. We first
observe that

H(x, u(x), p) = 0, ∀ p ∈ D∗u(x). (5.26)

This follows directly from the definition of D∗u, the continuity of H and the property
that the equation holds at the points of differentiability. Since D+u(x) is the convex
hull of D∗u(x) (see Theorem 3.3.6) and H is convex, inequality (5.15) follows.

Now let us check inequality (5.16). For a given x ∈ �, suppose that D−u(x)
contains some vector p. Then, by Proposition 3.1.5(c) and Proposition 3.3.4(c), u is
differentiable at x and Du(x) = p. Thus, (5.16) holds as an equality by the first part
of the proof.

Remark 5.3.2 A more careful analysis shows that the convexity of H and the semi-
concavity of u play independent roles in the viscosity property. In fact, in the previous
proof, the deduction that u is a supersolution uses only semiconcavity and is valid
also if H is not convex. On the other hand, it is possible to prove (see see [110, p. 96]
or [20, Prop. II.5.1]) that, if H is convex, any Lipschitz continuous u (not necessarily
semiconcave) satisfying the equation almost everywhere is a viscosity subsolution of
the equation.

Remark 5.3.3 If we consider equations where the hamiltonian is not convex, then
the viscosity solution is not semiconcave in general. Consider for instance equation

1 − u′(x)2 = 0, x ∈ ] − 1, 1[

with boundary data u(−1) = u(1) = 0 (see Example 5.2.2). Then the function
u1(x) = 1 − |x | is semiconcave and satisfies the equation almost everywhere, but is
not a viscosity solution. On the other hand, the viscosity solution of the problem is the
semiconvex function u2(x) = |x | − 1. In general, when we consider equations with
a concave hamiltonian, all results of this section hold with semiconcavity replaced
by semiconvexity. When the hamiltonian is neither convex nor concave, the viscosity
property has in general no relation with semiconcavity or semiconvexity.
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Let us now consider the case when the hamiltonian is convex and the viscosity
solution is semiconvex rather than semiconcave. This behavior is somehow unusual,
as one can understand from the other results of this section, but there are some in-
teresting cases where it occurs (see for instance Theorem 7.2.11 and 8.3.1). In such
cases one can derive consequences on the regularity of the solution, as we show here.

Proposition 5.3.4 Let u : � → R be a semiconvex viscosity solution of equation
(5.14). If H is convex with respect to the last argument, then u satisfies

H(x, u(x), p) = 0, x ∈ �, p ∈ D−u(x). (5.27)

If, in addition, for all (x, u) the zero level set of H(x, u, ·) does not contain line
segments (e.g., if H is strictly convex in p) then u ∈ C1(�).

Proof — Since u is a viscosity solution, it satisfies the equation in the classical sense
at all points of differentiability. Then, as in the proof of Proposition 5.3.1, we find that
(5.26) holds at any point x ∈ �. We recall that, by Theorem 3.3.6, the subdifferential
of a semiconvex function satisfies D−u = co D∗u. Thus, the convexity of H implies

H(x, u(x), p) ≤ 0, x ∈ �, p ∈ D−u(x).

But the converse inequality holds as well, by the definition of a viscosity solution,
and so we have proved (5.27).

If the set {p : H(x, u(x), p) = 0} does not contain any segment, then by (5.27)
D−u(x) reduces to a point for every x ∈ �. Since u is semiconvex, Proposition
3.3.4(e) shows that u ∈ C1(�).

As we have seen in Proposition 5.3.1, the fact that a semiconcave solution is
also a viscosity solution is a rather direct consequence of the definitions and of the
properties of generalized differentials. The converse implication is also true in many
cases where the hamiltonian is convex, as we will see, but it cannot be proved in
such a direct way. This shows intuitively that semiconcavity is a stronger property
than viscosity; the fact that viscosity solutions are in many cases semiconcave is
nontrivial, and can be regarded as an additional regularity information. As long as
one is concerned with existence and uniqueness issues, the notion of a viscosity
solution is the most convenient one. On the other hand, if one is also interested in the
structure of the singularities, the viscosity property yields little information, while
semiconcavity allows one to obtain the finer results described in Chapter 4.

Let us therefore consider the issue of showing that a viscosity solution is semi-
concave. Two possible approaches to the proof of this property are:

(I) Consider the elliptic or parabolic approximation to the equation, obtained by
adding a term of the form ε�u with ε > 0. Use the maximum principle to derive
a semiconcavity estimate on u independent of ε (as in Proposition 2.2.6). Pass to
the limit as ε → 0 to obtain the same estimate for the viscosity solution of the
Hamilton–Jacobi equation.
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(II) Employ techniques from control theory to obtain a representation formula for
the viscosity solution as the infimum of a suitable family of functions. Use this
formula to prove semiconcavity by arguments similar to those used in Section
1.6 for solutions given by Hopf’s formula.

We record here, without proof, some semiconcavity results for viscosity solutions
which can be obtained by the two approaches described above. In the following chap-
ters we shall prove semiconcavity results obtained by approach (II) for Hamilton–
Jacobi equations associated to problems in the calculus of variations and optimal
control.

We first give semiconcavity statements for hamiltonians which do not depend on
x, u.

Theorem 5.3.5 Let � ⊂ R
n be an open set.

(i) Let u ∈ C(�) be a viscosity solution of u+H(Du)−n(x) = 0, with H uniformly
convex and n ∈ SCL loc(�). Then u ∈ SCL loc(�).

(ii) Let u ∈ C( ]0, T [×�) be a viscosity solution of ∂t u + H(t,∇u) − n(x) = 0
in ]0, T [×�, with H locally Lipschitz continuous, H(t, ·) uniformly convex,
u(0, ·) ∈ Lip (�), n ∈ SCL loc(�). Then u(t, ·) ∈ SCL loc(�) for every t ∈
]0, T [ .

The above results are proved in [110, Prop. 3.3, Cor. 9.2] by the vanishing viscosity
method (see also [102]). Observe that part (ii) of the statement, in the special case
of � = R

n , H = H(∇u), n ≡ 0, follows from Corollary 1.6.6. These results show
that the convexity of the hamiltonian induces a gain of regularity, since the solution
is semiconcave, while the data are only Lipschitz continuous.

Let us now quote a semiconcavity result for general hamiltonians depending on
(x, u, p). Observe that in this case stronger regularity assumptions are required on
H , in addition to convexity with respect to Du.

Theorem 5.3.6 Let u ∈ Lip loc(�) be a viscosity solution of (5.14) and suppose that
the hamiltonian H(x, u, p) satisfies the following properties on any compact subset
of �× R× R

n :

(i) H is Lipschitz continuous and the distributional derivatives Hxu, Hxp, Hup, Hpp

are bounded.
(ii) H is uniformly convex with respect to p.
(iii) H is semiconcave in x with a linear modulus independent of u, p.

Then u is locally semiconcave with a linear modulus in �.

For the proof, see [110, Theorem 3.3]. The reader may find other semiconcavity
results with convex hamiltonians in [102, 83].

More recently, semiconcavity results have been obtained under much milder reg-
ularity assumptions on H . We remark, however, that these results are based on the
generalized estimate of Section 2.5 and that they no longer yield semiconcavity with
a linear modulus. Let us first consider the stationary case.
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Theorem 5.3.7 Let � ⊂ R
n be an open set and let u ∈ Lip loc(�) be a viscosity

solution of H(x, u, Du) = 0 in�, where H ∈ Lip loc(�×R×R
n) is strictly convex

in the last argument. Then u is locally semiconcave in �.

Proof — Since our statement is of a local nature, it is not restrictive to consider the
case when � is bounded and u ∈ Lip (�). We can also assume that the Lipschitz
continuity of H is uniform with respect to x and, by possibly redefining H(x, u, p)
for large p, that H has superlinear growth with respect to p. In addition, it is enough
to consider the case when the equation satisfied by u is of the form

u + H(x, Du) = 0. (5.28)

In fact, in the general case we can set H̃(x, p) = −u(x)+ H(x, u(x), p); then u is
a viscosity solution of u + H̃(x, Du) = 0 with H̃ satisfying the same assumptions
as H .

We will exploit the property that the viscosity solution of an equation of the form
(5.28) can be represented as the infimum of a variational problem, as it is stated in
Theorem 5.2.15. Let B be any open ball contained in �. Given x̄ ∈ B, we consider
the following set of arcs starting from x̄ :

A(x̄) = {ξ ∈ Lip loc([0,∞[ ,Rn) : ξ(0) = x̄}. (5.29)

Given ξ ∈ A(x̄), we denote by tξ the exit time of ξ from B, defined as

tξ = inf{t > 0 : ξ(t) �∈ B} ≤ +∞.

Let us introduce the function

L(x, q) = max
p∈Rn

[−q · p − H(x, p)].

Up to a minus sign in front of q , this is the Legendre transform of H with respect
to the p variable. We use this definition in order to avoid some minus signs in the
following formulas; the results of Appendix A. 2 can be adapted in a straightforward
way. We then define the functional

J (x̄, ξ) =
∫ tξ

0
e−t L(ξ(t), ξ̇ (t))dt + e−tξ u(ξ(tξ )), ∀ξ ∈ A(x̄). (5.30)

Then, by Theorem 5.2.15, we have

u(x̄) = inf
ξ∈A(x̄)

J (x̄, ξ). (5.31)

In addition, by standard arguments in the calculus of variations which exploit the
superlinear growth of L (see e.g., Theorem 7.4.6), in taking the above infimum it is
enough to consider the arcs in A(x̄) satisfying the restriction |ξ̇ (t)| ≤ C , where C is
a constant depending only on H and on the Lipschitz constant of u in B.
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For a given ε > 0, let us set �ε = {x ∈ � : dist(x, ∂�) > ε}. By Theorem
A. 2.6–(c)–(d) we can find K > 0 such that

|L(x, q)− L(y, q)| ≤ K |x − y|, ∀x, y ∈ �ε/2, ∀q ∈ B3C . (5.32)

In addition, Lq(x, q) exists and is continuous. Therefore, arguing as in Proposition
2.1.2, if we denote by ω(·) the modulus of continuity of Lq(x, q) in �ε/2 × B3C , we
have

λL(x, q1)+ (1 − λ)L(x, q2)− L(x, λq1 + (1 − λ)q2) (5.33)

≤ λ(1 − λ)|q2 − q1|ω(|q2 − q1|), x ∈ �ε/2, q1, q2 ∈ B3C , λ ∈ [0, 1].

We now want to show that u satisfies the generalized one-sided estimate (2.20) in
�ε. Aiming at this, let us fix an arbitrary x0 ∈ �ε and δ ∈ ]0, ε/8[ . We will use the
representation formula (5.31) with B = B4δ(x0). Let us take x, y ∈ B1, λ ∈ [0, 1].
Let ξ be an arbitrary arc in A(x0 + δ(λx + (1 − λ)y)) such that |ξ̇ | ≤ C . Then
ξ(t) ∈ B2δ(x0) for t ∈ [0, δC−1] and ξ(t) ∈ B for t ∈ [0, 3δC−1]. This implies, in
particular, that tξ > 3δC−1. Therefore, if we set

ξ1(t) =
{
ξ(t)+ (1 − λ)(δ − Ct)(x − y)

ξ(t)

if t ≤ δC−1

if t > δC−1,

ξ2(t) =
{
ξ(t)− λ(δ − Ct)(x − y)

ξ(t)

if t ≤ δC−1

if t > δC−1,

we have that ξ1 ∈ A(x0 + δx), ξ2 ∈ A(x0 + δy) and tξ1 = tξ2 = tξ . Using (5.32) and
(5.33) we deduce, for t ∈ [0, δC−1] a.e.,

λL(ξ1(t), ξ̇1(t))+ (1 − λ)L(ξ2(t), ξ̇2(t))− L(ξ(t), ξ̇ (t))

= λ[L(ξ1(t), ξ̇1(t))− L(ξ(t), ξ̇1(t))]

+(1 − λ)[L(ξ2(t), ξ̇2(t))− L(ξ(t), ξ̇2(t))]

+λL(ξ(t), ξ̇1(t))+ (1 − λ)L(ξ(t), ξ̇2(t))
−L(ξ(t), λξ̇1(t)+ (1 − λ)ξ̇2(t))

≤ 2λ(1 − λ)K |x − y|(δ − Ct)+ λ(1 − λ)C |x − y|ω(C |x − y|).
Therefore,

λJ (x0 + δx, ξ1)+ (1 − λ)J (x0 + δy, ξ2)− J (x0 + δ(λx + (1 − λ)y), ξ)

=
∫ δC−1

0
e−t [λL(ξ1(t), ξ̇1(t))+ (1 − λ)L(ξ2(t), ξ̇2(t))− L(ξ(t), ξ̇ (t)]dt

≤
∫ δC−1

0
[2λ(1 − λ)K |x − y|(δ − Ct)+ λ(1 − λ)C |x − y|ω(C |x − y|)]dt

= λ(1 − λ)|x − y|{K δ2C−1 + δω(C |x − y|)}.
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Since ξ was arbitrary we can use (5.31) to obtain the following estimate for the
rescaled function ux0,δ (defined in (2.19)):

λux0,δ(x)+ (1 − λ)ux0,δ(y)− ux0,δ(λx + (1 − λ)y)
= δ−1[λu(x0 + δx)+ (1 − λ)u(x0 + δy)− u(x0 + δ(λx + (1 − λ)y)]
≤ λ(1 − λ)|x − y|{K C−1δ + ω(C |x − y|)}.

Then, u satisfies the generalized one-sided estimate (2.20) and is semiconcave in�ε,
by Theorem 2.5.2.

A similar result holds in the evolutionary case (see [46, Th. 3.2]).

Theorem 5.3.8 Let u ∈ Lip loc( ]0, T [×�) be a viscosity solution of

∂t u + H(t, x, u,∇u) = 0 in ]0, T [×�,

where H ∈ Lip loc( ]0, T [×� × R × R
n) is strictly convex in the last group of

variables. Then u is locally semiconcave in ]0, T [×�.

There are some classes of equations, interesting for control problems, which are
not covered by the above results, since H = H(x, p) is convex in p, but it is nei-
ther strictly convex nor smooth. Also in some of these cases it is possible to obtain
semiconcavity results; these are better formulated starting from the optimal control
problem and will be considered in the next chapters (see e.g., Theorem 7.2.8).

Compared with the results seen until here, the semiconcavity result we present
to conclude this section is particularly interesting. In fact, it uses neither of the ap-
proaches (I) or (II) outlined previously, but it is only based on the definition of vis-
cosity solution. In addition, it allows for possibly nonconvex hamiltonians.

Theorem 5.3.9 Let u ∈ L∞(Rn) ∩ Lip (Rn) be a viscosity solution of

u(x)+ H(x, Du(x)) = 0, x ∈ R
n . (5.34)

Suppose that H satisfies

|H(x, p)− H(x, q)| ≤ ω(|p − q|), ∀ x, p, q ∈ R
n (5.35)

for some nondecreasing function ω : R+ → R+ such that ω(r) → 0 as r → 0.
Assume in addition that for some C > 0 and L ′ > 2 Lip (u),

H(x + h, p + Ch)− 2H(x, p)+ H(x − h, p − Ch) ≥ −C |h|2 (5.36)

holds for all x, h ∈ R
n, p ∈ BL ′ . Then u is semiconcave in R

n with linear modulus
and constant C.

Proof — We consider the function v : R
3n → R defined by

v(x, y, z) = u(x)+ u(z)− 2u(y).
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Then v is a viscosity solution of

v(x, y, z)+ H̃(x, y, z, Dxv, Dyv, Dzv) = 0, (x, y, z) ∈ R
3n, (5.37)

where
H̃(x, y, z, p, q, r) = H(x, p)+ H(z, r)− 2H(y,−q/2).

Let us also define

�(x, y, z) = v(x, y, z)− 1

ε
|x + z − 2y|2 − δ(1 + |y|2)1/2

−C

2
|x − y|2 − C

2
|z − y|2,

where ε, δ are positive parameters and C is as in (5.36). For simplicity we use in the
following the notation 〈y〉 = (1 + |y|2)1/2. Since u is assumed bounded, we find
that � attains a maximum over R

3n at some point (x0, y0, z0) depending on ε, δ. In
addition we have, setting p0 = 2

ε
(x0 + z0 − 2y0),

Dx (v −�)(x0, y0, z0) = p0 + C(x0 − y0)

Dy(v −�)(x0, y0, z0) = −2p0 + δ〈y0〉−1 y0 − C(x0 − y0)− C(z0 − y0)

Dz(v −�)(x0, y0, z0) = p0 + C(z0 − y0).

Using the fact the v is a subsolution of (5.37) we find

v(x0, y0, z0) ≤ −H(x0, p0 + C(x0 − y0))− H(z0, p0 + C(z0 − y0))

+2H(y0, p0 − δ
2
〈y0〉−1 y0 + C

2
(x0 + z0 − 2y0)). (5.38)

By the definition of (x0, y0, z0) we have �(x0, y0, z0) ≥ �(y + h, y, y − h) for any
y, h ∈ Rn , which implies

u(y + h)+ u(y − h)− 2u(y) ≤ C |h|2 + δ〈y〉 + M∗, (5.39)

where we have set

M∗ = v(x0, y0, z0)− C

2
|x0 − y0|2 − C

2
|z0 − y0|2 − δ〈y0〉.

Taking into account assumption (5.35), and observing that |y0| ≤ 〈y0〉, we obtain
from (5.38) that

M∗ ≤ −H(x0, p0 + C(x0 − y0))− H(z0, p0 + C(z0 − y0))

+2H

(
y0, p0 + C

2
(x0 + z0 − 2y0)

)
+ 2ω

(
δ

2

)
(5.40)

−C

2
|x0 − y0|2 − C

2
|z0 − y0|2 − δ〈y0〉.

Our aim now is to show that, if ε, δ are small, then the point y0 is close to the midpoint
of x0 and z0. This will enable us to estimate the right-hand side of (5.40) by using
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(5.36). To this end, let us first observe that the inequality �(0, 0, 0) ≤ �(x0, y0, z0)

yields

δ〈y0〉 + C

2
|x0 − y0|2 − L|x0 − y0| + C

2
|z0 − y0|2 − L|z0 − y0| ≤ δ,

where we have denoted by L a Lipschitz constant of u. This inequality easily implies
that there exists R > 0 independent of ε, δ such that

|x0 − y0| ≤ R, |z0 − x0| ≤ R, δ〈y0〉 ≤ R. (5.41)

On the other hand, �(x0,
1
2 (x0 + z0), z0) ≤ �(x0, y0, z0) gives

1

ε
|x0 + z0 − 2y0|2 ≤ 2

(
u

(
x0 + z0

2

)
− u(y0)

)
+ δ〈 x0 + z0

2
〉 − δ〈y0〉

≤ L|x0 + z0 − 2y0| + δ
2
|x0 + z0 − 2y0|, (5.42)

since the function t → 〈t〉 has Lipschitz constant 1. Therefore, if δ is enough small,

|p0| ≤ 2L + δ < L ′, (5.43)

where L ′ is the constant appearing in assumption (5.36). Let us now keep δ fixed,
take a sequence {εn} converging to 0 and denote by xn ,yn ,zn ,pn ,M∗

n the quantities
corresponding to x0,y0,z0,p0,M∗ above when ε = εn . The previous estimates (5.41)
and (5.43) imply that, up to extracting a subsequence, we have

xn − yn → h, yn → ȳ
yn − zn → h′, pn → p̄,

for some h, h′, ȳ ∈ B R , p̄ ∈ BL ′ . In addition,

xn + zn − 2yn = εn
2

pn → 0,

and so h = h′. Thus, passing to the limit in (5.40) and recalling assumption (5.36),

lim sup
n→∞

M∗
n ≤ −H(ȳ + h, p̄ + Ch)− H(ȳ − h, p̄ − Ch)

+2H(ȳ, p̄)− C |h|2 + 2ω(δ/2)− δ〈ȳ〉
≤ 2ω(δ/2)− δ〈ȳ〉.

Then the theorem follows from (5.39) by letting first n →∞ and then δ→ 0.
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5.4 Propagation of singularities

We now turn to the analysis of the singular set of semiconcave solutions to Hamilton–
Jacobi equations. In Chapter 4 we have obtained results which are valid for any
semiconcave function; here we focus our attention on semiconcave functions which
are solutions to Hamilton–Jacobi equations and we obtain stronger results on the
propagation of singularities in this case. As in the previous chapter, our discussion is
restricted to semiconcave functions with linear modulus (some results in the case of
a general modulus can be found in [1]).

We consider again an equation of the form

F(x, u(x), Du(x)) = 0 a.e. in � . (5.44)

Throughout the rest of this chapter, F : �× R × R
n → R is a continuous function

satisfying the following assumptions:

(A1) p �→ F(x, u, p) is convex;
(A2) for any (x, u) ∈ �× R and any p0, p1 ∈ R

n ,

[p0, p1] ⊂ {p ∈ R
n : F(x, u, p) = 0} !⇒ p0 = p1 .

Condition (A2) requires that the 0-level set {p ∈ R
n : F(x, u, p) = 0} contains no

straight line. Clearly, such a property holds, in particular, if F is strictly convex with
respect to p. Observe, however, that it also holds for functions like F(x, u, p) = |p|
which are not strictly convex.

Remark 5.4.1 In Proposition 5.3.1 we have seen that, under the convexity assump-
tion (A1), any semiconcave function u which solves equation (5.44) almost every-
where is also a viscosity solution of the equation. Thus, u satisfies for all x ∈ �

F(x, u(x), p) = 0 ∀p ∈ D∗u(x), (5.45)

F(x, u(x), p) ≤ 0 ∀p ∈ D+u(x). (5.46)

The first result we prove is that condition (4.8) is necessary and sufficient for the
propagation of a singularity at x0, if u is a semiconcave solution of (5.44). Notice
that, for a general semiconcave function, (4.8) is only a sufficient condition.

Theorem 5.4.2 Let (A1) and (A2) be satisfied. Let u ∈ SCL loc(�) be a solution of
(5.44) and let x0 ∈ �(u). Then, the following properties are equivalent:

(i) ∂D+u(x0) \ D∗u(x0) �= ∅;
(ii) there exist a sequence xi ∈ �(u) \ {x0}, converging to x0, and a number δ > 0

such that diam D+u(xi ) ≥ δ, for any i ∈ N.
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Proof — Since the implication (i)⇒(ii) is part of the conclusion of Theorem 4.2.2,
we only need to prove that (ii)⇒(i). For this purpose, let us note that, in view of
(5.45) and assumption (A2), the set D∗u(x) contains no straight lines for any x ∈ �.
Now, let xi ∈ �(u) \ {x0} be as in (ii). Without loss of generality, we can suppose
that

xi − x0

|xi − x0| → θ as i →∞
for some unit vector θ. Since D+u(xi ) is convex and diam D+u(xi ) ≥ δ, we can
find vectors p1

i , p2
i ∈ D+u(xi ) such that, for any i ∈ N,

[p1
i , p2

i ] ⊂ D+u(xi ) and |p2
i − p1

i | = δ .
Possibly extracting a subsequence, we can also suppose that

lim
i→∞

p j
i = p j ( j = 1, 2) and |p2 − p1| = δ .

Then, by Proposition 3.3.15, the segment [p1, p2] belongs to the exposed face
D+u(x0, θ), which by definition is contained in ∂D+u(x0). Hence, [p1, p2] ⊂
∂D+u(x0), and since D∗u(x0) contains no straight lines by assumption , we con-
clude that the set D∗u(x0) cannot cover ∂D+u(x0).

We can exploit further the information that u is the solution of a Hamilton–Jacobi
equation by finding conditions which ensure that the crucial assumption (i) of the
previous theorem is satisfied. For this purpose we prove a preliminary proposition.
Let us set, for any x ∈ �,

arg min
p∈D+u(x)

F(x, u(x), p) :=

=
{

p̄ ∈ D+u(x) : F(x, u(x), p̄) = min
p∈D+u(x)

F(x, u(x), p)
}
.

Proposition 5.4.3 Assume (A1) and (A2) and let F be differentiable with respect to
p. Let u ∈ SCL loc(�) be a solution of equation (5.44) and let x0 ∈ �. Then,

arg min
p∈D+u(x0)

F(x0, u(x0), p) �= ∅ (5.47)

and, for any p0 ∈ arg minp∈D+u(x0) F(x0, u(x0), p), we have that

〈Fp(x0, u(x0), p0), p − p0〉 ≥ 0 ∀p ∈ D+u(x0) . (5.48)

Moreover,

x0 ∈ �(u) ⇐⇒ min
p∈D+u(x0)

F(x0, u(x0), p) < 0. (5.49)

Furthermore, if x0 is a singular point of u, then

arg min
p∈D+u(x0)

F(x0, u(x0), p) ⊂ D+u(x0) \ D∗u(x0) (5.50)

Fp(x0, u(x0), p0) �= 0 !⇒ p0 ∈ ∂D+u(x0) \ D∗u(x0) (5.51)

where p0 is any element of arg minp∈D+u(x0) F(x0, u(x0), p).
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Proof — We note first that assertions (5.47) and (5.48) are a consequence of the
compactness and of the convexity of the superdifferential.

Next, to prove (5.49), let us suppose that x0 is singular. Then, D∗u(x0) contains
at least two elements. Since F(x0, u(x0), p) = 0 for all p ∈ D∗u(x0), assumption
(A2) implies that minp∈D+u(x0) F(x0, u(x0), p) < 0 . The converse implication of
(5.49) is trivial. Inclusion (5.50) can also be shown by similar arguments.

To prove (5.51), observe that p0−t Fp(x0, u(x0), p0) /∈ D+u(x0) for every t > 0,
in view of (5.48). So, p0 ∈ ∂D+u(x0) and the proof is complete.

The next result on propagation of singularities is a direct consequence of Theo-
rem 4.2.2 and Proposition 5.4.3.

Theorem 5.4.4 Assume (A1) and (A2), and let F be differentiable with respect to
p. Let x0 ∈ � be a singular point of a solution u ∈ SCL loc(�) of equation (5.44).
Suppose that

Fp(x0, u(x0), p0) �= 0 for some p0 ∈ arg min
p∈D+u(x0)

F(x0, u(x0), p). (5.52)

Then there exist a Lipschitz arc x : [0, ρ] → R
n for u, with x(0) = x0, and a positive

number δ such that

lim
s→0+

x(s)− x0

s
�= 0

diam
(

D+u(x(s))
)
≥ δ ∀s ∈ [0, ρ] .

In particular, x(s) ∈ �(u) for any s ∈ ]0, ρ], and x(s) �= x0 for s > 0 sufficiently
small.

Our next result shows that condition (5.52) is “almost” necessary for the propa-
gation of singularities; in fact, each time property (i) of Theorem 5.4.2 holds, (5.52)
is satisfied up to a possible change of equation.

Theorem 5.4.5 Assume (A1) and (A2), and let F be differentiable with respect to
p. Let x0 ∈ � be a singular point of a solution u ∈ SCL loc(�) of equation (5.44).
Fix

p0 ∈ arg min
p∈D+u(x0)

F(x0, u(x0), p) .

If p0 ∈ ∂D+u(x0)\D∗u(x0), then, for any open set�′ ⊂⊂ �, there exists a function
G : �′ × R× R

n → R such that

(a) G(x, u(x), Du(x)) = 0 a.e. in �′;
(b) G is differentiable with respect to p and satisfies assumption (A2);
(c) G(x0, u(x0), p0) = min

p∈D+u(x0)
G(x0, u(x0), p) ;

(d) G p(x0, u(x0), p0) �= 0.
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Proof — Let �′ ⊂ � be a bounded open set and let L be a Lipschitz constant for u
in �′. Suppose that

Fp(x0, u(x0), p0) = 0 ;
otherwise one can take G = F . Let q �= 0 be a normal vector to D+u(x0) at p0, i.e.,

〈p − p0, q〉 ≤ 0 ∀p ∈ D+u(x0) . (5.53)

Fix c > 0 such that

c + 〈q, p〉 > 0 ∀|p| ≤ L . (5.54)

Notice that, in particular, (5.54) holds for every p ∈ D+u(x0).We claim that

G(x, u, p) := (c + 〈q, p〉)F(x, u, p)

has all the required properties. In fact, properties (a) and (b) are obvious. To prove
(c), it suffices to observe that (5.53), (5.54) and the fact that F(x0, u(x0), p0) < 0
yield

G(x0, u(x0), p0) = (c + 〈q, p0〉)F(x0, u(x0), p0)

≤ (c + 〈q, p〉)F(x0, u(x0), p0)

≤ (c + 〈q, p〉)F(x0, u(x0), p) = G(x0, u(x0), p)

for any p ∈ D+u(x0). Finally, property (d) holds as

G p(x0, u(x0), p0) = q F(x0, u(x0), p0)+ (c + 〈q, p0〉)Fp(x0, u(x0), p0)

= q F(x0, u(x0), p0) �= 0 .

5.5 Generalized characteristics

In this section we will show that the singularities of a solution u to (5.44) propagate
according to a suitable differential inclusion. For this purpose, let us introduce the
following definition.

Definition 5.5.1 We say that a Lipschitz arc x : [0, ρ] → R
n is a generalized char-

acteristic of equation (5.44) with initial point x0 if x(0) = x0 and

x′(s) ∈ coFp(x(s), u(x(s)), D+u(x(s))) a.e. in [0, ρ] . (5.55)

Observe that the differential inclusion (5.55) is a natural generalization to the
case where u is semiconcave of the usual equation of the characteristic curves (5.9).
Our aim is to show that the class of generalized characteristics includes not only
classical characteristics but also singular arcs.

In order to analyze the propagation of singularities along generalized character-
istics we need to require more regularity on F than in the previous section. More
precisely, we will assume that:
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(A3) for any x1, x2 ∈ �, u1, u2 ∈ R, p ∈ R
n

|F(x2, u2, p)− F(x1, u1, p)| ≤ L0(|x2 − x1| + |u2 − u1|),
for some constant L0 > 0;

(A4) for any x1, x2 ∈ �, u1, u2 ∈ R, p1, p2 ∈ R
n

|Fp(x1, u1, p1)− Fp(x2, u2, p2)| ≤ L1(|x1 − x2| + |u1 − u2| + |p1 − p2|)
for some constant L1 > 0.

We will prove the following result.

Theorem 5.5.2 Let u ∈ SCL loc(�) be a solution of equation (5.44). Let us suppose
that (A1), (A2), (A3), (A4) hold and let x0 ∈ �(u) be such that

0 /∈ coFp(x0, u(x0), D+u(x0)) . (5.56)

Then, there exists a generalized characteristic of equation (5.44), x : [0, ρ] → �,
with initial point x0, such that x(s) ∈ �(u) and x(·) is injective, for every s ∈ [0, ρ].
Moreover, for every s ∈ [0, ρ],

min{F(x(s), u(x(s)), p) : p ∈ D+u(x(s))} ≤ 1

2
F(x0, u(x0), p0), (5.57)

where p0 ∈ arg minp∈D+u(x0) F(x0, u(x0), p).

Remark 5.5.3 Assumption (5.56) is a generalization of (5.52). In the following, we
will show that in some cases (5.56) is necessary and sufficient for propagation of
singularities along generalized characteristics. Let us also observe that due to the
upper continuity property of D+u expressed by Proposition 3.3.4(a), assumption
(5.56) implies that

0 /∈ co Fp(x, u(x), D+u(x)) ∀x ∈ Br (x0) , (5.58)

for some r > 0.

In order to prove Theorem 5.5.2 we need some technical preliminaries, the first
of which is the following basic construction of singular arcs.

Lemma 5.5.4 Let the assumptions of Theorem 5.5.2 be satisfied. Suppose also that
(A4) holds with L1 = 1. Let R > 0 be such that B R(x0) ⊂ �, and fix

p0 ∈ arg min
p∈D+u(x0)

F(x0, u(x0), p) .

Let L be a Lipschitz constant for u in B R(x0) and let C > 0 be a semiconcavity
constant for u in B R(x0). Let us set

C0 := sup{|Fp(x, u(x), p)| : x ∈ BR(x0) |p| ≤ L} ; (5.59)
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M := 4L + 2C0 , C1 := L0(1 + L)M + C M2 ; (5.60)

ρ0 := min

{
R

4C0
,
|F(x0, u(x0), p0)|

2C1
,

1

2C

}
. (5.61)

Then, there exist two continuous arcs x : [0, ρ0] → BR(x0) and p : [0, ρ0] → R
n,

with x(0) = x0 and p(0) = p0, such that

p(s) ∈ D+u(x(s)) (5.62)

x(s)− x0 = s[p(s)− p0 + Fp(x0, u(x0), p0)] (5.63)

F(x(s), u(x(s)), p(s)) ≤ F(x0, u(x0), p0)+ C1s − 1

2
|p(s)− p0|2 (5.64)

F(x(s), u(x(s)), p(s)) ≤ 1

2
F(x0, u(x0), p0) (5.65)

for any s ∈ [0, ρ0]. Moreover,

|x(t)− x(s)| ≤ M |t − s| ∀t, s ∈ [0, ρ0]. (5.66)

Remark 5.5.5 Recalling property (5.45) it is easy to see that conditions (5.62) and
(5.65) above ensure that x(s) ∈ �(u), for any s ∈ [0, ρ0]. Moreover, we observe that
x(·) and p(·) are related: given x(·), arc p(·) is uniquely defined by relation (5.63),
and vice-versa.

Proof — Applying Lemma 4.2.5 to the semiconcave function u, we can construct
continuous arcs x : [0, σ ] → BR(x0) and p : [0, σ ] → R

n , with x(0) = x0 and
p(0) = p0, such that, for any s ∈ [0, σ ],

p(s) = p0 − Fp(x0, u(x0), p0)+ x(s)− x0

s
∈ D+u(x(s)) (5.67)

and
|x(s)− x0| ≤ 4C0s

where C0 is given by (5.59) and 4σ := min{RC−1
0 , 2C−1}. Moreover,

|x(s)− x(r)| ≤ M |s − r | ∀s, r ∈ [0, σ ] (5.68)

where M is given by (5.60).
In order to complete the proof, we have to verify (5.64) and (5.65). Aiming at

this, we observe that, for any x ∈ BR(x0) and p ∈ R
n ,
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F(x, u(x), p) = F(x0, u(x0), p0)+ F(x, u(x), p)− F(x0, u(x0), p)

+F(x0, u(x0), p)− F(x0, u(x0), p0)

≤ F(x0, u(x0), p0)+ L0(|x − x0| + |u(x)− u(x0)|)

+
∫ 1

0
〈Fp(x0, u(x0), p0 + λ(p − p0)), p − p0〉 dλ

by assumption (A3). Moreover, by the Lipschitz continuity of u and assumption (A4)
with L1 = 1, we obtain

F(x, u(x), p)

≤ F(x0, u(x0), p0)+ L0(1 + L)|x − x0| + 〈Fp(x0, u(x0), p0), p − p0〉

+
∫ 1

0
〈Fp(x0, u(x0), p0 + λ(p − p0))− Fp(x0, u(x0), p0), p − p0〉 dλ

≤ F(x0, u(x0), p0)+ L0(1 + L)|x − x0| + 〈Fp(x0, u(x0), p0), p − p0〉
+1

2
|p − p0|2.

Hence, taking in the above formula (x, p) = (x(s), p(s)),
F(x(s), u(x(s)), p(s)) ≤ F(x0, u(x0), p0)+ L0(1 + L)|x(s)− x0|

+〈Fp(x0, u(x0), p0), p(s)− p0〉
+1

2
|p(s)− p0|2.

Now, (5.67) yields

F(x(s), u(x(s)), p(s)) ≤ F(x0, u(x0), p0)+ L0(1 + L)|x(s)− x0|
+
〈x(s)− x0

s
+ p0 − p(s), p(s)− p0

〉
+1

2
|p(s)− p0|2

= F(x0, u(x0), p0)+ L0(1 + L)|x(s)− x0|
+1

s
〈x(s)− x0, p(s)− x0〉 − 1

2
|p(s)− p0|2 .

Then, the property 〈x(s) − x0, p(s) − p0〉 ≤ C |x(s) − x0|2 which follows from
semiconcavity, together with (5.68), yield (5.64). Finally, (5.65) follows from (5.64)
recalling the definition of ρ0. The proof is thus complete.

The next result provides a family of singular arcs satisfying suitable bounds. Such a
family will be later shown to converge uniformly to a singular generalized character-
istics. For brevity, let us set

p−(s) := lim
h↑s

p(h) .
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Lemma 5.5.6 Let u ∈ SCL loc(�) be a solution of (5.44). Assume (A1), (A2), (A3),
and suppose (A4) holds with L1 = 1. Let x0 ∈ � be a singular point of u satisfying

0 /∈ co Fp(x, u(x), D
+u(x)) ∀x ∈ BR(x0) ⊂ � (5.69)

for some R > 0, and fix p0 ∈ arg minp∈D+u(x0) F(x0, u(x0), p). Then, for any ε > 0
there exist arcs xε : [0, ρ0] → �, pε : [0, ρ0] → R

n, with xε(0) = x0 and pε(0) =
p0, and a partition 0 = s0 < s1 < · · · < sk−1 < sk = ρ0 with the following
properties:

(i) max
0≤ j≤k−1

|s j+1 − s j | < ε
(ii) pε(s) ∈ D+u(xε(s)) ∀s ∈ [0, ρ0]
(iii) pε(·) is continuous on [s j , s j+1[ ( j = 0, . . . , k − 1)
(iv) |xε(t)− xε(s)| ≤ M |t − s| ∀t, s ∈ [0, ρ0]

(v) F(xε(s), u(xε(s)), pε(s)) ≤
1

2
F(x0, u(x0), p0) ∀s ∈ [0, ρ0]

(vi) |pε(s)− pε(s
′)| ≤ 4

√
ε ∀s, s′ ∈ [s j , s j+1[ ( j = 0, . . . , k − 1),

where M and ρ0 are defined in (5.60) and (5.61). Moreover, for any s ∈ [0, s1[,

xε(s)− x0 = [pε(s)− p0 + Fp(xε(0), u(xε(0)), pε(0))]s, (5.70)

while, for any s ∈ [s1, ρ0[ ,

xε(s)− x0 (5.71)

= [pε(s)− pε(si(s))+ Fp(xε(si(s)), u(xε(si(s))), pε(si(s)))](s − si(s))

+
i(s)−1∑

j=0

[p−ε (s j+1)− pε(s j )+ Fp(xε(s j ), u(xε(s j )), pε(s j ))](s j+1 − s j ),

where i(s) ∈ {1, . . . , k − 1} is the unique integer such that s ∈ [si(s), si(s)+1[.

Proof — Let x(·), p(·) : [0, ρ0] → R
n be the continuous arcs given by Lemma 5.5.4

and let ε > 0 be fixed. Set

s1 := sup

{
t ∈ [0, ρ0] : t + 1

2
|p(s)− p0|2 < ε ∀s ∈ [0, t]

}
.

Then, property (i) is satisfied. If s1 = ρ0, define

xε(s) := x(s) and pε(s) := p(s) ∀s ∈ [0, s1] .

to conclude that properties (ii) – (v) and (5.70) can be obtained invoking Lemma 5.5.4,
while (vi) follows from the trivial inequality |pε(s)−pε(s

′)| ≤ |pε(s)−p0|+|pε(s′)−
p0| recalling the definition of s1. This completes the proof in the case of s1 = ρ0.

Now, assuming that s1 < ρ0, define xε(·) on [0, s1] as above, and choose

p1 ∈ arg min
p∈D+u(x1)

F(x1, u(x1), p)
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where x1 := xε(s1). Let us also set

pε(s) :=
{

p(s) for s ∈ [0, s1[

p1 for s = s1.

Notice that s1 + 1
2 |p(s1)− p0|2 = ε since p(·) is continuous. Hence, (5.64) yields

F(x1, u(x1), p1) ≤ (C1 + 1)s1 + F(x0, u(x0), p0)− ε . (5.72)

As will be clearer later, this inequality plays a crucial role in the estimate of the
number k of s j needed to cover the interval [0, ρ]. Moreover, in order to prove (v),
it is useful to observe that

F(xε(s), u(xε(s)), pε(s)) ≤ F(x0, u(x0), p0)+ C1s ∀s ∈ [0, s1] , (5.73)

in view of (5.64).
Now, let us proceed to construct s2. Let R1 > 0 be such that BR1(x1) ⊂ BR(x0),

and let x1 : [0, ρ1] → BR1(x1), p1 : [0, ρ1] → R
n be the arcs obtained applying

Lemma 5.5.4 with x0, p0, R replaced by x1, p1, R1, respectively. We note that all the
properties of the conclusion of Lemma 5.5.4 hold for x1 : [0, ρ1] → BR1(x1) and
p1 : [0, ρ1] → R

n with the same constants M,C0,C1 computed in (5.59) and (5.60)
for the base point x0. Set

r1 = sup

{
t ∈ [0, ρ1] : t + 1

2
|p1(s)− p1|2 < ε ∀s ∈ [0, t]

}
s2 = min{s1 + r1, ρ0} ,

and define xε on [0, s2] as

xε(s) := x1(s − s1) ∀s ∈ [s1, s2] .

Then, either s2 = ρ0 or s2 < ρ0. In the former case, as one can easily check, the
construction can be completed defining

pε(s) := p1(s − s1) ∀s ∈ [s1, s2] .

Next, assume s2 < ρ0, set x2 := xε(s2), and fix

p2 ∈ arg min
p∈D+u(x2)

F(x2, u(x2), p) .

Let us define

pε(s) :=
{

p1(s − s1) for s ∈ [s1, s2[

pε(s2) = p2 .

We claim that xε(·), pε(·) and 0 = s0 < s1 < s2 < ρ0 satisfy all the required
properties. Indeed, property (i) is a consequence of the definition of s2 while (vi)
follows arguing as in the proof of the same property in the interval [0, s1[. Moreover,
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(ii)–(iv) hold by Lemma 5.5.4. Hence, we only need to prove conclusions (v) and
(5.71). From properties (5.64) and (5.73) we deduce that

F(xε(s), u(xε(s)), pε(s)) ≤ F(x1, u(x1), p1)+ C1(s − s1)

≤ F(x0, u(x0), p0)+ C1s

for any s ∈ [s1, s2]. Moreover, due to (5.73), the last inequality holds for every
s ∈ [0, s2]. So, (v) follows as ρ0 ≤ |F(x0, u(x0), p0)|/2C1 by definition. In order to
prove (5.71), we observe that

x1 = x0 + s1[p−ε (s1)− p0 + Fp(xε(0), u(xε(0)), pε(0))] . (5.74)

Then, by (5.63),

xε(s)− x1 = (s − s1)[pε(s)− p1 + Fp(x1, u(x1), p1)] (5.75)

for all s ∈ [s1, s2[ . So, (5.71) is a direct consequence of (5.74) and (5.75), and
our claim is proved. Moreover, the same arguments used to prove (5.72), and (5.72)
itself, yield

F(xε(s2), u(xε(s2)), p1(s2)) ≤ (C1 + 1)(s2 − s1)+ F(x1, u(x1), p1)− ε
≤ (C1 + 1)s2 − 2ε .

We will now show that the desired partition of [0, ρ0], 0 = s0 < s1 < · · · < sk = ρ0,
can be obtained by a finite iteration of the above construction. Indeed, suppose that
numbers 0 = s0 < · · · < sn < ρ0, and arcs xε(s), pε(s) (s ∈ [0, sn]) are given so
that conditions (i)–(vi), (5.70) and (5.71) are fulfilled. Assume in addition that

F(xε(sn), u(xε(sn)), pn−1(sn)) ≤ (C1 + 1)sn − nε . (5.76)

Define
C2 := sup{|F(x, u(x), p)| : x ∈ BR(x0), |p| ≤ L}

and apply (5.76) to discover that nε − C2 ≤ (C1 + 1)sn . The upper bound

n ≤
[
(C1 + 1)ρ0 + C2

ε

]
+ 1

follows, and the proof is complete.

Lemma 5.5.7 Let xε, pε be the arcs given by 5.5.6. Then there exists a constant
C > 0, independent of ε, such that∣∣∣∣ xε(r)− xε(s)−

∫ r

s
Fp(xε(t), u(xε(t)),pε(t)) dt

∣∣∣∣ ≤ C
√
ε (5.77)

for any 0 ≤ s < r < ρ0.
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Proof — From formula (5.71)—applied for r and s—it follows that

xε(r)− xε(s) (5.78)

=
i(r)−1∑
j=i(s)

[p−ε (s j+1)− pε(s j )+ Fp(xε(s j ), u(xε(s j )), pε(s j ))](s j+1 − s j )

+[pε(r)− pε(si(r))+ Fp(xε(si(r)), u(xε(si(r))), pε(si(r)))](r − si(r))

−[pε(s)− pε(si(s))+ Fp(xε(si(s)), u(xε(si(s))), pε(si(s)))](s − si(s)) .

Now, observe that, in view of property (i) of Lemma 5.5.6,∣∣∣∣∣
∫ si(r)

si(s)

Fp(xε(t), u(xε(t)), pε(t)) dt −
∫ r

s
Fp(xε(t), u(xε(t)), pε(t)) dt

∣∣∣∣∣ ≤ Cε

for some constant C (hereafter C will denote any positive constant independent of
ε). Also, by (5.78),∣∣∣∣∣ xε(r)− xε(s)−

i(r)−1∑
j=i(s)

Fp(xε(s j ), u(xε(s j )), pε(s j ))(s j+1 − s j )

∣∣∣∣∣
≤

i(r)−1∑
j=i(s)

|p−ε (s j+1)− pε(s j )|(s j+1 − s j )+ |pε(s)− pε(si(s))|(s − si(s))

+
[
|Fp(xε(si(r)), u(xε(si(r))), pε(si(r)))| + |pε(r)− pε(si(r))|

]
(r − si(r))

+|Fp(xε(si(s)), u(xε(si(s))), pε(si(s)))|(s − si(s)) .

Hence, using properties (i) and (vi) of Lemma 5.5.6 to estimate the right-hand side
above, we obtain∣∣∣∣∣ xε(r)− xε(s)−

i(r)−1∑
j=i(s)

Fp(xε(s j ), u(xε(s j )), pε(s j ))(s j+1 − s j )

∣∣∣∣∣ ≤ C
√
ε .

Therefore, to prove (5.77) it suffices to show that the quantity∣∣∣∣∣ i(r)−1∑
j=i(s)

∫ s j+1

s j

[Fp(xε(s j ), u(xε(s j )), pε(s j ))− Fp(xε(t), u(xε(t)), pε(t))] dt

∣∣∣∣∣
can be bounded by C

√
ε for some C > 0. Aiming at this, we invoke assumption

(A4) and properties (i), (iv) and (vi) of Lemma 5.5.6 to deduce that

|Fp(xε(s j ), u(xε(s j )), pε(s j ))− Fp(xε(t), u(xε(t)), pε(t))|
≤ L1[|xε(s j )− xε(t)| + |u(xε(s j ))− u(xε(t))| + |pε(s j )− pε(t)|
≤ L1[M(1 + L)|t − s j | + 4

√
ε] ≤ C

√
ε
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for any t ∈ [s j , s j+1[ and i(s) ≤ j ≤ i(s + r) − 1. The desired inequality follows,
as well as (5.77).

For the proof of Theorem 5.5.2 we also need the following measurability result
for a selection of a set-valued map (see Appendix A. 5 for the basic definitions of
set-valued analysis). We set P(Rn) = {A : A ⊂ R

n}.
Lemma 5.5.8 Let F : [0, 1] → P(Rn) be convex with nonempty closed images.
Suppose in addition that F is upper semicontinuous and let p : [0, 1] → R

n be
a piecewise continuous map. For t ∈ [0, 1], let p̂(t) be the projection of p(t) onto
F(t). Then, p̂(·) is measurable.

Proof — The fact that F is convex yields

[p(t)+ dF(t)(p(t))B1] ∩ F(t) = { p̂(t)} ∀t ∈ [0, 1]

where the symbol dF(t)(·) denotes the Euclidean distance function from F(t). It is
easy to see that the proof of the measurability of p̂(·) reduces to showing that the
set-valued map dF(·)(p(·))B1 is measurable.

We claim that the function dF(·)(p(·)) is lower semicontinuous from the right,
i.e., for every sequence {tk} ⊂ [0, 1], with tk ↓ t ,

lim inf
k→∞

dF(tk )(p(tk)) ≥ dF(t)(p(t)) .

Indeed, take a sequence {tk} ⊂ [0, 1] such that tk ↓ t as k →∞ and

lim
k→∞

dF(tk )(p(tk)) = lim inf
k→∞

dF(tk )(p(tk)) .

The convexity of F(·) implies that for any p(tk), there exists a unique p̂(tk) ∈ F(tk)
such that

dF(tk )(p(tk)) = | p̂(tk)− p(tk)| .
Possibly extracting a subsequence, in view of the upper semicontinuity of F(·), we
can suppose that p̂(tk) converges to a suitable p(t) ∈ F(t). Then, using the continu-
ity of p(·), we deduce that

dF(t)(p(t)) ≤ |p(t)− p(t)|
= lim

k→∞
dF(tk )(p(tk)) = lim inf

k→∞
dF(tk )(p(tk)) ,

which proves our claim.
Now, to complete the proof we need only to verify that the set-valued map

dF(·)(p(·))B1 is measurable, knowing that dF(·)(p(·)) is lower semicontinuous from
the right. This follows by Theorem 8.1.4, p. 310, of [18] since, for every x ∈ R

n , the
map

[0, 1]  t → inf{|x − y| : y ∈ dF(t)(p(t))B1} = (|x | − dF(t)(p(t)))+

where (·)+ denotes the positive part, is measurable.
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We are now ready to prove Theorem 5.5.2.

Proof of Theorem 5.5.2 — First, let us observe that, in view of Remark 5.5.3, (5.69)
is satisfied for some R > 0. Also, possibly replacing F by F/L1, we can assume
that assumption (A4) holds with L1 = 1 without loss of generality. The general case
may indeed be recovered by a change of variable.

Let ε be a positive number, and let xε, pε : [0, ρ0] → R
n be the arcs given by

Lemma 5.5.6. Condition (iv) of the same lemma ensures that {xε(·)}ε is Lipschitz
continuous, uniformly with respect to ε. Moreover, {xε(·)}ε is easily seen to be equi-
bounded. Therefore, there exists a sequence ε = ε j ↓ 0 and a Lipschitz continuous
function x(·) such that

lim
ε→0

sup
s∈[0,ρ0]

|xε(s)− x(s)| = 0 . (5.79)

We claim that x(s) ∈ �(u) for any s ∈ [0, ρ0]. Indeed, having fixed s ∈ [0, ρ0], let
us extract a subsequence of pε(s) (still denoted by pε(s)) which converges to some
limit, p(s). By the upper-semicontinuity of the superdifferential, we have that p(s) ∈
D+u(x(s)). Hence, passing to the limit as ε → 0 in condition (v) of Lemma 5.5.6,
we obtain

F(x(s), u(x(s)), p(s)) ≤ 1

2
F(x0, u(x0), p0) < 0

and the claim follows from (5.49).
Since x(·) is Lipschitz continuous, by Rademacher’s theorem x(·) is differen-

tiable on a set of full measure E ⊂ [0, ρ0]. We will prove that x(·) satisfies equation
(5.55) on E .

The main step of the proof is to show that, for any 0 ≤ s < r < ρ0,

x(r)− x(s) ∈
∫ r

s
co Fp(x(t), u(x(t)), D+u(x(t))) dt , (5.80)

where the right-hand side denotes, as usual, the integrals of all measurable selections
of the set-valued map t �→ co Fp(x(t), u(x(t)), D+u(x(t))). To prove (5.80), we
observe first that (5.77), (5.79) and the Lipschitz continuity of u and Fp yield∣∣∣∣x(r)− x(s)−

∫ r

s
Fp(x(t), u(x(t)), pε(t)) dt

∣∣∣∣ ≤ ω(ε) (5.81)

for some positive function ω(·) satisfying limε→0 ω(ε) = 0. Now, let us denote by
p̂ε(t) the projection of pε(t) onto D+u(x(t)) for every t ∈ [s, r ], and set

qε(t) := pε(t)− p̂ε(t) .

From Lemma 5.5.8 we deduce that p̂ε(·) is measurable, and so the same holds for
qε(·). Moreover, |qε(·)| is bounded and converges to 0 almost everywhere in [s, r ],
as ε→ 0, in view of the upper-semicontinuity of D+u. Hence, by (5.81),
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|x(r)− x(s)−
∫ r

s
Fp(x(t), u(x(t)), p̂ε(t)) dt |

≤ ω(ε)+ L1

∫ r

s
|qε(t)| dt =: ω(ε) (5.82)

where limε→0 ω(ε) = 0 as a consequence of the dominated convergence theorem.
Moreover,

φε(t) := Fp(x(t), u(x(t)), p̂ε(t)) ∈ co Fp(x(t), u(x(t)), D+u(x(t)))

is bounded in L2(s, r;Rn). Therefore, passing to a subsequence, we can assume
that φε(·) converges to a function φ(·), weakly in L2(s, r;Rn). Then φ(·) is also a
selection of co Fp(x(·), u(x(·)), D+u(x(·))), and (5.80) follows taking the limit as
ε→ 0 in (5.82).

Now, let s ∈ E be a point of differentiability for x(·). Then, using (5.80), the
inclusion

x′(s) ∈ co Fp(x(s), u(x(s)), D+u(x(s))) , (5.83)

follows by the following argument, which is standard in control theory. Suppose that
x′(s) /∈ co Fp(x(s), u(x(s)), D+u(x(s))). Then, there exist a positive number δ and
a vector η ∈ R

n, |η| = 1, such that

〈x′(s), η〉 ≤ 〈p, η〉 − δ, ∀p ∈ co Fp(x(s), u(x(s)), D+u(x(s))).

By continuity, one can find δ1 > 0 such that, for any x ∈ Bδ1(x(s)),

〈x′(s), η〉 ≤ 〈p, η〉 − δ/2, ∀p ∈ co Fp(x, u(x), D+u(x)). (5.84)

Moreover, for any δ2 > 0 there exists r(δ2) > 0 such that∣∣∣∣x(r)− x(s)
r − s

− x′(s)
∣∣∣∣ < δ2 , |x(r)− x(s)| < δ1 (5.85)

for any r ∈ [s, s + r(δ2)]. From (5.80) it follows that〈x(r)− x(s)
r − s

, η
〉
∈ 1

r − s

∫ r

s
〈co Fp(x(t), u(x(t)), D+u(x(t))), η〉 dt.

Hence, by (5.84), 〈x(r)− x(s)
r − s

, η
〉
≥ 〈x′(s), η〉 + δ

2
.

Moreover, recalling (5.85) we conclude that

δ2 >

∣∣∣∣x(r)− x(s)
r − s

− x′(s)
∣∣∣∣ ≥ δ2 ,

contrary to the fact δ2 is any positive number. So, (5.83) follows.
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It remains to prove that, possibly reducing ρ0, the map [0, ρ0]  s �→ x(s) is
injective. We will argue once again by contradiction, assuming the existence of two
sequences {si } and {ri }, with si < ri , such that si , ri → 0 and x(si ) = x(ri ) . By
(5.80), we have that

0 ∈ 1

ri − si

∫ ri

si

coFp(x(t), u(x(t)), D+u(x(t))) dt .

Hence, as i →∞,
0 ∈ coFp(x0, u(x0), D+u(x0))

in contradiction with assumption (5.56). This completes the proof.

5.6 Examples

In this section we apply our results for propagation of singularities to some specific
examples. Let us first consider the eikonal equation{ |Du(x)|2 = 1 a.e. in R

n \ S

u(x) = 0 on ∂S ,
(5.86)

where S ⊂ R
n is a nonempty closed set.

Remark 5.6.1 It is easily seen that dS (the euclidean distance function from S) is
a viscosity solution of the above problem. In fact, dS is semiconcave in R

n \ S (see
Proposition 2.2.2(ii)) and satisfies the equation at all points of differentiability. Using
standard techniques from the theory of the viscosity solutions (see e.g., [20, Example
II.4.5]) one can prove that dS is the unique nonnegative viscosity solution of (5.86).

We start our analysis with a uniqueness result for a differential inclusion, which,
up to a constant factor 2, is the equation of the generalized characteristics for (5.86)
starting from a given point.

Lemma 5.6.2 Let u ∈ SCL loc(�). Then for every x0 ∈ � there exists ρ > 0 such
that the following problem admits a unique solution{

x′(s) ∈ D+u(x(s)) a.e. in [0, ρ]

x(0) = x0 .
(5.87)

Proof — The existence of a solution of (5.87) is a classical result on differential
inclusions. A proof can be found, for example, in [17, p. 98]. In order to prove the
uniqueness, let us suppose that problem (5.87) possesses two solutions, say x(·) and
x(·). Property (3.24) implies that, for a.e. s in [0, ρ],

d

ds
|x(s)− x(s)|2 = 〈x(s)− x(s), x′(s)− x′(s)〉 ≤ C |x(s)− x(s)|2

for some C > 0. Thus, the conclusion is an immediate consequence of the Gronwall
inequality.
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Theorem 5.6.3 Let u ∈ SCL (Rn \ S) be a solution of equation (5.86) and let x0 ∈
�(u). Then, the following assertions are equivalent:

(i) 0 /∈ D+u(x0);
(ii) there exists a nonconstant singular generalized characteristic of the eikonal

equation with initial point x0, that is a solution, x(·), of problem (5.87) satis-
fying x(s) ∈ �(u), for any s ∈ [0, ρ].

Remark 5.6.4 If in the statement of the above result we add the assumption that
u > 0, then assertion (i) possesses a clear geometrical meaning. In fact, in light
of Remark 5.6.1, we have that u = dS and, using Corollary 3.4.5(ii), one sees that
0 /∈ D+dS(x0) if and only if x0 /∈co projS(x0).

Proof — Implication (i)⇒ (ii) is a direct consequence of Theorem 5.5.2. In order to
prove (ii)⇒ (i) we will argue by contradiction. For this purpose, let us suppose that
(ii) holds and that 0 ∈ D+u(x0). Clearly, x(s) ≡ x0 is a singular generalized char-
acteristic. Moreover, Lemma 5.6.2 ensures that this constant arc is the unique gener-
alized characteristic with initial point x0. This contradiction completes the proof of
the implication that (ii)⇒ (i).

We now analyze the propagation of singularities for semiconcave solutions of the
Hamilton–Jacobi equation

ut + H(t, x, u,∇u) = 0 a.e. in ]0, T [×U , (5.88)

where U ⊂ R
n is an open set. We assume that H : ]0, T [×U × R × R

n → R is a
continuous function such that

H(t, x, u, ·) is differentiable and strictly convex for any (t, x, u); (5.89)

H and Hp are locally Lipschitz continuous. (5.90)

The following propagation result is a direct consequence of Theorem 5.4.4.

Theorem 5.6.5 Let u ∈ SCL loc( ]0, T [×U ) be a solution of (5.88). Let us suppose
that (5.89) holds. Then, for any (t, x) ∈ �(u)

∂D+u(t, x) \ D∗u(t, x) �= ∅ .

Consequently, all singularities propagate.

For solutions to (5.88) there is a natural direction for the propagation of singularities,
described by the next result.

Theorem 5.6.6 Let u ∈ SC loc(]0, T [×U ) be a solution of (5.88). Let us suppose
that (5.89), (5.90) hold and let (t0, x0) ∈ �(u). Then, there exists a generalized
characteristic of equation (5.88), with initial point (t0, x0) defined on some interval
[t0, ρ] ⊂ ]0, T [ , i.e., there exists a solution of
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x ′(t) ∈ coHp(t, x(t), u(x(t)),∇+u(t, x(t))) a. e. in (t0, ρ)

x(0) = x0
(5.91)

such that (t, x(t)) ∈ �(u), for every t ∈ [t0, ρ].

Proof — Set, for any (t, x, u, pt , px ) ∈ ]0, T [×U × R× R× R
n

F(t, x, u, pt , px ) := pt + H(t, x, u, px ) .

It is immediate to the see that the above assumptions ensure that (A1), (A3) and
(A4) of Theorem 5.5.2 are fulfilled. Now, to prove that (A2) holds, suppose that

[(p1
t , p1

x ), (p
2
t , p2

x )] ⊂ {(pt , px ) ∈ R
n+1 : F(t, x, u, pt , px ) = 0} . (5.92)

We want to show that (p1
t , p1

x ) = (p2
t , p2

x ). In fact, (5.92) yields

λ1 p1
t + λ2 p2

t + H(t, x, u, λ1 p1
x + λ2 p2

x ) = 0

for every λ1, λ2 > 0 such that λ1 + λ2 = 1. Hence, recalling that

pi
t + H(t, x, u, pi

x ) = 0 (i = 1, 2) (5.93)

we obtain

H(t, x, u, λ1 p1
x + λ2 p2

x ) = λ1 H(t, x, u, p1
x )+ λ2 H(t, x, u, p2

x ) .

So, the above equality and assumption (5.89) yield p1
x = p2

x which in turn implies
that p1

t = p2
t on account of (5.93), i.e., (A2) holds. Finally, since

Fp((t, x), u, (pt , px )) = (1, Hp(t, x, u, px )), (5.94)

assumption (5.56) is trivially fulfilled.
Now, from Theorem 5.5.2 we deduce that there exists a singular generalized char-

acteristic of equation (5.88) with initial point (t0, x0). To complete the proof, it re-
mains to show that the x-projection of such a generalized characteristic solves (5.91).
This follows from the identity

Fp((t, x), u, D
+u(t, x)) = (1, Hp(t, x, u,∇+u(t, x)))

which can be easily derived from (5.94) applying Lemma 3.3.16.

We point out that one cannot expect that ρ = +∞ in the hypotheses of the
previous theorem. In other words, in general, singularities may disappear, as shown
in the next example.

Example 5.6.7 Let us consider the function

u(t, x) = −a(t)2|x |, (t, x) ∈ R+ × R,
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where a(t) = min{0, t − 1}. Then, u is semiconcave (it is the minimum of smooth
functions) and is a solution of the equation

ut (t, x)+ |ux (t, x)|2 + 2a(t)|x | − a(t)4 = 0 a.e. in R+ × R.

Observe that �(u) = {(t, 0) : 0 < t < 1}. Therefore, the singularities do not
propagate beyond time t = 1.

Remark 5.6.8 As proved in [6], one can show that ρ = +∞ if u is a concave
solution of the Hamilton–Jacobi equation ut + H(∇u) = 0. Also, if n = 1 and H
does not depend on u, then equation (5.88) can be transformed into a conservation
law; then the results of Dafermos [68] imply that ρ = +∞ provided H is of class
C2 (a regularity assumption which is not satisfied in the above example).

Bibliographical notes

The method of characteristics goes back to Cauchy and is already described in the
text [49] by Carathéodory. For more details the reader can consult [86, 71] and the
references therein.

Viscosity solutions have been introduced by Crandall and Lions [67] at the begin-
ning of the 1980s. Some ideas of the theory were already present in Kruzhkov’s work
on hyperbolic conservation laws [101]; for instance, the idea of replacing the equa-
tion by a family of inequalities, or the doubling of the variables in the uniqueness
proof. Apart from these formal similarities, however, the two theories are substan-
tially independent. Shortly afterwards, Lions’ book [110] unified and generalized the
existing results on first order equations and put in a rigorous setting the connections
with control theory.

A simplified approach to the theory of viscosity solutions was given by Crandall,
Evans and Lions in [65]. Our presentation of Theorems 5.2.3 and 5.2.6 follows that
paper. In the following years, the theory has been considerably expanded; the most
significant achievement has been the treatment of second order degenerate elliptic
equations at the end of the 1980s. A comprehensive exposition of these developments
can be found in the textbooks and survey papers listed at the beginning of Section
5.2.

The close relation between semiconcavity and viscosity solutions was clearly
indicated in the first works on viscosity solutions [67, 110]. Afterwards it was rec-
ognized that the semiconcavity property could provide improved convergence rate
for approximating schemes [48] and a fine description of the singularities [45]. The
semiconcavity property was also used in [29] in the study of Hamilton–Jacobi equa-
tions by the semigroup approach. In [46] it was shown that the mild regularity as-
sumptions of Theorem 5.3.8 suffice to obtain the generalized one-sided estimate of
Section 2.5, while in [127] it was proved that such an estimate implies semiconcav-
ity. Theorem 5.3.9 is due to Ishii [93]; following [20], we have proved the theorem
under slightly stronger hypotheses than the original ones in order to avoid some tech-
nicalities in the proof.

The results of the remaining sections are taken from [7]. Previous results on
propagation of singularities for solutions of Hamilton–Jacobi equations have been
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obtained in [45, 46, 13]. Related results when the modulus of semiconcavity of the
solutions is not necessarily linear can be found in [1]. Some results on the propaga-
tion of singularity along surfaces for the value function of optimal control problems
have been obtained in [43] and [51].

We recall that the notion of generalized characteristic is well known in the context
of hyperbolic conservation laws from the work of Dafermos [68] (see also Wu [142]).
Dafermos’ analysis of the singular set (which will be summarized at the beginning
of Section 6.5) is very detailed, but is restricted to evolution problems in the one-
dimensional space.
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Calculus of Variations

We begin now the analysis of some optimization problems where the results about
semiconcave functions and their singularities can be applied. In this chapter we con-
sider what Fleming and Rishel [80] call “the simplest problem in the calculus of
variations,” a case where the dynamic programming approach is particularly power-
ful, and which will serve as a guideline for the analysis of optimal control problems
in the following.

The problem in the calculus of variations we study here has been introduced
in Chapter 1, where some results have been given in the case where the integrand
is independent of t, x . Here, we consider a general integrand, so that the minimiz-
ers no longer admit an explicit description as in the Hopf formula. However, the
structure of minimizers is described by classical results: we give a result about ex-
istence and regularity of minimizers, and we show that they satisfy the well-known
Euler–Lagrange equations. We then apply the dynamic programming approach and
introduce the value function of the problem, which is semiconcave and is a viscosity
solution of an associated Hamilton–Jacobi equation. The main purpose of our anal-
ysis is to study the singularities of the value function and their interpretation in the
calculus of variations. For instance, we derive a correspondence between generalized
gradients of the value function and the minimizing trajectories of the problem. This
shows, in particular, that the singularities of the value function are exactly the end-
points for which the minimizer of the variational problem is not unique. In addition,
we can bound the size of �, the closure of the singular set, proving that it enjoys
the same rectifiability properties of � itself. This result is interesting because on the
complement of � the value function has the same regularity as the data and can be
computed by the method of characteristics.

The chapter is organized as follows. In Section 6.1 we give the statement of the
problem and the existence result for minimizers. In Section 6.2 we show that min-
imizers are regular and derive the Euler–Lagrange equations. Starting from Section
6.3 we focus our attention on problems with one free endpoint; we introduce the
notions of irregular and conjugate point and we prove Jacobi’s necessary optimality
condition. Then, in Section 6.4, we apply the dynamic programming approach to this
problem. We show that the value function u solves the associated Hamilton–Jacobi
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equation in the viscosity sense and that it is semiconcave. In addition, the minimiz-
ers for the variational problem with a given final endpoint (t, x) are in one-to-one
correspondence with the elements of D∗u(t, x); in particular, the differentiability of
u is equivalent to the uniqueness of the minimizer. We also show that u is as regular
as the data of the problem in the complement of the closure of its singular set �.

The rest of the chapter is devoted to study the structure of�. Since the properties
of � are well known from the general analysis of Chapter 4, we focus our attention
on the set � \ �. The starting point is given in Section 6.5, where we show that
� = � ∪ �, where � is the set of conjugate points. In addition, we prove some
results about conjugate points showing, roughly speaking, that these are the points
at which the singularities of u are generated. Then, in Section 6.6, we prove that �
has the same rectifiability property as �, i.e., it is a countably Hn-rectifiable subset
of R × R

n . By the previous remarks, this is equivalent to proving the rectifiability
of � \ �. Combining a careful analysis of the hamiltonian system satisfied by the
minimizing arcs with some tools from geometric measure theory, we obtain the finer
estimate

Hn−1+ 2
k−1 (� \�) = 0,

where k ≥ 3 is the differentiability class of the data. This yields in particular the
desired Hausdorff estimate on �, which shows that u is as smooth as the data in the
complement of a closed rectifiable set of codimension one.

6.1 Existence of minimizers

Let us consider the problem in the calculus of variations of Chapter 1 in a more
general setting. We fix T > 0, a connected open set � ⊂ R

n and two closed subsets
S0, ST ⊂ �. We denote by AC([0, T ],Rn) the class of all absolutely continuous arcs
ξ : [0, T ] → R

n and define the set of admissible arcs by

A = {ξ ∈ AC([0, T ],Rn) : ξ(t) ∈ � for all t ∈ [0, T ], ξ(0) ∈ S0, ξ(T ) ∈ ST }.

Moreover, we define the functionals �, J on A by

�(ξ) =
∫ T

0
L(s, ξ(s), ξ̇ (s))ds (6.1)

and

J (ξ) = �(ξ)+ u0(ξ(0))+ uT (ξ(T )). (6.2)

Here L : [0, T ] × � × R
n → R and u0, uT : � → R are given continuous func-

tions called running cost, initial cost and final cost, respectively, and � is the action
functional. We then consider the following minimization problem:

(CV) Find ξ∗ ∈ A such that J (ξ∗) = min{J (ξ) : ξ ∈ A}.
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Later in this chapter we will restrict our attention to the case with no constraints,
i.e.,� = R

n . However, we present the basic results on the existence and regularity of
minimizing arcs in this more general setting. Let us first recall some basic properties
of weak derivatives.

Lemma 6.1.1

(a) Let f, g : [a, b] → R be integrable functions and suppose that∫ b

a
[ f (t) · v(t)+ g(t) · v′(t)]dt = 0

for all v ∈ Lip([a, b]) such that v(a) = v(b) = 0. Then there exists a continuous
representative g̃ of g such that g̃ ∈ AC([a, b]) and g̃′ = f almost everywhere.

(b) Let f, g : [a, b] → R be continuous functions and suppose that∫ b

a
[ f (t) · v(t)+ g(t) · v′(t)]dt = 0

for all v ∈ C1
0([a, b]). Then g ∈ C1([a, b]) and g′ = f .

Proof — (a) Suppose first that f ≡ 0. For any n ≥ 1, set

gn(t) =
{

g(t) if |g(t)| ≤ n,

0 otherwise,

cn = 1

b − a

∫ b

a
gn(s)ds, c0 = 1

b − a

∫ b

a
g(s)ds.

Then gn(t)→ g(t) and cn → c0 as n →∞; in addition

(g(t)− c0) · (gn(t)− cn) = gn(t)
2 + c0 · cn − c0 · gn(t)− cn · g(t)

≥ −C(|g(t)| + 1)

for some positive constant C . If we set

vn(t) =
∫ t

a
(gn(s)− cn)ds,

we have that vn ∈ Lip([a, b]), vn(a) = vn(b) = 0 and v′n(t) = gn(t) − cn almost
everywhere. Hence, by Fatou’s Lemma and our assumption on g,∫ b

a
(g(t)− c0)

2dt =
∫ b

a
lim

n→∞(g(t)− c0) · (gn(t)− cn)dt

≤ lim
n→∞

∫ b

a
(g(t)− c0) · v′n(t)dt = 0

and so g(t) = c0 almost everywhere. Thus, we can define g̃(t) = c0 for all t ∈ [a, b].
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In the general case, let F(t) = ∫ t
a f (s)ds. Then F ′(t) = f (t) a.e. and so, using

our assumption, we obtain that, for all v ∈ Lip([a, b]) such that v(a) = v(b) = 0,

0 =
∫ b

a
[ f (t) · v(t)+ g(t) · v′(t)]dt

=
∫ b

a

d

dt
[F(t) · v(t)]dt +

∫ b

a
[g(t)− F(t)] · v′(t)dt

=
∫ b

a
[g(t)− F(t)] · v′(t)dt.

Hence, by the previous step, g − F is equal to some constant c0 almost everywhere.
We can then set g̃(t) = F(t)+ c0.

(b) Suppose first that f ≡ 0. Define

c0 = 1

b − a

∫ b

a
g(s̃)ds̃, v̄(t) =

∫ t

a
(g(s)− c0)ds.

Then v̄ ∈ C1([a, b]) and v̄(a) = v̄(b) = 0. By our assumption,

0 =
∫ b

a
g(t) · v̄′(t)dt =

∫ b

a
(g(t)− c0) · v̄′(t)dt =

∫ b

a
(g(t)− c0)

2dt.

Hence g ≡ c0 and g′ = 0 = f . The general case can then be obtained as in part (a).

We are now ready to prove an existence result for the minimizers of problem
(CV).

Theorem 6.1.2 Suppose that the data L , u0, uT of problem (CV) satisfy the follow-
ing assumptions:

(i) L is a convex function with respect to the third variable;
(ii) There exists c0 ≥ 0 and θ : R+ → R+ such that θ(q)/q → +∞ as q → +∞

and

L(t, x, v) ≥ θ(|v|)− c0, u0(x), uT (x) ≥ −c0; (6.3)

(iii) for all r > 0 there exists C(r) > 0 such that

|L(t, x, v)− L(t, y, v)| < C(r)ω(|x − y|)θ(|v|)

for all t ∈ [0, T ], x, y ∈ Br ∩ �, v ∈ R
n, where ω : R+ → R+ is a nonde-

creasing function such that ω(r)→ 0 as r → 0.

If either S0 or ST is a compact set, then problem (CV) admits a solution.
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A function θ satisfying property (ii) above is often called a Nagumo function for
the functional �.

Proof — Suppose, for instance, that S0 is compact and consider any minimizing
sequence {ξk} for J , that is, a sequence such that J (ξk)→ m := inf{J (ξ) : ξ ∈ A}
as k → ∞. We want to show that this sequence admits a cluster point which is the
required minimizer.

As a first step, let us show that the sequence of derivatives {ξ̇k} is equiabsolutely
integrable, i.e., for every ε > 0 there exists δ > 0 such that, if E ⊂ [0, T ], we have

|E | < δ !⇒
∫

E
|ξ̇k |dt < ε for all k.

By assumption (ii) we have that, for all μ > 0, there exists Cμ > 0 such that
r ≤ θ(r)/μ for all r ≥ Cμ. Then, for any measurable set E ⊂ [0, T ], we obtain,
again by (ii),∫

E
|ξ̇k(t)|dt ≤ 1

μ

∫
E∩{|ξ̇k |≥Cμ}

θ(|ξ̇k(t)|)dt +
∫

E∩{|ξ̇k |<Cμ}
|ξ̇k(t)|dt

≤ 1

μ
(J (ξk)+ c0T + 2c0)+ |E |Cμ ≤ C̃

μ
+ |E |Cμ, (6.4)

for some C̃ > 0. The right-hand side can be made arbitrarily small by choosing μ
large and |E | small, and this proves our claim.

Since the sequence {ξ̇k} is equiabsolutely integrable, by the Dunford–Pettis Theo-
rem (see e.g., [71, Theorem 4.21.2]) there exists a subsequence, which we still denote
by {ξk}, and a function η∗ ∈ L1([0, T ],Rn) such that ξ̇k ⇀ η∗ in the weak-L1 topol-
ogy. It is easy to see that the equiabsolute integrability of ξ̇k and the compactness of
S0 imply that the sequence ξk is equicontinuous and uniformly bounded. Hence, by
the Ascoli–Arzelà Theorem, we can also assume that the sequence {ξk} converges
uniformly to some absolutely continuous function ξ∞. Since ξ∞ is a uniform limit,
we have that ξ∞(t) ∈ � for all t ∈ [0, T ], ξ∞(0) ∈ S0, ξ∞(T ) ∈ ST , which means
that ξ∞ is an admissible arc. Observe that, for any f ∈ C1

0([0, T ],Rn),∫ T

0
f · η∗dt = lim

k→∞

∫ T

0
f · ξ̇kdt = − lim

k→∞

∫ T

0
ḟ · ξkdt = −

∫ T

0
ḟ · ξ∞dt.

By Lemma 6.1.1 we can conclude that ξ̇∞ ≡ η∗ almost everywhere.
We show now that J (ξ∞) ≤ lim infk→∞ J (ξk), and this will conclude the proof.

By the continuity of u0 and uT , it suffices to prove that�(ξ∞) ≤ lim infk→∞�(ξk).
Now,

�(ξ∞)−�(ξk) =
∫ T

0
[L(t, ξ∞(t), ξ̇∞(t))− L(t, ξk(t), ξ̇k(t)]dt

=
∫ T

0
[L(t, ξ∞(t), ξ̇∞(t))− L(t, ξ∞(t), ξ̇k(t)]dt (6.5)

+
∫ T

0
[L(t, ξ∞(t), ξ̇k(t))− L(t, ξk(t), ξ̇k(t)]dt,
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where, by assumptions (ii) and (iii),∫ T

0
[L(t, ξ∞(t), ξ̇k(t))− L(t, ξk(t), ξ̇k(t)]dt

≤ C(r)ω(‖ξ∞ − ξk‖∞)
∫ T

0
θ(|ξ̇k(t)|)dt

≤ C(r)C̃ω(‖ξ∞ − ξk‖∞)→ 0 as k →∞.
where r is an upper bound on ‖ξk‖∞ and C̃ is the same constant as in estimate (6.4).
To prove that the other term in (6.5) also tends to zero, it suffices to show that the
functional �∗ : L1([0, T ],Rn)→ R defined by

�∗(u) =
∫ T

0
L(t, ξ∞(t), u(t))dt,

is weakly lower semicontinuous with respect to the L1 topology. To this end, let us
set, for λ ∈ R,

Xλ = {u ∈ L1([0, T ],Rn) : �∗(u) ≤ λ}.
The sets Xλ are convex, by assumption (i), and are closed in the strong L1 topology.
Indeed, if {uk} ⊂ Xλ is such that uk → u∞ in L1([0, T ],Rn), then uk → u∞ al-
most everywhere (up to subsequences). Since L is continuous, L(t, ξ∞(t), uk(t))→
L(t, ξ∞(t), u∞(t)) almost everywhere. By assumption (ii), L is bounded from below
and so, by Fatou’s Lemma, �∗(u∞) ≤ lim infk→∞�∗(uk) ≤ λ, that is, u∞ ∈ X�.

A well-known property of weak topologies implies that the sets Xλ, being convex
and strongly closed, are closed also in the weak-L1 topology. From this we easily
obtain the weak lower semicontinuity of �∗.

Remark 6.1.3 Hypothesis (iii) in the previous theorem can be replaced by much
weaker assumptions, e.g., that L(x, u, p) is lower semicontinuous with respect to
(u, p) (see [30, Sect. 3.1] and the references therein). However, the proof becomes
considerably harder. On the other hand, the following two examples show that con-
ditions (i) and (ii) cannot be removed.

Example 6.1.4 (L is not convex) Consider the map L : [0, 1]×R×R → R, defined
by L(t, x, v) = |x |2+(|v|2−1)2, S0 = S1 = {0}, and u0, u1 ≡ 0. We have J (ξ) ≥ 0
for all ξ ∈ A. Moreover, if we consider the arcs ξk defined by

ξk(t) =

⎧⎪⎨⎪⎩
t − j

k for t ∈
[

j
k ,

2 j+1
2k

]
, j = 0, . . . , k − 1,

−t + j+1
k for t ∈

]
2 j+1

2k ,
j+1
k

]
, j = 0, . . . , k − 1,

we have that ξk ∈ A and∫ 1

0
L(s, ξk(s), ξ̇k(s))ds =

∫ 1

0
ξk(s)

2ds ≤ 1

4k2
→ 0 as k →∞.



6.2 Necessary conditions and regularity 147

Hence inf{J (ξ) : ξ ∈ A} = 0. On the other hand the minimum cannot be attained,
since a minimizing arc should satisfy ξ = 0, |ξ̇ | = 1 almost everywhere, which is
impossible.

Example 6.1.5 (L is not superlinear) Consider the map L : [0, 1] × R × R → R,
defined by L(t, x, v) = √

x2 + v2, S0 = {0}, S1 = {1} and u0, u1 ≡ 0. We observe
that, for all ξ ∈ A

J (ξ) =
∫ 1

0

√
ξ(s)2 + ξ̇ (s)2ds ≥

∫ 1

0
ξ̇ (s)ds = 1.

However, we cannot have J (ξ) = 1 on any admissible arc. In fact, because of the
constraint ξ(1) = 1, the inequality

√
ξ(s)2 + ξ̇ (s)2 ≥ ξ̇ (s) is strict at least in a

neighborhood of s = 1.
On the other hand, if we consider the maps ξk ∈ A, given by

ξk(t) =
{

0 for t ∈ [0, 1 − 1/k],

k(t − 1 + 1/k) for t ∈]1 − 1/k, 1],

we find that∫ 1

0
L(s, ξk(s), ξ̇k(s))ds =

∫ 1

1−1/k

√
k2 + ξk(s)2ds ≤

√
k2 + 1

k
→ 1,

as k →∞. Thus inf J (ξ) = 1, and no minimizer exists.

6.2 Necessary conditions and regularity

We show in this section that the minimizing arcs for problem (CV) are regular and
solve a system of equations called the Euler–Lagrange equations. Our analysis is
restricted to those minimizers which are contained in �; minimizers touching the
boundary of � would require a longer analysis. We need some further assumptions
on the data. Namely, we assume that the lagrangian L is of class C1 and that for all
r > 0 there exists C̃(r) > 0 such that

|Lx (t, x, v)| + |Lv(t, x, v)| ≤ C̃(r)θ(|v|)
∀ t ∈ [0, T ], x ∈ � ∩ Br , v ∈ R

n,
(6.6)

where θ is the Nagumo function appearing in hypothesis (ii) of Theorem 6.1.2. Ob-
serve that property (iii) of the same theorem is implied by (6.6). In addition, we
assume that θ satisfies

θ(q + m) ≤ KM [1 + θ(q)] ∀m ∈ [0,M], q ≥ 0. (6.7)

It is easily checked that assumption (6.7) is satisfied for many classes of superlinear
functions θ , such as powers or exponentials. It is violated in cases where θ grows
“very fast”, e.g., θ(q) = eeq

, q ∈ R.
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Definition 6.2.1 Let ξ, η ∈ AC([0, T ],Rn) be such that ξ+sη ∈ A and J (ξ+sη) <
∞ for s in a neighborhood of 0. Then we set

∂ J

∂η
(ξ) := d

ds
J (ξ + sη)|s=0

provided the derivative at the right-hand side exists. The above quantity is called the
first variation of J at ξ with respect to η.

Lemma 6.2.2 Assume that the lagrangian L is of class C1 and that there exists a
function θ satisfying assumption (ii) of Theorem 6.1.2 and properties (6.6), (6.7).
If ξ ∈ A is such that ξ(t) ∈ � for all t ∈ [0, T ] and J (ξ) < ∞, then for all
η ∈ Lip([0, T ],Rn) such that η(0) = η(T ) = 0 the first variation of J at ξ with
respect to η exists and is equal to

∂ J

∂η
(ξ) =

∫ T

0

(
Lx (t, ξ(t), ξ̇ (t)) · η(t)+ Lv(t, ξ(t), ξ̇ (t)) · η̇(t)

)
dt.

Proof — From the assumptions that ξ(t) ∈ � and that η(0) = η(T ) = 0 it easily
follows that the arc ξ+sη belongs to the class A of admissible arcs if s is sufficiently
small. Let us prove that if J (ξ) <∞, then J (ξ + sη) <∞. We have

L(t, ξ + sη, ξ̇ + sη̇) = L(t, ξ, ξ̇ )+
∫ s

0

d

dλ
[L(t, ξ + λη, ξ̇ + λη̇)]dλ

and we can estimate, using (6.6), (6.7) and (6.3),∣∣∣∣∫ s

0

d

dλ
[L(t, ξ + λη, ξ̇ + λη̇)]dλ

∣∣∣∣
=
∣∣∣∣∫ s

0
[Lx (t, ξ + λη, ξ̇ + λη̇) · η + Lv(t, ξ + λη, ξ̇ + λη̇) · η̇]dλ

∣∣∣∣
≤
∫ s

0
C1(|η| + |η̇|)θ(|ξ̇ + λη̇|)dλ ≤ C2

∫ s

0
θ(|ξ̇ + λη̇|)dλ

≤ C3

∫ s

0
(1 + θ(|ξ̇ |))dλ ≤ C3s(1 + L(t, ξ, ξ̇ )+ c0),

for suitable constants C1,C2, . . . depending only on ξ and on the Lipschitz constant
of η. Thus, the integral of L along the arc ξ + sη can be estimated by the integral of
L along ξ , and this shows that J (ξ + sη) is finite.

Now, the first variation of J can be computed by differentiating under the integral
sign, since by the previous estimates we also obtain that∣∣∣∣ d

ds
L(t, ξ + sη, ξ̇ + sη̇)

∣∣∣∣
≤ ∣∣Lx (t, ξ + λη, ξ̇ + λη̇) · η

∣∣+ ∣∣Lv(t, ξ + λη, ξ̇ + λη̇) · η̇∣∣
≤ C3(1 + θ(|ξ̇ |)),
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where θ(|ξ̇ |) is integrable on [0, T ] by assumption (6.3) and the finiteness of J (ξ).

We can consider variations where the endpoints are also changed, when it is
allowed by the constraints. Arguing as in the previous proof we obtain for instance
the following result, dealing with variations where the first endpoint is moved.

Lemma 6.2.3 Under the hypotheses of the previous lemma, assume in addition that
ξ(0) belongs to the interior of S0 and that u0 ∈ C1(�). Then the first variation of J
exists for all η ∈ Lip([0, T ],Rn) such that η(T ) = 0 and is equal to

∂ J

∂η
(ξ) =

∫ T

0

(
Lx (t, ξ(t), ξ̇ (t)) · η(t)+ Lv(t, ξ(t), ξ̇ (t)) · η̇(t)

)
dt

+Du0(ξ(0)) · η(0).

Theorem 6.2.4 Suppose that L is of class C1 and that there exists θ satisfying as-
sumption (ii) of Theorem 6.1.2 and properties (6.6), (6.7). If ξ ∈ A is a solution of
(CV) and ξ(t) ∈ � for all t ∈ [0, T ], then

(i) the map t �→ Lv(t, ξ(t), ξ̇ (t)) is absolutely continuous;
(ii) ξ is a solution of the Euler–Lagrange equations

d

dt
Lv(t, ξ(t), ξ̇ (t)) = Lx (t, ξ(t), ξ̇ (t)) (6.8)

almost everywhere in [0, T ];
(iii) if ξ(0) lies in the interior of S0 and u0 ∈ C1(�), then ξ also satisfies the

transversality condition

Lv(0, ξ(0), ξ̇ (0)) = Du0(ξ(0)). (6.9)

Proof — Let us take any η ∈ Lip([0, T ],Rn) such that η(0) = η(T ) = 0. Then,
since ξ is a solution of (CV), the function s �→ J (ξ + sη) attains the minimum at
s = 0. Thus we obtain, by Lemma 6.2.2,

∂ J

∂η
(ξ) =

∫ T

0

(
Lx (t, ξ(t), ξ̇ (t)) · η(t)+ Lv(t, ξ(t), ξ̇ (t)) · η̇(t)

)
dt = 0.

Hence statements (i) and (ii) are consequences of Lemma 6.1.1. To prove the
transversality condition, let us again take any η ∈ Lip([0, T ],Rn), assuming this
time only that η(T ) = 0. Then Lemma 6.2.3 implies∫ T

0

(
Lx (t, ξ, ξ̇ ) · η + Lv(t, ξ, ξ̇ ) · η̇

)
dt + Du0(ξ(0)) · η(0) = 0.

Integrating by parts and using the Euler–Lagrange equations proved above, we obtain
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0 =
∫ T

0

(
Lx (t, ξ(t), ξ̇ (t))− d

dt
Lv(t, ξ(t), ξ̇ (t))

)
· η(t)dt

+ [
Lv(t, ξ(t), ξ̇ (t)) · η(t)

] ∣∣∣T
0
+ Du0(ξ(0)) · η(0)

= [−Lv(0, ξ(0), ξ̇ (0))+ Du0(ξ(0))
] · η(0).

Since η(0) is arbitrary, (6.9) is proved.

Theorem 6.2.5 Let the hypotheses of Theorems 6.1.2 and 6.2.4 be satisfied. If ξ ∈ A
is a solution of (CV) and ξ(t) ∈ � for all t ∈ [0, T ], then ξ is Lipschitz continuous.
Moreover, if L(t, x, v) is strictly convex with respect to v, then ξ ∈ C1([0, T ],Rn).

Proof — Let us prove the first statement. First we observe that, by Euler–Lagrange
equations (6.8), there exists p0 ∈ R

n such that

Lv(t, ξ(t), ξ̇ (t)) =
∫ t

0
Lx (r, ξ(r), ξ̇ (r))dr + p0, ∀ t ∈ [0, T ]. (6.10)

Using properties (6.3), (6.6) and the convexity of L we obtain

θ(|ξ̇ (t)|)− c0 ≤ L(t, ξ(t), ξ̇ (t)) ≤ L(t, ξ(t), 0)+ Lv(t, ξ(t), ξ̇ (t)) · ξ̇ (t)
≤ L(t, ξ(t), 0)+

(∫ t

0
Lx (r, ξ(r), ξ̇ (r))dr + p0

)
· ξ̇ (t)

≤ k1 + k2|ξ̇ (t)|,

where k1, k2 are independent of t . Thus, |ξ̇ | must be bounded on [0, T ], otherwise
we get a contradiction with the superlinearity of θ .

To prove the second statement, let N be the set of zero Lebesgue measure where
ξ̇ does not exist. For t̄ ∈ [0, T ], choose a sequence {tk} ∈ [0, T ]\N such that tk → t̄ .
Then ξ̇ (tk)→ v̄ for some v̄ ∈ R

n (up to subsequences) and

Lv(t̄, ξ(t̄), v̄) = lim
k→∞

Lv(tk, ξ(tk), ξ̇ (tk))

= lim
k→∞

∫ tk

0
Lx (r, ξ(r), ξ̇ (r))dr + p0 =

∫ t̄

0
Lx (r, ξ(r), ξ̇ (r))dr + p0.

From the strict convexity of L it follows that the map v �→ Lv(t, ξ(t), v) is injective
(see Theorem A. 2.4). Hence, the above relations show that the value of v̄ is uniquely
determined and this implies that

lim
[0,T ]\N t→t̄

ξ̇ (t) = v̄.

The assertion is then a consequence of the following lemma.
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Lemma 6.2.6 If f : [a, b] → R is a Lipschitz function and N ⊂ [a, b] is the set of
zero Lebesgue measure where the derivative ḟ does not exist, then for all t̄ ∈ [a, b]

lim inf
[a,b]\N t→t̄

ḟ (t) ≤ lim inf
t→t̄

f (t)− f (t̄)

t − t̄

and

lim sup
[a,b]\N t→t̄

ḟ (t) ≥ lim sup
t→t̄

f (t)− f (t̄)

t − t̄
.

Therefore, if lim[a,b]\N t→t̄ ḟ (t) exists, then ḟ (t̄) exists and coincides with
lim[a,b]\N t→t̄ ḟ (t).

Proof — Both inequalities can be easily obtained by writing

f (t)− f (t̄)

t − t̄
= 1

t − t̄

∫ t

t̄
ḟ (s)ds

and observing that the set N is negligible when estimating the integral.

Remark 6.2.7 For a later application, let us observe that the previous results hold
under slightly more general assumptions than the ones we have given. In fact, in the
proof of Lemma and 6.2.2 and Theorem 6.2.5, the lagrangian L is only estimated for
values of x belonging to a neighborhood of the trajectory ξ . Therefore, these results
still hold if hypothesis (ii) of Theorem 6.1.2 is replaced by the following: there exists
θ : R+ → R+ such that θ(q)/q → +∞ as q → +∞ and such that for every r > 0
the inequality

L(t, x, v) ≥ θ(|v|)− cr , t ∈ [0, T ], x ∈ � ∩ Br , v ∈ R
n

holds for a suitable constant cr ≥ 0. Also, let us observe that we are never using the
differentiability of L with respect to t in the above mentioned proofs, and so the C1

assumption on L can be weakened by requiring that Lx (t, x, v), Lv(t, x, v) exist for
all t, x, v and are continuous with respect to t, x, v.

Theorem 6.2.8 In addition to the hypotheses of the previous theorem, assume that
the lagrangian L is of class Ck, for some k ≥ 2, and that Lvv(t, x, v) (the hessian
of L with respect to v) is positive definite for all t, x, v. Then any minimizer ξ∗ of J
such that ξ∗(t) ∈ � for all t ∈ [0, T ] is of class Ck([0, T ],Rn) and is a classical
solution of the Euler–Lagrange equations.

Proof — By Theorem 6.2.5 we already know that ξ∗ ∈ C1([0, T ],Rn). Thus, it
suffices to show that if ξ∗ ∈ Ch−1([0, T ],Rn), 2 ≤ h ≤ k, then ξ∗ ∈ Ch([0, T ],Rn).
Set

P(t) =
∫ t

0
Lx (r, ξ

∗(r), ξ̇∗(r))dr

and
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�(t, v) = Lv(t, ξ
∗(t), v)− P(t), (t, v) ∈ [0, T ] × R

n .

Then � ∈ Ch−1([0, T ],Rn) and Euler–Lagrange equations give

�(t, ξ̇∗(t)) = p0 ∀t ∈ [0, T ],

for some constant p0. Applying the implicit function theorem and using the assump-
tion on the hessian of L with respect to v we easily obtain that ξ̇∗ is a Ch−1 function.

Remark 6.2.9 Consider the case L = L(v), � = R
n . Then Euler–Lagrange equa-

tions (6.8) are equivalent to ξ̈ = 0, and so the above results imply that any minimiz-
ing arc for the problem (CV) is linear. Using this property it is easy to the recover the
Hopf formula derived in Chapter 1. Let us remark that in this case the minimization
problem (CV) is reduced to a minimization problem on a finite dimensional space.

Proposition 6.2.10 Under the hypotheses of the previous theorem, any minimizer ξ∗
of J such that ξ∗(t) ∈ � for all t ∈ [0, T ] satisfies the du Bois–Reymond equations
(or Erdmann conditions)

d

dt

[
L(t, ξ∗(t), ξ̇∗(t))− ξ̇∗(t) · Lv(t, ξ

∗(t), ξ̇∗(t))
] = ∂
∂t

L(t, ξ∗(t), ξ̇∗(t)),

for all t ∈ [0, T ].

Proof — By the previous theorem it is possible to take the first derivative of t �→
L(t, ξ∗(t), ξ̇∗(t))− ξ̇∗(t) · Lv(t, ξ∗(t), ξ̇∗(t)). We obtain

d

dt

[
L(t, ξ∗, ξ̇∗)− ξ̇∗ · Lv(t, ξ

∗, ξ̇∗)
]

= ∂
∂t

L(t, ξ∗, ξ̇∗)+ Lx (t, ξ
∗, ξ̇∗) · ξ̇∗ + Lv(t, ξ

∗, ξ̇∗) · ξ̈∗

−ξ̈∗ · Lv(t, ξ
∗, ξ̇∗)− ξ̇∗ · d

dt
Lv(t, ξ

∗, ξ̇∗)

= ∂
∂t

L(t, ξ∗, ξ̇∗)+ ξ̇∗ ·
(

Lx (t, ξ
∗, ξ̇∗)− d

dt
Lv(t, ξ

∗, ξ̇∗)
)

= ∂
∂t

L(t, ξ∗, ξ̇∗),

since ξ∗ satisfies the Euler–Lagrange equations.

6.3 The problem with one free endpoint

Starting with this section we focus our attention on the case where the admissible
trajectories of our problem have the final endpoint fixed and the initial one free; in
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addition, we no longer consider space constraints and our trajectories will be defined
in the whole space. We assume that the data of the problem satisfy the assumption
needed for the results of the previous section; for the reader’s convenience, we list
them together here.

For a given T > 0, we set QT = ]0, T [×R
n . We assume that the running cost L :

QT × R
n → R and the initial cost u0 : R

n → R satisfy the following assumptions.

(L1) L ∈ C R+1(QT × R
n), u0 ∈ C R+1(Rn) for some given R ≥ 1.

(L2) There exist c0 ≥ 0 and θ : R+ → R+ with limr→+∞ θ(r)/r = +∞ such that

L(t, x, v) ≥ θ(|v|)− c0, u0(x) ≥ −c0 ∀ t, x, v.

In addition, θ is such that for any M > 0 there exists KM > 0 with

θ(r + m) ≤ KM [1 + θ(r)]

for all m ∈ [0,M] and all r ≥ 0.
(L3) Lvv(t, x, v) is positive definite for all t, x, v.
(L4) For all r > 0 there exists C(r) > 0 such that

|Lx (t, x, v)| + |Lv(t, x, v)| < C(r)θ(|v|) ∀ t ∈ [0, T ], x ∈ Br , v ∈ R
n .

It will be convenient to consider problem (CV) on a general interval of the form
[0, t] ⊂ [0, T ]. We consider arcs whose initial endpoint is free and whose final one
is prescribed. More precisely, for any fixed (t, x) ∈ QT , we consider the following
class of admissible arcs

At,x = {ξ ∈ AC([0, t],Rn) : ξ(t) = x}.

We then introduce the functional

Jt (ξ) =
∫ t

0
L(s, ξ(s), ξ̇ (s))ds + u0(ξ(0)), ξ ∈ At,x , (6.11)

and consider the problem that the (CV)t,x minimize Jt over all arcs ξ ∈ At,x .
Thus, we are considering problem (CV) of the previous sections (with the final

time denoted by t instead of T ) with S0 = � = R
n , St = {x}, ut ≡ 0. Applying

the results of the previous sections we obtain that there exists a minimizer, that any
minimizer is regular and satisfies the Euler–Lagrange equations together with the
transversality condition. A useful property of minimizers, which can be proved with
arguments similar to Theorem 6.2.5, is the following.

Theorem 6.3.1 For any r > 0, there exists M(r) > 0 such that, if (t, x) ∈ [0, T ] ×
Br and ξ∗ is a minimizer for (t, x), then

sup
s∈[0,t]

|ξ̇∗(s)| ≤ M(r).
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Definition 6.3.2 Any arc ξ ∈ At,x which solves the Euler–Lagrange equations (6.8)
together with the transversality condition (6.9) is called an extremal for problem
(CV)t,x .

Euler’s equations (6.8) can be equivalently restated as a first order system of
2n equations, as it is shown below. Such a formulation, called hamiltonian, is more
convenient for our later computations. Let us set

H(t, x, p) = max
v∈Rn

[p · v − L(t, x, v)]. (6.12)

The function H is the Legendre–Fenchel transform of L with respect to the third
argument (see Appendix A. 2) and is called the hamiltonian associated with L .

Theorem 6.3.3 Let ξ∗ ∈ C2([0, t]) be an extremal for problem (CV)t,x and let us
set

η∗(s) = Lv(s, ξ
∗(s), ξ̇∗(s)), s ∈ [0, t].

Then η∗(0) = Du0(ξ
∗(0)), and the pair (ξ∗, η∗) satisfies⎧⎨⎩ξ̇

∗(s) = Hp(s, ξ∗(s), η∗(s))

η̇∗(s) = −Hx (s, ξ∗(s), η∗(s)).
(6.13)

Conversely, suppose that ξ∗, η∗ ∈ C2([0, t]) solve system (6.13) together with the
conditions ξ∗(t) = x, η∗(0) = Du0(ξ

∗(0)). Then ξ∗ is an extremal for problem
(CV)t,x .

Proof — Since Lv(t, x, ·) and Hp(t, x, ·) are reciprocal inverses, see (A. 28), the
definition of η∗ implies that

ξ̇∗(t) = Hp(t, ξ
∗(t), η∗(t)) t ∈ [0, T ].

On the other hand, since ξ∗ is an extremal, we have

η̇∗(t) = Lx (t, ξ
∗(t), ξ̇∗(t)) η∗(0) = Du0(ξ

∗(0)). (6.14)

Recalling that −Hx (t, x, Lv(t, x, v)) = Lx (t, x, v) (see (A. 26) ) we obtain the first
part of the assertion. The converse part is obtained by similar arguments.

Following the terminology of control theory, we call η∗ the dual arc or co-state
associated with ξ∗. For any z ∈ R

n , we denote by (ξ(·, z), η(·, z)) the solution of⎧⎨⎩ξ̇ (s) = Hp(s, ξ(s), η(s))

η̇(s) = −Hx (s, ξ(s), η(s)) s ≥ 0,
(6.15)

with initial data
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η(0) = Du0(z).
(6.16)

Our regularity assumptions imply that ξ, η and their time derivatives are of class C R

in both arguments. Observe that, by Theorem 6.3.3, an arc is an extremal for problem
(CV)t,x if and only if it is of the form ξ = ξ(·, z) for some z ∈ R

n .
By differentiating (6.15)–(6.16) with respect to z we obtain that ξz and ηz satisfy

the linearized system {
ξ̇z = Hpxξz + Hppηz

η̇z = −Hxxξz − Hxpηz,
(6.17)

with initial conditions {
ξz(0) = I

ηz(0) = D2u0(z).
(6.18)

Let us observe a consequence of the above relations which will be important in
our later analysis. For fixed z ∈ R

n , θ ∈ (Rn \ {0}), let us denote by w(t) the 2n-
vector with components (ξz(t, z)θ, ηz(t, z)θ). Thenw(t) satisfies a linear differential
system with nonzero initial conditions, since the first n components ofw(0) are given
by θ . By well-known properties of linear systems, we have w(t) �= 0 for all t > 0.
We conclude that for any t > 0, z ∈ R

n , θ ∈ (Rn \ {0}),
ξz(t, z)θ = 0 !⇒ ηz(t, z)θ �= 0. (6.19)

We now recall further classical notions from calculus of variations.

Definition 6.3.4 (Conjugate and irregular points)

(i) A point (t, x) ∈ QT is called regular if there exists a unique minimizer of (CV)t,x .
All other points are called irregular.

(ii) A point (t, x) ∈ QT is called conjugate if z ∈ R
n exists such that ξ(t, z) = x,

ξ(·, z) is a minimizer of (CV)t,x , and

det ξz(t, z) = 0.

We denote by � the set of irregular points and by � the set of conjugate points.

It is easily checked that for any R > 0, one can find TR > 0 such that for all
t ≤ TR , ξ(t, z1) �= ξ(t, z2) for all z1, z2 ∈ BR and det ξz(t, z) �= 0 for all z ∈ BR .
Thus, in an initial time interval (whose size may depend on R) all points are regular
and not conjugate.

Before continuing our analysis, let us consider a specific example to illustrate the
meaning of the notions introduced above.

Example 6.3.5 Let us suppose that n = 1 and L(v) = v2/2. We consider an initial
cost u0 ∈ C2(R) satisfying the following assumption.
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(A) The second derivative u′′0 attains a minimum value c∗ < 0 at some point z∗, is
strictly decreasing in ]−∞, z∗], strictly increasing in [z∗,+∞[ , and tends to 0
as z →±∞.

The solution to system (6.15)–(6.16) is given by

ξ(t, z) = z + u′0(z)t, η(t, z) = u′0(z), t ≥ 0, z ∈ R.

For a fixed (t̄, x̄) ∈ R+ × R, we want to find the minimizers of problem (CV)t̄,x̄ .
We know that we can restrict our attention to the arcs of the form ξ(·, z) for some z.
Therefore we will first find the values of z such that ξ(t̄, z) = x̄ and then find among
them the minimizing ones. Let us set T ∗ = −1/c∗. Since ξz(t, z) = 1 + u′′0(z)t , we
see that the analysis is different depending on whether t̄ is smaller or greater than
T ∗.
Case (i): t̄ ≤ T ∗. In this case the function z → ξ(t̄, z) is strictly increasing in
R and so there exists a unique z̄ such that ξ(t̄, z̄) = x̄ . We deduce that ξ(·, z̄) is
the unique minimizer for (t̄, x̄). Thus, all points (t̄, x̄) with t̄ ≤ T ∗ are regular. In
addition, ξz(t, z) > 0 for all z ∈ R and t ≤ T ∗ except for the case z = z∗, t = T ∗.
Therefore, setting x∗ = z∗ + u′0(z

∗)T ∗ = ξ(z∗, T ∗), we have that the point (T ∗, x∗)
is conjugate, while all other points (t̄, x̄) with t̄ ≤ T ∗ are not conjugate.
Case (ii): t̄ > T ∗. This case requires a longer analysis. By assumption (A), there
are z1 and z2, with z1 < z∗ < z2, such that u′′0(z1) = u′′0(z2) = −1/t̄ . In addition,
the function z → ξ(t̄, z) is increasing for z ≤ z1, decreasing for z ∈ [z1, z2], and
increasing for z ≥ z2. Let us set x− = ξ(t̄, z2), x+ = ξ(t̄, z1). If x̄ /∈ [x−, x+],
there exists a unique value z̄ ∈ R such that ξ(t̄, z̄) = x̄ ; thus ξ(·, z̄) is the unique
minimizer for (t̄, x̄) and (t̄, x̄) is regular. In addition, ξz(t̄, z̄) �= 0 and so (t̄, x̄) is not
conjugate in this case either. If x̄ ∈ [x−, x+] there is instead more than one value of
z such that ξ(t̄, z) = x̄ and a further analysis is required to determine which value
yields a minimizer.

We call z0 the value to the left of z1 such that ξ(t̄, z0) = x− and z3 the value
to the right of z2 such that ξ(t̄, z3) = x+. Let us first consider the case x = x−.
Then there are two values of z such that ξ(t̄, z) = x−, namely z = z0 and z = z2.
To determine whether ξ(·, z0) or ξ(·, z2) is minimizing for (t̄, x−), let us compare
directly the two values of the functional. Setting ξi := ξ(t̄, zi ) we obtain

Jt̄ (ξ2)− Jt̄ (ξ0) = u0(z2)− u0(z0)+ (x− − z2)
2

2t̄
− (x− − z0)

2

2t̄

=
∫ z2

z0

(
u′0(z)+

z − x−
t̄

)
dz > 0 (6.20)

because, by our definitions, u′0(z) + (z − x−)/t̄ vanishes for z = z0, z = z2 and is
positive if z0 < z < z2. It follows that ξ(·, z0) is the unique minimizing trajectory
for x−. By a similar computation, one obtains that ξ(·, z3) is the unique minimizing
trajectory for x+.

Let us consider now the case when x̄ ∈ ]x−, x+[ . Then there are three values
w1, w2, w3 such that ξ(t̄, wi ) = x̄ ; we label them in such a way that wi ∈ ]zi−1, zi [
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for i = 1, 2, 3. We can observe that the trajectory starting from w2 is not a local
minimizer. In fact

d2

dz2

∣∣∣∣∣
z=w2

(
u0(z)+ (x̄ − z)2

2t̄

)
= u′′0(w2)+ 1

t̄
< 0

since z1 < w2 < z2. Therefore only the trajectories starting from w1 and w3 are
candidates to be a minimizer.

Let us first observe that the values w1 and w3 are smooth functions of x ∈
]x−, x+[ , both strictly increasing. They satisfy

w1(x)→ z0, w3(x)→ z2 as x → x−

w1(x)→ z1, w3(x)→ z3 as x → x+.

Let us set

I (x) = u0(w3(x))− u0(w1(x))+ (x − w3(x))2

2t̄
− (x − w1(x))2

2t̄
.

Then we have, taking into account (6.20),

lim
x→x−

I (x) > 0, lim
x→x+

I (x) < 0.

We claim that I is strictly decreasing. Indeed,

I ′(x) = w1(x)− w3(x)

t̄
+
(

u′0(w3(x))+ w3(x)− x

t̄

)
w′3(x)

−
(

u′0(w1(x))+ w1(x)− x

t̄

)
w′1(x).

Since by definition u′0(wi (x)) + (wi (x) − x)/t̄ = 0 and w1(x) < w3(x) our claim
follows. We deduce that I (x) changes sign only once at some value x̂ ∈ ]x−, x+[ .
By the definition of I (x), we see that the sign of I (x) tells us whether the functional
is greater when evaluated at ξ(·, w1) or at ξ(·, w3). Therefore, if x̄ ∈ ]x−, x̂[ , the
unique minimizer is the arc ξ(·, w1(x̄)), while if x̄ ∈ ]x̂, x+[ , the unique minimizer
is the arc ξ(·, w3(x̄)). If x = x̂ , then both arcs are minimizers and so (t̄, x̂) is an
irregular point.

Observe that x−, x+ and x̂ depend smoothly on t for t > T ∗. In addition x−(t)
and x+(t) both tend to x∗ as t → T ∗+ and so does x̂(t) by comparison. In conclu-
sion, there is one conjugate point, i.e., (T ∗, x∗), a smooth curve x = x̂(t) of irregular
points starting from the conjugate point (T ∗, x∗) and all other points are regular. If
we introduce the value function of the problem as in Chapter 1

u(t, x) = min{Jt (ξ) : ξ ∈ At,x },
then it can be checked that u is smooth on the set of regular points, is not differen-
tiable at the irregular points, and is differentiable once but not twice at the conjugate
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point. Thus the nature of a point (t, x) (regular, irregular, conjugate) appears to be
related to the differentiability of u.

One could analyze in a similar way the cases when R can be partitioned into a
finite number of intervals such that u′′0 is strictly monotone on every interval. One
would find that the value function is smooth outside a finite number of curves of ir-
regular points, each one starting from a conjugate point. Hence the solution is piece-
wise smooth, and so it is far from being as irregular as a general Lipschitz continuous
or semiconcave function can be. In the remainder of this chapter we investigate how
much of the behavior of this special example can be found in the general case.

We now show how the notions of irregular and conjugate points play a role in
optimality conditions.

Theorem 6.3.6 Assume (L1)–(L4). If ξ∗ is a minimizer for problem (CV)t,x , then
(s, ξ∗(s)) is regular and not conjugate for any 0 ≤ s < t .

Remark 6.3.7 The above result is classical in the calculus of variations (see [88,
53]); however, the proof is usually given for problems where both endpoints of the
arc are fixed. The statement that along a minimizer there are no conjugate points is
known as Jacobi’s necessary optimality condition.

Before giving the proof of Theorem 6.3.6, we need to introduce another func-
tional. Given an extremal ξ∗ ∈ C2([0, t]), we set

�∗(s, x, v) = 〈Lxx (s, ξ
∗(s), ξ̇∗(s))x, x〉

+2〈Lxv(s, ξ
∗(s), ξ̇∗(s))x, v〉 + 〈Lvv(s, ξ∗(s), ξ̇∗(s))v, v〉, (6.21)

�∗(v) = ∂
2u0

∂v2
(ξ∗(0)) = 〈D2u0(ξ

∗(0))v, v〉, (6.22)

for all s ∈ [0, t] and x, v ∈ R
n . Then we define, for α ∈ AC([0, t],Rn),

J ∗(α) =
∫ t

0
�∗(s, α(s), α̇(s)) ds +�∗(α(0)). (6.23)

Observe that this is a functional of the form (6.2). The integrand �∗ is continuous
with respect to all variables, quadratic with respect to x, v, and uniformly convex
with respect to v, by the positiveness assumption on Lvv .

Proposition 6.3.8 Let ξ∗ be a minimizer for problem (CV)t,x and let J ∗ be the func-
tional associated with ξ∗ defined in (6.23). Then, for all α ∈ Lip ([0, t],Rn) such
that α(t) = 0 we have J ∗(α) ≥ 0.

Proof — We observe that J ∗ gives the second variation of Jt at ξ∗, that is

d2

dε2 |ε=0
Jt (ξ

∗ + εα) = J ∗(α),
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for any α ∈ Lip ([0, t],Rn) such that α(t) = 0. This follows from a direct compu-
tation, where we can differentiate Jt under the integral sign using the C2 regularity
of L and ξ∗. If ξ∗ is a minimizer, then the second variation of J is nonnegative, and
this proves the assertion.

Lemma 6.3.9 Any arc α ∈ AC([0, t],Rn) minimizing the functional J ∗ is of class
C1.

Proof — In general, we cannot immediately apply Theorem 6.2.5 to obtain the asser-
tion. In fact,�∗ does not satisfy a lower bound of the form (6.3) valid for all x ∈ R

n ,
since the quadratic part with respect to x can be unbounded below. Also, � may not
be differentiable with respect to t if L is no more regular than C2.

However, as observed in Remark 6.2.7, the differentiability with respect to t is
not needed, and the bound in (6.3) can be replaced by a local one. For this purpose,
let us take λ0 > 0 such that

〈Lvv(s, ξ∗(s), ξ̇∗(s))v, v〉 ≥ λ0|v|2, s ∈ [0, t], v ∈ R
n

and let us set θ(q) = 1+ λ0
2 q2. It is easy to see that θ satisfies properties (6.6)–(6.7).

In addition, if we fix r > 0 and take any x ∈ Br , s ∈ [0, t], v ∈ R
n , we obtain

�∗(s, x, v) ≥ −C(|x |2 + |x ||v|)+ λ0|v|2 ≥ −Cr2 − Cr |v| + λ0|v|2

≥ −Cr2 − C2r2

2λ0
+ λ0

2
|v|2 = −Cr2 − C2r2

2λ0
− 1 + θ(|v|),

for a suitable constant C . Thus, taking into account Remark 6.2.7, we can apply
Theorem 6.2.5 and conclude that any minimizer of the functional J ∗ is an arc of
class C1.

We are now ready to give the proof of Theorem 6.3.6.

Proof of Theorem 6.3.6 — Given a minimizer ξ∗ for the point (t, x), let us first show
that (t0, ξ∗(t0)) is regular for all t0 ∈ ]0, t[ . Given t0 ∈ ]0, t[ , let ξ0 be a minimizer
for the point (t0, ξ∗(t0)). Then it is easily seen that the arc

γ (s) =
{
ξ0(s) 0 ≤ s ≤ t0

ξ∗(s) t0 < s ≤ t

is a minimizer for (t, x). Since minimizers are of class C2, we obtain that ξ̇∗(t0) =
ξ̇0(t0). But then ξ∗ and ξ0 coincide on [0, t0], since they solve Euler’s equation with
the same terminal conditions. This shows that there are no minimizers for the point
(t0, ξ∗(t0)) different from ξ∗, and so the point is regular.

To prove the second part of the theorem, let us argue by contradiction and sup-
pose that there exists t0 ∈ ]0, t[ such that the point (t0, ξ∗(t0)) is conjugate. Let us
set for simplicity x0 = ξ∗(t0) and z∗ = ξ∗(0). By Theorem 6.3.3, ξ∗ coincides with
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ξ(·, z∗). By the first part of the proof, ξ∗ is the unique minimizer for (t0, x0). Then,
by the definition of conjugate point, there exists a nonzero vector θ such that

ξz(t0, z
∗)θ = 0.

Let us define α : [0, t] → R
n as follows:

α(s) =
{
ξz(s, z∗)θ 0 ≤ s ≤ t0

0 t0 < s ≤ t.

Then α ∈ Lip ([0, t],Rn), since it is piecewise smooth and continuous at t0. How-
ever, α it is not differentiable at t0. In fact, its left derivative at t0 is nonzero, by (6.17)
and (6.19).

Let J ∗ be the functional associated with ξ∗ defined in (6.21)–(6.23). We claim
that J ∗(α) = 0. If this is true, then Proposition 6.3.8 implies that α minimizes J ∗.
On the other hand, by Lemma 6.3.9, any minimizer of J ∗ is of class C1. The contra-
diction proves that (t0, x0) cannot be conjugate.

Therefore, to conclude the proof of the theorem we only need to prove our
claim that J ∗(α) = 0. This is done by a direct computation, as we show below.
In the following formulas, to simplify notation, we sometimes write Lxx instead of
Lxx (s, ξ(s, z∗), ξ̇ (s, z∗)), ξ instead of ξ(s, z∗), etc. We obtain

J ∗(α) =
∫ t

0
�∗(s, α(s), α̇(s)) ds +�∗(α(0))

=
∫ t0

0

(〈Lxxξzθ, ξzθ〉 + 2〈Lxvξzθ, ξ̇zθ〉 + 〈Lvvξ̇zθ, ξ̇zθ〉
)

ds

+〈D2u0(z
∗)θ, θ〉

=
∫ t0

0
〈∂z

∣∣z=z∗Lx (s, ξ(s, z), ξ̇ (s, z)) θ, ξzθ〉ds

+
∫ t0

0
〈∂z

∣∣z=z∗Lv(s, ξ(s, z), ξ̇ (s, z)) θ, ξ̇zθ〉ds + 〈D2u0(z
∗)θ, θ〉

=
∫ t0

0
〈∂z

∣∣z=z∗(Lx − L̇v)θ, ξzθ〉ds + 〈∂z |z=z∗Lvθ, ξzθ〉|s=t0
s=0

+〈D2u0(z
∗)θ, θ〉

= −〈(Lvxξz + Lvvξ̇z)θ, ξzθ〉|s=0 + 〈D2u0(z
∗)θ, θ〉

= 〈(−(Lvx + Lvvξ̇z)|s=0 + D2u0(z
∗))θ, θ〉.

Here we have used the fact that Lx − L̇v ≡ 0 along ξ since ξ satisfies Euler’s
equations, the property that ξz = I for s = 0, and the assumption ξz(s, z∗)θ = 0
for s = t0. Now, if we differentiate with respect to z the transversality condition
Lv(0, z, ξ̇ (0, z)) = Du0(z) we obtain

(Lvx + Lvvξ̇z)|s=0 = D2u0(z),

and so the right-hand side in the previous formula vanishes, proving our claim.
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6.4 The value function

As in Chapter 1, we further develop the study of problem (CV) looking at the value
function associated to the problem. We define

u(t, x) = min
ξ∈At,x

Jt (ξ). (6.24)

We recall that u satisfies the dynamic programming principle (Theorem 1.2.2). We
begin our analysis by studying the semiconcavity of u. We first give a result where
the initial value is required to be semiconcave; in the following we will show that
such an assumption can be omitted.

Theorem 6.4.1 Assume properties (L1)–(L4) and suppose in addition that u0 ∈
SCL loc(R

n) of the functions which are locally semiconcave with linear modulus.
Then the value function u defined in (6.24) belongs to SCL loc(QT ).

It is convenient to prove first the semiconcavity inequality in a special case, as in
the next lemma.

Lemma 6.4.2 Under the hypotheses of the previous theorem, for any ρ > 0 there
exists C such that

u(2h, x + z)+ u(0, x − z)− 2u(h, x) ≤ C(h2 + |z|2)

for all x, z ∈ Bρ and h ∈ [0, T/2].

Proof — Let x, z, h be as in the statement of the lemma and let ξ : [0, t] → R
n

be a minimizing arc for the point (h, x). We define an admissible trajectory ξ0 for
(2h, x + z) in the following way:

ξ0(s) = z − x + 2ξ
( s

2

)
, s ∈ [0, 2h].

It is immediately checked that ξ0(2h) = x + z. It follows that

u(2h, x + z)+ u(0, x − z)− 2u(h, x)

≤
∫ 2h

0
L(s, ξ0(s), ξ̇0(s)) ds − 2

∫ h

0
L(s, ξ(s), ξ̇ (s)) ds

+u0(x − z)+ u0(ξ0(0))− 2u0(ξ(0))

= 2
∫ h

0
{L(2s, z − x + 2ξ(s), ξ̇ (s))− L(s, ξ(s), ξ̇ (s))} ds

+u0(x − z)+ u0(2ξ(0)− x + z)− 2u0(ξ(0)).

By Theorem 6.3.1, |ξ | and |ξ̇ | are bounded by some constant M depending only
on ρ. Thus we obtain

|ξ(s)− x + z| = |ξ(s)− ξ(h)+ z| ≤ Mh + |z|, s ∈ [0, h].
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Hence, using the Lipschitz continuity of L with respect to the first two arguments
and the semiconcavity of u0 we obtain

u(2h, x + z)+ u(0, x − z)− 2u(h, x)

≤ 2C1
∫ h

0 (s + |ξ(s)− x + z|) ds + C2|ξ(0)− x + z|2
≤ 2C1h(h + Mh + |z|)+ C2(Mh + |z|)2.

Proof of Theorem 6.4.1 — For fixed r > 0, we take any x, z ∈ R
n , t, h ≥ 0, such

that x ± z ∈ Br and t ± h ∈ [0, T ]. Let ξ : [0, t] → R
n a minimizing arc for the

point (t, x). Let us define

ξ−(s) = −z + ξ(s + h), s ∈ [0, t − h],

ξ+(s) = z + ξ(s − h), s ∈ [2h, t + h].

Since ξ±(t ± h) = x ± z, we obtain from the dynamic programming principle

u(t + h, x + z)+ u(t − h, x − z)− 2u(t, x)

≤
∫ t+h

2h
L(s, ξ+(s), ξ̇+(s)) ds + u(2h, ξ+(2h))

+
∫ t−h

0
L(s, ξ−(s), ξ̇−(s)) ds + u(0, ξ−(0))

−2
∫ t

h
L(s, ξ(s), ξ̇ (s)) ds − 2u(h, ξ(h))

= u(2h, ξ(h)+ z)+ u(0, ξ(h)− z)− 2u(h, ξ(h))

+
∫ t

h
{L(s − h, ξ(s)− z, ξ̇ (s))+ L(s + h, ξ(s)+ z, ξ̇ (s))

− 2L(s, ξ(s), ξ̇ (s))} ds.

By Theorem 6.3.1, |ξ(s)| and |ξ̇ (s)| are uniformly bounded by some constant de-
pending only on r . We can therefore use the semiconcavity of L in the first two
arguments and the estimate given by Lemma 6.4.2 to obtain, for suitable constants
C1,C2,

u(t + h, x + z)+ u(t − h, x − z)− 2u(t, x)

≤ C1(h2 + |z|2)+ ∫ t
h C2(h2 + |z|2) ds

≤ C1(h2 + |z|2)+ T C2(h2 + |z|2).

We now show that the above semiconcavity results hold assuming no other regu-
larity property of u0 than continuity.

Theorem 6.4.3 Assume that L ∈ C2(QT×R
n), that u0 ∈ C(Rn) and that properties

(L2)–(L4) hold. Then, for any t ∈ ]0, T ], u(·, t) belongs to SCL loc(R
n).
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Proof — For fixed t, r > 0, let us consider x, z ∈ R
n such that x ± z ∈ Br and let ξ

be a minimizing arc for the point (t, x). Define

ξ±(s) = ξ(s)± s

t
z.

Since L is of class C2, it is locally semiconcave, and so we can estimate

u(t, x + z)+ u(t, x − z)− 2u(t, x)

≤ ∫ t
0 L(s, ξ+(s), ξ̇+(s)) ds + u0(ξ+(0))

+ ∫ t
0 L(s, ξ−(s), ξ̇−(s)) ds + u0(ξ−(0))

−2
∫ t

0 L(s, ξ(s), ξ̇ (s)) ds − 2u0(ξ(0))

= ∫ t
0

{
L
(
s, ξ(s)+ s

t z, ξ̇ (s)+ z
t

)+ L
(
s, ξ(s)− s

t z, ξ̇ (s)− z
t

)
∫ t

0 −2L(s, ξ(s), ξ̇ (s))

}
ds

≤ ∫ t
0 C s2+1

t2 |z|2 ds = C
(

t
3 + 1

t

)
|z|2.

Corollary 6.4.4 Under the hypotheses of the previous theorem, u belongs to
SCL loc(]0, T ] × R

n).

Proof — Let us fix t ′ ∈ ]0, T [ . Using Theorem 6.4.3 and formula (1.8), we see
that the restriction of u to [t ′, T ] × R

n can be represented as the value function of
a problem with a semiconcave initial cost. Therefore it is semiconcave by Theorem
6.4.1. By the arbitrariness of t ′ we obtain the assertion.

The above corollary shows that the value function u not only inherits the semi-
concavity of the initial cost u0, but is semiconcave even if u0 is not. In the latter
case, of course, we have semiconcavity only away from the initial time t = 0. In the
case L = L(v) this property was already proved in Corollary 1.6.2. Such a gain of
regularity is related with the analogous result for solutions of the Hamilton–Jacobi
equation (see Theorem 5.3.5); as we show below, our value function u is also solution
to a Hamilton–Jacobi equation where H is the hamiltonian function.

In the following we always assume that properties (L1)–(L4) hold. Let us remark
that the C R+1 regularity of L , u0 is needed only in Theorem 6.4.11, while the other
results hold also under milder assumptions.

Theorem 6.4.5 The value function u defined in (6.24) is a viscosity solution of the
dynamic programming equation⎧⎨⎩∂t u(t, x)+ H(t, x,∇u(t, x)) = 0 in QT

u(0, x) = u0(x) in R
n .

(6.25)
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Proof — Let us take (t, x) ∈ QT and (pt , px ) ∈ D+u(t, x). Then we have, for any
v ∈ R

n ,

lim sup
h→0+

u(t − h, x − hv)− u(t, x)+ h(pt + v · px )

h
√

1 + |v|2
≤ 0

which is equivalent to

lim sup
h→0+

u(t − h, x − hv)− u(t, x)

h
≤ −pt − v · px .

Now let us set ζ(σ ) = x + (σ − t)v for σ ≤ t . We obtain from the dynamic
programming principle

u(t, x) ≤ u(t − h, ζ(t − h))+
∫ t

t−h
L(σ, ζ(σ ), ζ̇ (σ ))dσ

= u(t − h, x − hv)+
∫ t

t−h
L(σ, x + (σ − t)v, v)dσ,

which yields

lim sup
h→0+

u(t − h, x − hv)− u(t, x)

h

≥ lim
h→0+

−1

h

∫ t

t−h
L(σ, x + (σ − t)v, v)dσ = −L(t, x, v).

We conclude that

pt + v · px − L(t, x, v) ≤ 0, ∀ v ∈ R
n,

and so pt + H(t, x, px ) ≤ 0, which proves that u is a viscosity subsolution of the
equation.

To prove that u is a supersolution, let us take (pt , px ) ∈ D−u(t, x). Let ξ ∈
C2([0, t]) be a minimizing arc for (t, x) and let us set w = ξ̇ (t). Then we have,
using the Lipschitz continuity of u,

lim inf
h→0+

u(t − h, ξ(t − h))− u(t, x)

h

= lim inf
h→0+

u(t − h, x − hw)− u(t, x)

h
≥ −pt − w · px .

On the other hand, by the optimality of ξ ,

u(t, x) = u(t − h, ξ(t − h))+
∫ t

t−h
L(s, ξ(s), ξ̇ (s)) ds,

for all 0 ≤ h ≤ t , which implies that

lim
h→0+

u(t − h, ξ(t − h))− u(t, x)

h
= −L(t, x, w).
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We conclude that pt+w · px−L(t, x, w) ≥ 0, which implies that pt+H(t, x, px ) ≥
0. This shows that u is a viscosity supersolution as well. Since u satisfies the initial
condition by definition, this proves our theorem.

Theorem 6.4.6 The value function u is the minimal selection of the multifunction
obtained applying the method of characteristics to equation (6.25), as described in
(5.6).

Proof — Comparing (5.3) and (6.15)–(6.16), we see that the extremals of problem
(CV) coincide with the characteristics of equation (6.25). In addition, since H is the
Legendre transform of L , it satisfies the identity

H(t, x, p) = pHp(t, x, p)− L(t, x, Hp(t, x, p)),

(see (A. 21), (A. 19) ). Hence, we obtain from (5.4)

U (t, z) = U (0, z)+
∫ t

0
[−H(s, X, P)+ P · Hp(s, X, P)] ds

= u0(z)+
∫ t

0
L(s, X, Hp(s, X, P)) ds

= u0(z)+
∫ t

0
L(s, X, Ẋ) ds = Jt (X).

Hence, along an extremal, the functional Jt coincides with U . Since the minimum in
(CV)t,x is necessarily attained by an extremal, we deduce that the value function of
(CV) coincides with the minimal selection defined in (5.6).

An interesting property of the minimizing trajectories is that they are contained,
except possibly for the endpoints, in the set where the value function is differentiable.

Theorem 6.4.7 Let (t, x) ∈ QT be given, and let ξ be a minimizing arc for (CV)t,x .
Then u is differentiable at (s, ξ(s)) for all s ∈ ]0, t[ .

Proof — Let s ∈ ]0, t] be given, and let us set for simplicity y = ξ(s). We know from
Theorem 6.4.5 that the elements of D+u(s, y) satisfy the Hamilton–Jacobi equation
as an inequality. We claim that if s < t , then the converse inequality holds as well.
In fact we have, by the dynamic programming principle,

u(s + h, ξ(s + h)) = u(s, y)+
∫ s+h

s
L(σ, ξ(σ ), ξ̇ (σ ))dσ

for all 0 ≤ h ≤ t − s. Therefore, setting w = ξ̇ (s), we obtain

lim
h→0+

u(s + h, ξ(s + h))− u(s, y)

h
= L(s, y, w). (6.26)

On the other hand, for any (pt , px ) ∈ D+u(s, y) we have
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lim
h→0+

u(s + h, ξ(s + h))− u(s, y)

h

= lim
h→0+

u(s + h, y + hw)− u(s, y)

h
≤ pt + w · px ,

which implies, together with (6.26), that pt + H(s, y, px ) ≥ 0. We already know
that the converse inequality holds, and so we conclude that

pt + H(s, ξ(s), px ) = 0, s ∈ ]0, t[ , (pt , px ) ∈ D+u(s, ξ(s)). (6.27)

Since H is strictly convex in the third argument and D+u(s, ξ(s)) is a convex set,
we deduce that D+u(s, ξ(s)) consists of a single element. Recalling that u is semi-
concave, we obtain that u is differentiable at (s, ξ(s)) (see Proposition 3.3.4-(d)).

Theorem 6.4.8 Let (t, x) ∈ QT be given, and let ξ be a minimizing trajectory for
(CV)t,x . Let η be the dual arc associated with ξ as in Theorem 6.3.3. Then we have

η(t) ∈ ∇+u(t, x); (6.28)

η(s) = ∇u(s, ξ(s)), s ∈ ]0, t[ . (6.29)

Proof — To prove (6.28), it suffices to show that for any nonzero vector v ∈ R
n , we

have

lim sup
h→0

u(t, x + hv)− u(t, x)− hp(t) · v
h

≤ 0. (6.30)

Let us set x0 = ξ(0). For fixed h, the arc s → ξ(s) + hv is admissible for our
functional with endpoint (t, x + hv) and therefore

u(t, x + hv) ≤ u0(x0 + hv)+
∫ t

0
L(s, ξ(s)+ hv, ξ̇ (s)) ds.

Recalling also (6.14), it follows that

lim sup
h→0

u(t, x + hv)− u(t, x)

h

≤ lim
h→0

u0(x0 + hv)− u0(x0)

h

+ lim
h→0

∫ t

0

L(s, ξ(s)+ hv, ξ̇ (s))− L(s, ξ(s), ξ̇ (s))

h
ds

= v ·
(

Du0(x0)+
∫ t

0
Lx (s, ξ(s), ξ̇ (s)) ds

)
= v · η(t),

which proves (6.30).
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If we now consider s ∈ ]0, t[ we have that the trajectory ξ is optimal for the point
(s, ξ(s)). By the first part of the proof we deduce that η(s) ∈ ∇+u(s, ξ(s)). But u is
differentiable at (s, ξ(s)) by Theorem 6.4.7 and so (6.29) follows.

The previous property is not surprising if one observes that η(t) evolves accord-
ing to the same equation satisfied by P(t) = ∇u(t, X (t)) in the method of charac-
teristics. In the terminology of control theory, a result like (6.28) is called a co-state
inclusion in the superdifferential of the value function.

Theorem 6.4.9 For any (t, x) ∈ QT the map that associates with any (pt , px ) ∈
D∗u(t, x) the arc ξ obtained by solving problem (6.15) with the terminal conditions{

ξ(t) = x

η(t) = px
(6.31)

provides a one-to-one correspondence between D∗u(t, x) and the set of minimizers
of (CV)t,x .

Proof — Let us first prove the conclusion when (t, x) is a point of differentiability
for u. In this case the set D+u(t, x) contains only the gradient (ut (t, x),∇u(t, x)).
Since u is semiconcave, the same is true for D∗u(t, x). We must therefore show that
problem (CV)t,x has a unique minimizer, obtained by solving problem (6.15) with
final conditions

ξ(t) = x, η(t) = ∇u(t, x). (6.32)

To see this, let us suppose that ξ∗ is a minimizer, and let η∗ be the associated dual
arc. Then the pair (ξ∗, η∗) solves system (6.15). In addition, by Theorem 6.4.8 and
the differentiability of u at (t, x), the pair (ξ∗, η∗) also satisfies conditions (6.32).
This proves the theorem in this case.

Let us now consider the case of a general (t, x). Let (pt , px ) be any point in
D∗u(t, x). Then there exists a sequence {(tk, xk)} of points where u is differentiable
which converges to (t, x) and is such that (pt , px ) = limk→∞ Du(tk, xk). By Theo-
rem 6.4.5, we have that

∂t u(tk, xk)+ H(tk, xk,∇u(tk, xk)) = 0,

which implies, letting k → ∞, that pt + H(t, x, px ) = 0. For fixed k, by the first
part of the proof, there exists a unique minimizer ξk for the point (tk, xk), obtained
by solving system (6.15) with the conditions ξk(tk) = xk , ηk(tk) = ∇u(tk, xk). By
continuous dependence, ξk → ξ as k → ∞, where ξ is the first component of the
solution of problems (6.15)–(6.31). It follows that by the continuity of u and the
optimality of ξk

u(t, x) = lim
k→∞

u(tk, xk) = lim
k→∞

(∫ tk

0
L(s, ξk(s), ξ̇k(s)) ds + u0(ξk(0))

)
=
∫ t

0
L(s, ξ(s), ξ̇ (s)) ds + u0(ξ(0)),
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and so the arc ξ is a minimizer for the point (t, x). This proves that the correspon-
dence (pt , px ) → ξ is indeed a map from D∗u(t, x) to the set of minimizers for
(t, x).

Next, we prove the injectivity of our map. Let (p1
t , p1

x ) and (p2
t , p2

x ) be two
distinct elements of D∗u(t, x). As observed before, pi

t = −H(t, x, pi
x ), and so p1

x
and p2

x must be distinct. Then the corresponding solutions (ξ1, η1) and (ξ2, η2) of
problem (6.15)–(6.31) are also distinct. This implies that ξ1 �= ξ2, since otherwise
η1 and η2 would also coincide, as a consequence of the definition of η (see Theorem
6.3.3).

Finally, we prove surjectivity. Let ξ∗ be any minimizer for (t, x) and let η∗ be
the associated dual arc. Then the pair (ξ∗, η∗) solves system (6.15). In addition, by
Theorems 6.4.5 and 6.4.8, u is differentiable at the points of the form (s, ξ∗(s)) with
0 < s < t and satisfies

∇u(s, ξ∗(s)) = η∗(s),
∂t u(s, ξ∗(s)) = −H(s, ξ∗(s),∇u(s, ξ∗(s))) = −H(s, ξ∗(s), η∗(s)).

Therefore, setting

px = η∗(t) = lims→t ∇u(s, ξ∗(s)),

pt = −H(t, x, px ) = lims→t ∂t u(s, ξ∗(s)),

we have that (pt , px ) ∈ D∗u(t, x). This shows that ξ∗ belongs to the range of the
map defined in the statement of the theorem.

In particular, the above theorem shows the equivalence between regularity (in the
sense of Definition 6.3.4) and differentiability of u.

Corollary 6.4.10 A point (t, x) is regular for problem (CV) if and only if u is dif-
ferentiable at x. Thus, the set � of irregular points coincides with the singular set of
u.

Let us denote by � the set of irregular points (equivalently, the set of points
where u is not differentiable) and by � the set of conjugate points.

Theorem 6.4.11 Assume (L1)–(L4). Then�∪� is a closed set and u ∈ C R+1(QT \
(� ∪ �)).
Proof — Let us consider a point (t̄, x̄) in the complement of � ∪ �. By Corol-
lary 6.4.10 there exists a unique minimizer for problem (CV)t̄,x̄ , which has the form
ξ(·, z̄) for some z̄ ∈ R

n ; in addition det ξz(t̄, z̄) �= 0. Then we can find a neighbor-
hood W of (t̄, z̄) such that the map (t, z)→ (t, ξ(t, z)) is a C R diffeomorphism.

We claim now that there exists a neighborhood N of (t̄, x̄) with the following
property: if (t, x) ∈ N and ξ∗ is a minimizer for (t, x), then ξ∗ = ξ(·, z) for some z
such that (t, z) ∈ W .

We prove the claim by contradiction. If no such neighborhood exists, we can find
a sequence {(tk, xk)} converging to (t̄, x̄) with the following property: each (tk, xk)
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has a minimizer ξk of the form ξk = ξ(·, zk) with (tk, zk) /∈ W . Now let ηk be
the dual arc associated with ξk ; since u is differentiable at (t̄, x̄) we deduce from
Theorem 6.4.7 and the upper semicontinuity of D+u (Proposition 3.3.4(a) ) that

ηk

(
tk − 1

k

)
= ∇u

(
tk − 1

k
, ξk

(
tk − 1

k

))
→ ∇u(t̄, x̄).

By continuous dependence, ξk → ξ , where ξ is obtained by solving system (6.15)
with terminal conditions ξ(t̄) = x̄, η(t̄) = ∇u(t̄, x̄). Then ξ coincides with ξ(·, z̄),
which is the unique minimizer for (t̄, x̄) by Theorem 6.4.9. In particular, this implies
that zk = ξk(0) → ξ(0) = z̄. But this contradicts the assumption that (zk, tk) /∈ W
for all k.

From the claim we deduce that for (t, x) ∈ N , we have

u(t, x) = u0(z)+
∫ t

0
L(s, ξ(s, z), ξ̇ (s, z)) ds,

where z is uniquely determined by the conditions (t, z) ∈ W , x = ξ(t, z).
This shows that u is of class C R in N and that all points of N are regular and
not conjugate. In addition, by Theorem 6.4.8 we have ∇u(t, x) = η(t, z) and
∂t u(t, x) = −H(t, x,∇u(t, x)); therefore the derivatives of u are also of class C R

and u ∈ C R+1(N ).

We conclude the section giving a characterization of the extreme points of D+u
(see Definitions 3.3.12 and 3.3.14).

Theorem 6.4.12 For any (t, x) ∈ QT we have

Eu(t, x) = Ext(D+u(t, x)) = D∗u(t, x)

= {(q, p) ∈ D+u(t, x) | pt + H(t, x, px ) = 0}.
Proof — The inclusion Eu(t, x) ⊂ Ext(D+u(t, x)) follows from the definition,
while the inclusions Eu(t, x) ⊂ D∗u(t, x) and D∗u(t, x) ⊂ D+u(t, x) hold for
a general semiconcave function (see (3.26) and Proposition 3.3.4(b)). The fact that
any (pt , px ) ∈ D∗u(t, x) satisfies pt + H(t, x, px ) = 0 has been already observed
during the proof of Theorem 6.4.9. To complete the proof we only need to show
that every (pt , px ) ∈ D+u(t, x) which satisfies pt + H(t, x, px ) = 0 is an exposed
vector for D+u(t, x). This is a consequence of the strict convexity of H . If we set
h = Hp(t, x, px ) we have in fact

H(t, x, qx ) > H(t, x, px )+ h · (qx − px ), qx ∈ R
n, qx �= px .

On the other hand, since u is a viscosity solution, we have

qt + H(t, x, qx ) ≤ 0, (qt , qx ) ∈ D+u(t, x).

Therefore

−pt − h · px < −qt − h · qx , (qt , qx ) ∈ D+u(t, x), qx �= px ,

and therefore (pt , px ) is an exposed vector with respect to the direction (−1,−h).
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6.5 The singular set of u

In this section we begin the study of the singular set of the value function u of prob-
lem (CV). We assume that conditions (L1)–(L4) are satisfied throughout the section.
For brevity, we omit recalling these hypotheses in the statements below.

Before starting our analysis, let us briefly review some of the results of Dafermos
[68]. He considers the Cauchy problem for the one-dimensional scalar conservation
law ⎧⎨⎩∂tv(t, x)+ ∂x f (t, x, v(t, x)) = 0 (t, x) ∈ R+ × R

v(0, x) = v0(x) x ∈ R,
(6.33)

where f and v0 satisfy suitable regularity assumptions and f is strictly convex in
the third variable. We have considered this equation in Section 1.7 in the case where
f = f (v). We have seen that if f = H , then u(t, x) is a semiconcave solution of
(6.25) if and only if v(t, x) = ∂x u(t, x) is an entropy solution of (6.33) with initial
data v0(x) = u′0(x). It can be proved that the same equivalence holds also when f
depends on t, x , and so in the one-dimensional case our equation belongs to the class
considered by Dafermos.

The results of [68], rephrased according to our terminology, are the following.
The set � ∪ � is the union of an at most countable family of arcs of the form
{(t, x) | t ≥ ti , x = γi (t)}, with γi Lipschitz and ti > 0. All points of the form
(t, γi (t)) with t > ti are irregular. The initial point (ti , γ (ti )) is called a shock gener-
ation point. It is a conjugate point, and may be either regular or irregular. In the latter
case it is called the center of a compression wave, because there are infinitely many
optimal trajectories ending at that point and they have the form ξ(·, z)with z ∈ [a, b]
for some [a, b] ⊂ R. The function γi may be characterized as the unique solution of
the differential inclusion⎧⎨⎩γ

′(t) ∈ [Hp(t, γ (t), ux (t, γ (t)+)), Hp(t, γ (t), ux (t, γ (t)−))], t ≥ t0

γ (t0) = γi (t0).

Here we have denoted by ux (t, x±) the right and left limit of ux in the x variable.
It follows from the semiconcavity of u and from the convexity of H that these limits
exist and satisfy Hp(t, x, ux (t, x+)) ≤ Hp(t, x, ux (t, x−)) for any (t, x) ∈ Q.
Observe that the arcs γi solutions of the above differential inclusion are generalized
characteristics according to our definition (5.55).

The above results require the special structure of the one-dimensional case. We
will see, however, that some of them possess a multidimensional analogue, although
proofs must be based on a different method.

To begin with, we study the structure of the set � ∪ �. The following lemma
states that any point (t0, x0), which is singular or conjugate, is the cluster point of a
family of singular points, propagating forward in time. The interesting case is when
(t0, x0) is conjugate, since the result is then a consequence of Theorem 5.6.6.



6.5 The singular set of u 171

Lemma 6.5.1 Let (t0, x0) ∈ � ∪ � be given. Then there exist M > 0, h > 0 with
the following property: given any ε ∈ (0, h] there exists xε ∈ BεM (x0) such that
(t0 + ε, xε) ∈ �.

Proof — By Theorem 6.3.1 there exists a constant M such that if (t, x) ∈
[t0, t0 + 1] × B1(x0) and ξ∗ is a minimizer for problem (CV)t,x , then |ξ̇∗(s)| < M
for any s. We then define h = min{1,M−1}.

We claim that M and h have the desired property. Let us suppose, on the contrary,
that there exists ε ∈ (0, h] such that all points of the form (t0 + ε, x) with x ∈
BεM (x0) are regular. Then, by Corollary 6.4.10 and Proposition 3.3.4-(e), Du(t0 +
ε, x) exists for any x ∈ BεM (x0) and depends continuously on x .

Let us consider the hamiltonian system (6.15) with final conditions (6.31) and
denote by ξ(s; t, x, px ) the first component of the solution. By Theorem 6.4.9, for
any x ∈ BεM (x0) the arc ξ(·; t0 + ε, x,∇u(t0 + ε, x)) is the unique minimizer for
problem (CV) with endpoint (t0 + ε, x). We now define a map � : BεM (x0)→ R

n

in the following way:

�(x) = x0 + x − ξ(t0; t0 + ε, x,∇u(t0 + ε, x)).

The previous remarks show that � is continuous. In addition,

|x − ξ(t0; t0 + ε, x,∇u(t0 + ε, x))|
= |ξ(t0 + ε; t0 + ε, x,∇u(t0 + ε, x))− ξ(t0; t0 + ε, x,∇u(t0 + ε, x))|
≤ ε sup |ξ̇ | ≤ εM

and so � maps BεM (x0) into itself. Hence, by Brouwer’s theorem, xε ∈ BεM (x0)

exists such that �(xε) = xε. Recalling the definition of �, we conclude that the
minimizer for (t0 + ε, xε) passes through the point (t0, x0). This fact contradicts
Theorem 6.3.6 since we are assuming that (t0, x0) is irregular or conjugate.

From the above lemma we recover the converse of the inclusion � ⊂ � ∪� (see
Theorem 6.4.11) and obtain the following.

Corollary 6.5.2 � = � ∪ �.

We now give a sufficient condition in terms of reachable gradients to detect conjugate
points.

Theorem 6.5.3 If D∗u(t, x) is an infinite set, then (t, x) ∈ �.

Proof — Let us assume that (t, x) is not conjugate. Then, if we set

Z = {z ∈ R
n | ξ(·, z) is a minimizer for (t, x)},

we have that the points of Z are isolated. In fact, if z ∈ Z , then ξz(t, z) is nonsingular,
and so ξ(t, z′) �= ξ(t, z) = x for z′ in a neighborhood of z. Moreover, by Theorem
6.3.1, Z is bounded. We deduce that Z is finite.
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On the other hand, there are infinitely many minimizers of (CV) with endpoint
(t, x), by Theorem 6.4.9. In addition, Theorem 6.3.3 implies that two different mini-
mizers have different initial points. Thus Z is infinite. We have reached a contradic-
tion.

The next result says, roughly speaking, that the second derivative of u is infinite
at a conjugate point.

Theorem 6.5.4 Let (t0, x0) ∈ � be given, and let ξ(·, z0) be a minimizer for (t0, x0)

such that det ξz(t0, z0) = 0. Then

lim
t→t−0

‖∇2u(t, ξ(t, z0))‖ = +∞. (6.34)

If in addition (t0, x0) is regular and {xk}, {pk} satisfy⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

lim
k→∞

xk = x0,

lim
k→∞

xk − x0

|xk − x0| = v for some v /∈ Im ξz(t0, z0),

(−H(t0, xk, pk), pk) ∈ D∗u(t0, xk),

(6.35)

then

lim
k→∞

|pk − ∇u(t0, x0)|
|xk − x0| = +∞.

Proof — Let θ ∈ (Rn \ {0}) be given such that ξz(t0, z0)θ = 0. Then ηz(t0, z0)θ �=
0 by (6.19). Given t < t0, the point (t, ξ(t, z0)) is regular and not conjugate by
Theorem 6.3.6, and so are the points in a neighborhood, by Theorem 6.4.11. Then
we have, by Theorem 6.4.9

∇u(t, ξ(t, z)) = η(t, z)
for z in a neighborhood of z0. It follows that

∇2u(t, ξ(t, z0))ξz(t, z0) = ηz(t, z0), t < t0.

Since ηz(t, z0)θ �= 0 we conclude that

‖∇2u(t, ξ(t, z0))‖ ≥ |ηz(t, z0)θ |
|ξz(t, z0)θ | → ∞ as t → t−0 .

Now suppose (t0, x0) is regular. Then ξ(·, z0) is the unique minimizer for (t0, x0) and
we have ∇u(t0, x0) = η(z0, t0) by Theorem 6.4.9. Let {xk}, {pk} satisfy assumptions
(6.35). Again by Theorem 6.4.9 there exists a sequence {zk} such that xk = ξ(t0, zk),
pk = η(t0, zk). The sequence {zk} is bounded, by Theorem 6.3.1; moreover, any
cluster point z̄ of {zk} is such that the trajectory ξ(·, z̄) is a minimizer for (t0, x0).
Since such a minimizer is unique, we deduce that lim zk = z0.
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By passing to a subsequence we may assume

lim
k→∞

zk − z0

|zk − z0| = ν

for some unit vector ν. Since

xk = x0 + ξz(t0, z0)(zk − z0)+ o(|zk − z0|)
we deduce

lim
k→∞

xk − x0

|zk − z0| = ξz(t0, z0)ν.

If ξz(t0, z0)ν �= 0, then the above relation implies that v ∈ Im ξz(t0, z0), in con-
tradiction with our assumptions. Therefore we have ξz(t0, z0)ν = 0, which implies
ηz(t0, z0)ν �= 0 by (6.19). We conclude that

lim
k→∞

|pk − ∇u(t0, x0)|
|xk − x0|

= limk→∞ |η(t0,zk )−η(t0,z0)|
|zk−z0|

|zk−z0|
|ξ(t0,zk )−ξ(t0,z0)|

= limk→∞ |ηz(t0,z0)ν|zk−z0|+o(|zk−z0|)|
|zk−z0|

|zk−z0|
o(|zk−z0|) = +∞.

Finally, we describe the structure of u about a singular point which is not conju-
gate.

Theorem 6.5.5 Let (t̄, x̄) ∈ � \ � be given. Then there exists a neighborhood N
of (t̄, x̄) and a finite number of C R+1 functions v1, . . . , vk : N → R such that
Dvi �= Dv j if i �= j and u = min{v1, . . . , vk} in N.

Proof — Let (t̄, x̄) ∈ � \ �. Then, by Theorem 6.5.3, D∗u(t̄, x̄) contains a finite
number of distinct elements (q1, p1), . . . , (qk, pk) ∈ R × R

n . By Theorem 6.4.12
we have H(t̄, x̄, pi ) + qi = 0 for all i and therefore p1, . . . , pk are all different.
By Theorem 6.4.9 the minimizers of (CV) with endpoint (t̄, x̄) are obtained solving
(6.15) with the terminal conditions ξ(t̄) = x̄ , η(t̄) = pi for i = 1, . . . , k. Let us
denote with z1, . . . , zk the initial point of these trajectories; then the minimizers can
be written as ξ(·, z1), . . . , ξ(·, zk). Moreover η(t, zi ) = pi for i = 1, . . . , k.

We now argue as in the proof of Theorem 6.4.11, with the difference that we have
here k minimizers instead of one. Using the assumption that the point (t̄, x̄) is not
conjugate we can find W1, . . . ,Wk neighborhoods of (t̄, zi ) and a V neighborhood
of (t̄, x̄) such that the map (t, z)→ (t, ξ(t, z)) is a diffeomorphism between Wi and
V for all i = 1, . . . , n. We choose V small enough to have that Wi ∩W j = ∅ if i �= j
and that η(t, z) �= η(t ′, z′) for any (t, z) ∈ Wi , (t ′, z′) ∈ W j with i �= j . For every
i = 1, . . . , n, we define ζi : V → R

n in the following way: ζi (t, x) = z where z is
the unique value such that (t, z) ∈ Wi and that ξ(t, z) = x . Let us set

vi (t, x) = u0(z)+
∫ t

0
L(s, ξ(s, z), ξ̇ (s, z))ds, with z = ζi (t, x).
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Then, in a neighborhood N ⊂ V of (t̄, x̄) we have that u = min{v1, . . . , vk}.
Otherwise we could find points (t, x) arbitrarily close to (t̄, x̄) which have a min-
imizer of the form ξ(·, z) with (t, z) not belonging to any Wi and we would
obtain a contradiction as in the proof of Theorem 6.4.11. In addition, the func-
tions vi are of class C R+1 and satisfy ∇vi (t, x) = η(t, ζi (t, x)) for all i , and so
Dvi (t, x) �= Dv j (t, x) if i �= j .

From the above result we can deduce the following representation of the set�\�.

Corollary 6.5.6 Given (t, x) ∈ � \ �, there exists a neighborhood N of (t, x) such
that N ∩ � is contained in a finite union of n-dimensional hypersurfaces of class
C R+1.

Proof — Let v1, . . . , vk be the functions given by Theorem 6.5.5. Since u =
mini=1,...,k vi , u is not differentiable at a point (s, y) ∈ N if and only if there ex-
ist h, j ∈ {1, . . . , k} such that vh(s, y) = v j (s, y) = mini=1,...,k vi (s, y). But since
Dvh �= Dv j in N if h �= j , the set {(s, y) | vh(s, y) = v j (s, y)} is a C R+1 hypersur-
face for any pair h, j .

6.6 Rectifiability of �

We continue in this section the analysis of the regularity of the value function u
of problem (CV)t,x . We have seen that u is semiconcave with linear modulus (see
Theorem 6.4.1); therefore, its gradient Du belongs to the class BV (see Theorem
2.3.1–(ii)). In addition, its singular set� is countably n-rectifiable (Corollary 4.1.13).
It is natural to investigate whether u enjoys further regularity properties. We recall
that in Example 6.3.5 we analyzed a class of data for which the value function is
piecewise smooth. Such a type of regularity has been investigated by Schaeffer [125]
in the one-dimensional case: he showed that the value function is piecewise smooth
for a generic class of data, but that there exist C∞ data for which this property fails.

Therefore, we cannot expect the value function to be piecewise smooth in gen-
eral. However, we will prove a regularity property which is in some sense close to
piecewise smoothness, showing that u is regular on the complement of a closed set
of codimension one. Our starting point is the result, stated in Theorem 6.4.11, that u
has the same smoothness of the initial data in the complement of the set � = � ∪�.
Our aim will be to prove that this set is countably Hn-rectifiable. Since we already
know that � is countably n-rectifiable, we only need to prove the rectifiability of
�, or of � \ �. This will be done in this section; actually, we also give a Hausdorff
estimate on � \ � which is much sharper than the one needed for the rectifiability
of �. In fact we prove that Hn−1+2/R(� \�) = 0, showing that the set of conjugate
points (at least the regular ones) is very “small” compared with the set of irregular
points.

Let us first outline the main ideas of our approach. We introduce the set
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G = {(t, z) | det ξz(t, z) = 0}
and the function

ξ(t, z) = (t, ξ(t, z)).
Then, by definition, ξ ∈ C R and � ⊂ ξ(G). We can use this property to obtain upper
bounds on the size of �. A possible way, pursued in [78], is to apply the following
Sard-type result ([76, Theorem 3.4.3]).

Theorem 6.6.1 Let F : R
N → R

M be a map of class C R for some R ≥ 1. For any
k ∈ {0, 1, . . . , N − 1} set

Ak = {x ∈ R
N | rk DF(x) ≤ k},

where rk DF denotes the rank of DF. Then Hk+(N−k)/R(F(Ak)) = 0.

This result, applied to ξ , yields

Hn+1/R(�) = 0.

However, the above estimate does not imply the rectifiability of � even if the data of
our problem are C∞.

Another approach is to try and prove the rectifiability of G using the implicit
function theorem. In the case of one-dimensional space this idea can be implemented
in a very simple way.

Theorem 6.6.2 Suppose n = 1. Then � is a countably 1-rectifiable set.

Proof — Since � ⊂ ξ(G), it suffices to prove the rectifiability of G. We recall that
Hpp > 0 by the convexity of H . Thus, if (t0, z0) ∈ G we have, by (6.17) and (6.19),

ξzt (t0, z0) = Hpp(ξ(t0, z0), η(t0, z0))ηz(t0, z0) �= 0.

By the implicit function theorem, we can cover G by a countable union of arcs of
class C1.

When we try to extend this argument to the case of n > 1 we find two difficulties.
The first is technical, and consists of the fact that we have to deal with det ξz(t, z)
instead of ξz(t, z). A more substantial problem is the fact that det ξz(t, z) may well
vanish simultaneously with its time derivative. This fact is explained by the following
result.

Theorem 6.6.3 Let n > 1. Then, for any (t, z) ∈ G,

∂t (det ξz(t, z)) �= 0 ⇐⇒ rk ξz(t, z) = n − 1.

Before giving the proof of Theorem 6.6.3, let us show how this result can be used
to obtain the rectifiability of �.

Theorem 6.6.4 Suppose n > 1. Then � is a countably Hn-rectifiable set.
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Proof — Let us define

G ′ = {(t, z) | rk(ξz(t, z)) = n − 1}, (6.36)

G ′′ = {(t, z) | rk(ξz(t, z)) < n − 1}. (6.37)

Then, by Theorem 6.6.3 and the implicit function theorem, we deduce that G ′ is a
countably n-rectifiable set. On the other hand, by Theorem 6.6.1,

Hn(ξ(G ′′)) ≤ Hn−1+2/R(ξ(G ′′)) = 0.

Since � ⊂ ξ(G ′ ∪ G ′′), our assertion follows.

The proof of Theorem 6.6.3 requires many intermediate steps as we show below.
The first consists of giving a suitable expression for the derivative of a determinant.
For this purpose, we recall below some elementary facts from linear algebra.

Let A = (ai j ) be an n × n matrix (we assume n > 1). We denote by A+ the
transpose of the matrix of the cofactors of A. Equivalently, if we denote by a+i j the

generic element of A+ and by Âi j the matrix obtained removing from A the i-th row
and the j-th column, then a+i j = (−1)i+ j det Â ji . Then, Laplace’s identity states that

n∑
j=1

ai j a
+
jk = δik det A,

or

AA+ = A+A = (det A) I. (6.38)

Therefore

∂ det A

∂ai j
= ∂

∂ai j

(
n∑

k=1

aika+ki

)
= a+j i . (6.39)

Moreover, (6.38) implies that

rk A = n ⇒ rk A+ = n. (6.40)

Similarly, it is easy to check that

rk A = n − 1 ⇒ rk A+ = 1 (6.41)

rk A < n − 1 ⇒ rk A+ = 0 (6.42)

Indeed, recalling the estimate

rk BC ≥ rk B + rk C − n,

which holds for any two n × n matrices B and C , from (6.38) we conclude that rk
A+ ≤ 1 if rk A = n − 1. On the other hand, by definition, A+ = 0 if and only if rk
A < n − 1.
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Finally, if A(·) is time-dependent and of class C1, then (6.39) yields

d

dt
det A(t) =

n∑
i, j=1

∂ det A(t)

∂ai j
a′i j (t)

=
n∑

i, j=1

a+j i (t)a
′
i j (t) = tr (A′(t)A+(t)). (6.43)

Let us now consider the hamiltonian system (6.15) again. In the following we
denote by A∗ the transpose of a given matrix A.

Lemma 6.6.5 We have ξ∗z (t, z)ηz(t, z) = η∗z (t, z)ξz(t, z) for any (t, z).

Proof — Let us set R(t) = ξ∗z (t, z)ηz(t, z). Since

R(0) = D2u0(z) = R∗(0),

R′(t) = η∗z (t, z)Hppηz(t, z)− ξ∗z (t, z)Hxxξz(t, z) = (R∗)′(t),
we have R(t) = R∗(t) for any t ≥ 0, which proves our assertion.

Lemma 6.6.6 Suppose n > 1. Let rk ξz(t0, z0) = n−1 for some (t0, z0) and let θ be
a generator of Ker ξz(t0, z0). Then ηz(t0, z0)θ generates the orthogonal complement
of Im ξz(t0, z0) and

ξ+z (t0, z0) = cθ ⊗ ηz(t0, z0)θ (6.44)

for some c ∈ R \ {0}.
Proof — We know from (6.19) that ηz(t0, z0)θ �= 0. Given any w ∈ R

n , we have

〈ηz(t0, z0)θ, ξz(t0, z0)w〉 = 〈ξ∗z (t0, z0)ηz(t0, z0)θ, w〉
= 〈η∗z (t0, z0)ξz(t0, z0)θ, w〉 = 0.

Since w is arbitrary, we obtain the first assertion of the lemma.
To prove (6.44) we first observe that by (6.41), ξ+z (t0, z0) has rank one, and so

ξ+z (t0, z0) = v1 ⊗ v2 for some nonzero vectors v1, v2. Moreover,

v1R = Im ξ+z (t0, z0) =Ker ξz(t0, z0).

Indeed, equality (6.38) yields Im ξ+z (t0, z0) ⊂ Ker ξz(t0, z0); then, the second equal-
ity above follows from the fact that both Im ξ+z (t0, z0) and Ker ξz(t0, z0) are one-
dimensional spaces. Similarly,

{v2}⊥ = Ker ξ+z (t0, z0) = Im ξz(t0, z0).

Therefore v1 and v2 must be parallel to θ and ηz(t0, z0)θ , respectively.
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Proof of Theorem 6.6.3 — By (6.43) we have, for any (t, z), (we omit for simplicity
the dependence of H on (t, ξ, η) )

∂

∂t
det ξz(t, z) = tr

(
ξzt (t, z)ξ

+
z (t, z)

)
= tr (Hpxξz(t, z)ξ

+
z (t, z))+ tr (Hppηz(t, z)ξ

+
z (t, z))

= det ξz(t, z)tr (Hpx )+ tr (Hppηz(t, z)ξ
+
z (t, z)).

Now let us suppose that rk ξz(t, z) = n−1. Then, if θ is such that Ker ξz(t0, z0) = θR
and q = ηz(t0, z0)θ , we have by Lemma 6.6.6,

∂

∂t
det ξz(t0, z0) = tr (cHppηz(t, z)θ ⊗ q)

= cHppq · q �= 0

since Hpp is positive definite and q �= 0. On the other hand, if rk ξz(t, z) < n − 1,
then ξ+z (t, z) = 0 by (6.42) and thus the derivative of det ξz is zero.

Remark 6.6.7 As a consequence of the implicit function theorem and Theorem
6.6.3, we conclude that the set G ′ defined in (6.36) is locally a graph, that is, for
any (t0, z0) ∈ G ′, there exist r, ε > 0 and a map φ : Br (z0) → ]t0 − ε, t0 + ε[ of
class C R−1, such that

det ξz(t, z) = 0 if and only if t = φ(z) (6.45)

for any (t, z) ∈ ]t0 − ε, t0 + ε[×Br (z0). If we choose r small enough, we may also
assume that ξz(φ(z), z) has rank n − 1 for any z ∈ Br (z0). Then, there also exists a
vector field θ : Br (z0) → (Rn \ {0}) of class C R−1 such that for any z ∈ Br (z0),
θ(z) is a generator of Ker ξz(φ(z), z). Indeed, for θ one can take the exterior product
of n − 1 linearly independent rows of ξz(φ(z), z).

The geometric relationship between vector fields Dφ and θ , about a regular con-
jugate point, is made clear by the following result.

Proposition 6.6.8 Let G ′ be as in (6.36) and, given (t0, z0) ∈ G ′, let r, ε and φ, θ
be defined as in Remark 6.6.7. If z̄ ∈ Br (z0) is such that (φ(z̄), ξ(φ(z̄), z̄)) /∈ �, then

Dφ(z̄) · θ(z̄) = 0.

Before proving this result, let us show how it can be used to improve the infor-
mation about � \�.

Theorem 6.6.9 Assume conditions (L1)–(L4). Then

Hn−1+2/R(� \�) = 0.

In particular, if
L ∈ C∞(QT × R

n), u0 ∈ C∞(Rn),

then
H− dim(� \�) ≤ n − 1.
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Proof — Let G ′ and G ′′ be defined as in (6.36) and (6.37), respectively, and let
(z0, t0) ∈ G ′ be fixed. Then, by Remark 6.6.7, there exist r, ε > 0 such that
( ]t0−ε, t0+ε[×Br (z0))∩G coincides with the graph of some function φ : Br (z0)→
]t0−ε, t0+ε[ . In other words, ξ((]t0−ε, t0+ε[×Br (z0))∩G) = ξ̃ (Br (z0)), where

ξ̃ (z) = ξ(φ(z), z), z ∈ Br (z0).

Moreover, Proposition 6.6.8 implies that for any z ∈ Br (z0) satisfying ξ̃ (z) /∈ �,
there exists θ ∈ (Rn \ {0}) such that ξz(φ(z), z)θ = Dφ(z) · θ = 0. A direct
computation shows that for such a z,

Dξ̃ (z)θ = D

(
φ(z)

ξ(φ(z), z)

)
θ =

(
Dφ

ξt ⊗ Dφ + ξz
)
θ = 0,

and so rk Dξ̃ (z) ≤ n−1. Recall that ξ̃ is defined in an n-dimensional space and is of

class C R−1. Hence, we can apply Theorem 6.6.1 to conclude that Hn−1+ 1
R−1 (ξ(G ′)\

�) = 0. On the other hand, from the proof of Theorem 6.6.4 we know that
Hn−1+2/R(ξ(G ′′)) = 0. We are assuming R ≥ 2, and so 1

R−1 ≤ 2
R . Thus, observing

that
� \� ⊂ ξ(G ′′) ∪ (ξ(G ′) \�),

the conclusion follows.

For the proof of Proposition 6.6.8 we need the following result.

Lemma 6.6.10 Let (t0, z0) ∈ G ′, and let r, ε and φ, θ be defined as in Remark 6.6.7.
Then, for any z ∈ Br (z0),

Dφ(z) · θ(z) = 0 ⇐⇒ ∂2ξ

∂θ(z)2
(φ(z), z) · (ηz(φ(z), z)θ(z)) = 0. (6.46)

Proof — By definition we have, for any z ∈ Br (z0) and i = 1, . . . , n, that

n∑
j=1

∂ξi

∂z j
(φ(z), z)θ j (z) = 0. (6.47)

Let us set for simplicity q(z) = ηz(φ(z), z)θ(z). Differentiating (6.47) with respect
to zk and using (6.17) we obtain

n∑
h=1

∂2 H

∂pi∂ph
qh
∂φ

∂zk
+

n∑
j=1

{
∂2ξi

∂z j∂zk
θ j + ∂ξi

∂z j

∂θ j

∂zk

}
= 0 (6.48)

for any i, k = 1, . . . , n. We then multiply equality (6.48) by qiθk and sum over
i, k = 1, . . . , n, to obtain

n∑
i,h=1

∂2 H

∂pi∂ph
qhqi

n∑
k=1

∂φ

∂zk
θk +

n∑
i, j,k=1

∂2ξi

∂z j∂zk
θ jθkqi = 0 (6.49)
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recalling that in light of Lemma 6.6.6, q ⊥ Imξz . This last identity may be rewritten
as

(Hppq · q)(Dφ · θ)+ ∂
2ξ

∂θ2
· q = 0.

Since Hpp is positive definite and q �= 0, we have that Hppq · q �= 0. Therefore,

Dφ · θ = 0 if and only if ∂
2ξ

∂θ2 · q = 0.

In the proof of Proposition 6.6.8 we will apply a known lemma on local invert-
ibility of mappings, which we recall below. For its proof see e.g., [11, Lemma 3.2.5].

Lemma 6.6.11 Let F : R
n → R

n be a map of class C2. Let DF have rank n − 1 at
some z̄ ∈ R

n and set x̄ = F(z̄). Let θ be a generator of KerDF(z̄), and let w be a
nonzero vector orthogonal to ImDF(z̄). Suppose that

∂2 F

∂θ2
(z̄) · w > 0.

Then there exist ρ, σ > 0 such that the equation

F(z) = x̄ + sw, z ∈ Bρ(z̄)

has two solutions if 0 < s < σ , and no solutions if −σ < s < 0.

Proof of Proposition 6.6.8. Let us take z̄ ∈ Br (z0) and set

t̄ = φ(z̄), x̄ = ξ(t̄, z̄).
Suppose that Dφ(z̄) · θ(z̄) �= 0. Then, in light of Lemmas 6.6.6 and 6.6.10 the map
F = ξ(t̄, ·) satisfies all assumptions of Lemma 6.6.11 with

θ = θ(z̄), w = ±ηz(t̄, z̄)θ(z̄).

For xk = x̄ − w/k, let ξk be a minimizer of functional Jt̄ in (6.2) with terminal
condition ξk(t̄) = xk . Let us consider the sequence {zk} of all initial points of such
minimizers, i.e., zk = ξk(0). Then ξk coincides with the characteristic starting at zk

and in particular xk = ξ(t̄, zk). So, Lemma 6.6.11 implies that zk /∈ Bρ(z̄) if k is
large enough.

On the other hand, {zk} is bounded. Hence, we conclude that there exists a sub-
sequence of {zk} converging to some ẑ �= z̄. Then ξ(·, ẑ) is a minimizing trajectory
for Jt̄ at (t̄, x̄), different from ξ(·, z̄). This fact contradicts our assumption that (t̄, x̄)
be a regular point.

Let us remark that the rectifiability results of this section imply that the gradient
Du of the value function belongs to the class SBV of special functions of bounded
variation (see Appendix A. 6).

Corollary 6.6.12 The gradient Du of the value function of problem (CV) belongs to
SBV loc(QT ).
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Proof — The semiconcavity of u with a linear modulus implies that Du ∈
BV loc(QT ). To see that Du ∈ SBV , observe that Du is of class C1 on the comple-
ment of �, by Theorem 6.4.11, and that � is countably Hn-rectifiable, by the results
of this section. The assertion is then a direct consequence of Proposition A. 6.6.

To conclude, we give an example showing that if the smoothness of the data of
(CV)t,x is below a certain threshold, then � can fail to be countably Hn-rectifiable.

Example 6.6.13 There exists u0 ∈ W 2,∞(R) \ C2(R) with the following property:
the value function of problem (CV) with initial cost u0 and lagrangian L(t, x, v) =
v2/2 has a singular set � ⊂ R+ × R such that H–dim(�) ≥ 1 + log 2/ log 3.

Proof — We first introduce some notation. Let i, j be integers with i ≥ 0 and 0 ≤
j ≤ 2i − 1. Then j can be written in the form j =∑i−1

h=0 eh2h with eh ∈ {0, 1}. We
define

ci, j =
i∑

h=1

(2ei−h)3
−h + 1/3i 2, Ii, j = ]ci, j − 1/(3i 6), ci, j + 1/(3i 6)[ .

We then consider the Cantor set C

C = [0, 1] \
⋃

i=0,... ,∞, j=0,... ,2i−1

Ii, j .

It is well known that C consists of all numbers x ∈ [0, 1] that can be written in
the form x = ∑∞

h=1 dh3−h with dh ∈ {0, 2}. Thus C is uncountable; moreover H–
dim(C) = log 2/ log 3 > 0 (see e.g., [74, example 2.7]).

A property we will need in the sequel is the fact that C ⊂ {ci, j }. Indeed, take
any x = ∑∞

h=1 dh3−h with dh ∈ {0, 2}. Given a positive integer i , define j (i) =∑i−1
h=0(di−h/2)2h . Then

|ci, j (i) − x | =
∣∣∣∣∣ ∞∑
h=1

dh3−h −
i−1∑
h=1

dh3−h

∣∣∣∣∣ ≤ 3−i+1.

Since i is arbitrary, we have proved our claim.
We now define, for λ ∈ ]0, 1[ ,

b(λ, z) =

⎧⎪⎪⎨⎪⎪⎩
(

z2

λ
− λ

)2

−λ < z < λ

0 z ≥ λ or z ≤ −λ.

Note that b(λ, z) ∈ W 2,∞(R). The second derivative bzz(λ, z) exists for z �= ±λ and
satisfies bzz(λ, z) = bzz(1, z/λ). It follows that |bzz(λ, z)| ≤ K for some constant K
independent of λ. This implies that bz(λ, ·) has Lipschitz constant K and that
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sup
z∈[−λ,−λ+ε[

b(λ, z) ≤
∫ −λ+ε

−λ

(∫ z

−λ
|bzz(λ,w)|dw

)
dz ≤ K ε2/2 (6.50)

for every λ > 0, ε > 0.
For a fixed λ, let us first consider problem (CV) with lagrangian L(v) = v2/2

and initial cost given by b(λ, x). We denote by uλ the value function, given by

uλ(t, x) = min
ξ∈At,x

[∫ t

0

1

2
(ξ̇ (s))2dt + b(λ, ξ(0))

]
. (6.51)

We know that all minimizers are of the form ξ(·, z) for some z. In our case the
hamiltonian is H(p) = p2/2 and the solution of system (6.15) is

ξ(t, z) = z + tbz(λ, z) = z + 4t

(( z

λ

)2 − 1

)
zχ[−λ,λ](z), (6.52)

where χ[−λ,λ] is the characteristic function of the interval [−λ, λ]. Let us compute
the minimizers in the case x = 0. If t ≤ 1/4, then (6.52) shows that ξ(t, z) = 0 only
if z = 0, while if t > 1/4 we have ξ(t, z) = 0 for z = 0 and for z = ±z(t, λ) where

z(t, λ) = λ
√

1 − 1

4t
.

A direct computation shows that if t > 1/4, the minimum in (6.51) is attained for z =
±z(t, λ), while the trajectory ξ(·, 0) is not minimal. Thus, if t > 1/4 the minimizer
for the point (t, 0) is not unique, and so the half line ]1/4,∞[×{0} is contained in
the set � of irregular points.

The initial value for our counterexample is obtained repeating this construction
on each interval Ii, j . We define

u0(z) =
⎧⎨⎩0 if z ∈ C or z > 1 or z < −1

b(1/3i 6, z − ci, j ) if z ∈ Ii, j .
(6.53)

Let us show that u0 ∈ W 2,∞(R). By construction u0 is differentiable in the
complement of C ; on the other hand we claim that if z ∈ C , then |u0(y)− u0(z)| ≤
K |y − z|2/2, which implies that u′0(z) = 0. In fact, let us take for instance y > z. If
y ∈ C , then u(y) = u(z) = 0. Otherwise let y′ be the left endpoint of the interval
Ii, j to which y belongs; we have, by estimate (6.50),

u(y)− u(z) = u(y)− u(y′) ≤ K |y − y′|2/2 ≤ K |y − z|2/2,
which proves our claim. In a similar way, we can prove that u′0 is Lipschitz continu-
ous by using the uniform Lipschitz continuity of bz(λ, ·).

However, u0 is not of class C2. In fact, u′′0 attains at each interval Ii, j a maximum
and a minimum value which are independent of i, j . Since the length of Ii, j tends to
zero as i →∞, this shows that u′′0 cannot be uniformly continuous in [−1, 1].
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Let us now consider problem (CV) with lagrangian L(v) = v2/2 and with initial
value u0 given by (6.53). It is easy to see by the definition of u0 that the solution is
given by

u(t, x) =
⎧⎨⎩0 x ∈ C or x > 1 or x < −1

u1/3i 6(t, x − ci, j ) if x ∈ Ii, j ,

with uλ(t, x) given by (6.51). Our previous analysis implies that

� ⊃ ]1/4,∞[×{ci, j | i ≥ 0, 0 ≤ j ≤ 2i − 1}.

But since C ⊂ {ci, j } we obtain that � ⊃ ]1/4,∞[×C . Thus � has Hausdorff di-
mension of at least 1 + log 2/ log 3.
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or less explicitly present in the previous literature. For instance, the property that
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Also, Corollary 6.5.6 was already given in [78]. The rectifiability results of Section
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mentation (see e.g., [14]) where the class SBV was introduced.
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Optimal Control Problems

In this chapter and in the following one we describe the dynamic programming ap-
proach to control problems, focusing our attention on the role played by the semi-
concavity property and the structure of the singularities of the value function. The
theory of optimal control is very broad and has a large variety of applications; we do
not aim to give an exhaustive treatment of the subject, but we choose some model
problems and develop the theory in these cases.

The problem in the calculus of variations of the previous chapter can be regarded
as a special case of optimal control problems. It is natural to check how much of the
previous analysis can be extended to this more general setting. It will turn out that
most of the results of the previous chapter have some analogue in optimal control,
at least for certain classes of systems. The extension often requires new tools; an ex-
ample is the so-called Pontryagin maximum principle, a key result in control theory
which replaces, roughly speaking, the Euler–Lagrange conditions for extremal arcs
in the calculus of variations.

This chapter is devoted to optimal control problems with finite time horizon and
unrestricted state space, namely the so-called Mayer and Bolza problems. In Section
7.1 we introduce our control system, and state the Mayer problem, where one wants
to minimize a functional depending only on the final endpoint of the trajectory. We
then give an existence result for optimal controls. In Section 7.2 we introduce the
value function V for the Mayer problem, prove that V is Lipschitz continuous, semi-
concave, and is a viscosity solution of an associated Hamilton–Jacobi equation. We
note that many results hold in a weaker form compared with the case of the calcu-
lus of variations; the main reason is that the hamiltonian function associated with a
Mayer problem is not strictly convex. Thus, we no longer have the regularizing effect
induced by the Hamilton–Jacobi equation which ensures that V be semiconcave even
if the initial value is only Lipschitz. Also, we do not have regularity of the value func-
tion along optimal arcs but only a bound on the dimension of the superdifferential
D+V .

In Section 7.3 we prove the Pontryagin maximum principle and other optimality
conditions for our control problem. We analyze whether optimal trajectories can be
obtained by solving a hamiltonian system and whether they are in correspondence
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with the elements of D∗V , as for calculus of variations. Such properties do not hold
in full generality for the Mayer problem, because of the lack of smoothness of the
hamiltonian. However, if the control system satisfies suitable assumptions, it is pos-
sible to obtain similar results.

Finally, in Section 7.4 we study the Bolza problem, where the functional to min-
imize includes an integral term with a running cost. For this problem we can prove
results which are mostly similar to the ones of the previous sections. We also consider
cases where the presence of the integral term yields better regularity properties than
in the Mayer problem, and the analysis of optimality conditions can be simplified.

7.1 The Mayer problem

We begin by giving the definition of a control system.

Definition 7.1.1 A control system consists of a pair ( f,U ), where U ⊂ R
m is a

closed set and f : R
n × U → R

n is a continuous function. The set U is called
the control set, while f is called the dynamics of the system. The state equation
associated with the system is{

y′(t) = f (y(t), u(t)), t ∈ [t0,+∞[ a.e.

y(t0) = x,
(7.1)

where t0 ∈ R, x ∈ R
n and u ∈ L1

loc([t0,∞[ ,U ). The function u is called a control
strategy or simply a control. We denote the solution of (7.1) by y(·; t0, x, u) and we
call it the trajectory of the system corresponding to the initial condition y(t0) = x
and to the control u.

The word “control” is used sometimes to denote elements v ∈ U and sometimes
for functions u : [t0,∞[→ U ; the meaning should always be clear from the context.

We restrict ourselves to autonomous control systems where f (x, u) does not
depend on t ; this is done for the sake of simplicity since the results we present can
be easily extended to the nonautonomous case.

We now list some basic assumptions on our control system which will be made
in most of the results of this chapter.

(H0) The control set U is compact.
(H1) There exists K1 > 0 such that | f (x2, u) − f (x1, u)| ≤ K1|x2 − x1|, for all

x1, x2 ∈ R
n , u ∈ U .

(H2) fx exists and is continuous; in addition, there exists K2 > 0 such that
|| fx (x2, u)− fx (x1, u)|| ≤ K2|x2 − x1|, for all x1, x2 ∈ R

n , u ∈ U .

It is well known from the theory of ordinary differential equations that assump-
tion (H1) ensures the existence of a unique global solution to the state equation (7.1)
for any choice of t0, x and u. Observe also that assumptions (H0) and (H1), together
with the continuity of f , imply



7.1 The Mayer problem 187

| f (x, u)| ≤ C + K1|x |, x ∈ R
n, u ∈ U, (7.2)

where C = maxu∈U | f (0, u)|. In addition, one can obtain the following estimates on
the trajectories which will be repeatedly used in our analysis.

Lemma 7.1.2 Let t0, t1 be given, with t0 < t1.

(i) Let f satisfy (H0) and (H1). Then, for any r > 0 there exists R > 0 such that

|y(t; t0, x, u)| ≤ R, ∀ t ∈ [t0, t1] (7.3)

for all controls u : [t0, t1] → U and for all x ∈ Br .
(ii) Let f satisfy (H1). Then, there exists c > 0 such that

|y(t; t0, x0, u)− y(t; t0, x1, u)| ≤ c|x0 − x1|, ∀ t ∈ [t0, t1] (7.4)

for all u : [t0, t1] → U and x0, x1 ∈ R
n.

(iii) If f satisfies (H1) and (H2) then the constant c in (ii) can be chosen in such a
way that∣∣∣∣y(t; t0, x0, u)+ y(t; t0, x1, u)− 2y

(
t; t0,

x0 + x1

2
, u

)∣∣∣∣ ≤ c|x0 − x1|2 (7.5)

also holds, for all u : [t0, t1] → U, x0, x1 ∈ R
n and t ∈ [t0, t1].

Proof — Let us set for simplicity y(·) := y(·; t0, x, u). We have, by (7.2),

|y(t)| ≤ |x | +
∫ t

t0
(C + K1|y(s)|) ds

≤ |x | + C(t1 − t0)+ K1

∫ t

t0
|y(s)| ds.

Then Gronwall’s inequality (see Theorem A. 4.3) implies that

|y(t)| ≤ [|x | + C(t1 − t0)]e
K1(t1−t0), t ∈ [t0, t1],

and (7.3) follows. To prove (7.4), we set, for i = 0, 1, yi (t) := y(t; t0, xi , u). We
have, by (H1), that

|y0(t)− y1(t)| =
∣∣∣∣x0 − x1 +

∫ t

t0
[ f (y0(s), u(s))− f (y1(s), u(s))] ds

∣∣∣∣
≤ |x0 − x1| + K1

∫ t

t0
|y0(s)− y1(s)| ds.

Thus (7.4) also follows from Gronwall’s inequality. Let us now assume that property
(H2) holds. First we observe that
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(
x0 + x1

2
, u

)∣∣∣∣
=
∣∣∣∣∣
∫ 1

0
fx

(
x0 + x1

2
+ t

x1 − x0

2
, u

)
· x1 − x0

2
dt

−
∫ 1

0
fx

(
x0 + t

x1 − x0

2
, u

)
· x1 − x0

2
dt

∣∣∣∣∣
≤
∫ 1

0
K2

∣∣∣∣ x0 + x1

2
− x0

∣∣∣∣ ∣∣∣∣ x1 − x0

2

∣∣∣∣ dt = K2

4
|x1 − x0|2

for all x0, x1 ∈ R
n , u ∈ U . Therefore

| f (x0, u)+ f (x1, u)− 2 f (x2, u)|
≤
∣∣∣∣ f (x0, u)+ f (x1, u)− 2 f

(
x0 + x1

2
, u

)∣∣∣∣
+2

∣∣∣∣ f

(
x0 + x1

2
, u

)
− f (x2, u)

∣∣∣∣
≤ K2

4
|x0 − x1|2 + K1|x0 + x1 − 2x2|

for all x0, x1, x2 ∈ R
n , u ∈ U . Let us now define y0, y1 as before and set in addition

y2(t) := y(t; t0, (x0 + x1)/2, u). We find that

|y0(t)+ y1(t)− 2y2(t)|
=
∣∣∣∣∫ t

t0
[ f (y0(s), u(s))+ f (y1(s), u(s))− 2 f (y2(s), u(s))] ds

∣∣∣∣
≤ K2

4

∫ t

t0
|y0(s)− y1(s)|2 ds + K1

∫ t

t0
|y0(s)+ y1(s)− 2y2(s)| ds

≤ c2(t1 − t0)K2

4
|x0 − x1|2 + K1

∫ t

t0
|y0(s)+ y1(s)− 2y2(s)| ds,

where we have applied (7.4). Using Gronwall’s inequality again we obtain (7.5).

An optimal control problem consists of choosing the control strategy u in the
state equation (7.1) in order to minimize a given functional. We now introduce the
so-called Mayer problem, while other types of control problems will be treated later.

Let g : R
n → R be a continuous function and let T > 0. For any (t, x) ∈

[0, T ] × R
n , we consider the following problem:

(MP) minimize g(y(T ; t, x, u)) over all control strategies u : [t, T ] → U .
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Definition 7.1.3 A control u : [t, T ] → U such that the infimum in (MP) is attained
is called optimal for problem (MP) with initial point (t, x). The corresponding so-
lution y(·) = y(·; t, x, u) of the state equation is called an optimal trajectory or a
minimizer.

The function g is called the final cost of the Mayer problem. An optimal control
problem where one is only interested in the behavior of the trajectories up to a given
finite time, like the one considered here, is called a problem with finite time horizon.

Let us study the existence of optimal controls for the Mayer problem.

Theorem 7.1.4 Let f satisfy (H0), (H1), let g ∈ C(Rn), and let the set

f (x,U ) := { f (x, u) : u ∈ U } (7.6)

be convex for all x ∈ R
n. Then, for any (t, x) ∈ [0, T ] × R

n, there exists an optimal
control for problem (MP).

The theorem will follow as a corollary of two results which are fundamental in
optimal control theory. The first result, often called Filippov’s lemma, states that the
control system (7.1) admits an equivalent formulation as a differential inclusion. Let
us set for simplicity F(x) = f (x,U ). We say that an absolutely continuous function
y : [t0, t1] → R

n is a solution of the differential inclusion

y′ ∈ F(y) (7.7)

if it satisfies y′(t) ∈ f (y(t),U ) for t ∈ [t0, t1] a.e. Clearly, if y is a solution of
the state equation (7.1) for some control strategy u, then it is also a solution of the
differential inclusion (7.7). The next result says that the converse is also true.

Theorem 7.1.5 (Filippov’s Lemma) Let y : [t0, t1] → R
n be a solution of the dif-

ferential inclusion (7.7). Then there exists a measurable function u : [t0, t1] → U
such that y′(t) = f (y(t), u(t)) for t ∈ [t0, t1] a.e..

Proof — Let y : [t0, t1] → R
n be a solution of the differential inclusion (7.7). Let

us set, for all t ∈ [t0, t1] such that y′(t) exists,

U(t) = {u ∈ U : y′(t) = f (y(t), u)}.
By definition, U(t) is nonempty for a.e. t ∈ [t0, t1]. To prove the theorem we have to
show the existence of a measurable function u : [t0, t1] → U such that u(t) ∈ U(t)
for a.e. t ∈ [t0, t1]. For this purpose we shall use a measurable selection theorem
recalled in the appendix (see Theorem A. 5.2) and an approximation procedure.

By Lusin’s theorem there exists, for every ε > 0, a compact set K ⊂ [t0, t1] such
that the measure of [t0, t1]\K is less than ε and such that the restriction of y′(t) on K
is continuous. By the arbitrariness of ε, we can also find a sequence {Ki } of disjoint
compact subsets of [t0, t1], such that the restriction of y′(t) on Ki is continuous and
that ∪∞i=1 Ki covers [t0, t1] up to a set of measure zero.

Now, if we set for a given i
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Ui (t) =
{U(t) t ∈ Ki

∅ otherwise

we easily find that Ui is a multifunction with closed graph (see Section A. 5 for
the definition). Hence, by Proposition A. 5.3 and Theorem A. 5.2, there exists a
measurable selection of Ui , that is, a measurable function ui : Ki → U such that
ui (t) ∈ U(t) for all t ∈ Ki .

Now let us fix any ū ∈ U and define

u(t) =
{

ui (t) t ∈ Ki for some i
ū t /∈ ∪∞i=1 Ki .

It is easily checked that u(·) is measurable and u(t) ∈ U(t) for t ∈ [t0, t1] almost
everywhere, and so the theorem is proved.

The other basic result needed for the proof of Theorem 7.1.4 is the following
compactness property for the trajectories of the control system.

Theorem 7.1.6 Assume that (H0), (H1) hold and that f (x,U ) is convex for all
x ∈ R

n. Let {yk} be a sequence of trajectories of (7.1) in some given interval [t0, t1],
that is, yk(·) = y(·; t0, xk, uk) for some xk ∈ R

n and uk : [t0, t1] → U. If the trajec-
tories yk are uniformly bounded, then there exists a subsequence {ykh } converging
uniformly to an arc ȳ : [t0, t1] → R

n which is also a trajectory of (7.1).

Proof — Let {yk} be a uniformly bounded sequence of trajectories. Since f satisfies
(7.2) and y′k = f (yk, uk), the trajectories yk are uniformly Lipschitz continuous.
Hence, by the Ascoli–Arzelà theorem, there exists a subsequence, which we still
denote by {yk}, converging uniformly to some Lipschitz arc ȳ : [t0, t1] → R

n .
To prove the theorem we need to show that ȳ is a trajectory of the system. By

Filippov’s Lemma, it suffices to show that

ȳ′(t) ∈ F(ȳ(t)), t ∈ [t0, t1] a.e.. (7.8)

In the following computations we consider only points in a neighborhood of the
trajectory ȳ, which is bounded, and so we can assume that | f (x, u)| is bounded
by some constant M f . By Rademacher’s theorem, ȳ is differentiable a.e. in [t0, t1].
Let t be a point of differentiability for ȳ. For a fixed ε > 0, let us set Fε(x) =
f (x,U )+ Bε(0). Such a set is convex since we are assuming that f (x,U ) is convex.
By (H1) we find

| f (yk(s)), uk(s))− f (ȳ(t), uk(s))| ≤ K1|yk(s)− ȳ(t)|
≤ K1(|yk(s)− yk(t)| + |yk(t)− ȳ(t)|)
≤ K1(M f |s − t | + ||yk − ȳ||∞).

Hence, f (yk(s)), uk(s)) ∈ Fε(ȳ(t)) if |s− t | is small and k is large. Therefore, if |h|
is small and k is large we find, using Theorem A. 1.27,
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yk(t + h)− yk(t)

h
= 1

h

∫ t+h

t
f (yk(s), uk(s)) ds ∈ Fε(ȳ(t)).

If we let k → ∞ we obtain that h−1[ȳ(t + h) − ȳ(t)] ∈ Fε(ȳ(t)), and so, letting
h → 0, ȳ′(t) ∈ Fε(ȳ(t)). Since ε > 0 is arbitrary, we conclude that ȳ′(t) ∈ F(ȳ(t))
at any point t where ȳ is differentiable, and so ȳ is a trajectory of our system.

Remark 7.1.7 It is clear from the proof that in the statement of Theorem 7.1.6 it
suffices to assume that f (x,U ) is convex for all x ∈ C , where C is a closed set con-
taining all the trajectories yk . Also, assumption (H1) can be weakened by requiring
f to be bounded and Lipschitz continuous with respect to x in all sets of the form
BR ×U .

Remark 7.1.8 It is easy to show that, without the convexity of the sets f (x,U ),
the compactness of trajectories may fail. Consider for instance the one-dimensional
system y′ = u, u ∈ U , where U = {−1, 1}. Then one can consider controls uk :
[0, 1] → U taking alternately the values 1 and −1 on intervals of length 1/k. If
we set yk(·) = y(·; 0, 0, uk), we easily find that yk → ȳ uniformly, where ȳ ≡ 0.
However, ȳ is not a trajectory of the system, since ȳ′ ≡ 0 /∈ U .

Proof of Theorem 7.1.4. Let us fix a point (t, x) ∈ [0, T [×R
n . We can find a

sequence of controls uk : [t, T ] → U such that, setting yk(·) := y(·; t, x, uk), we
have

lim
k→∞

g(yk(T )) = inf
u:[t,T ]→U

g(y(T ; t, x, u)). (7.9)

Such a sequence {uk} is called a minimizing sequence. We want to show that a sub-
sequence of {yk} converges to an optimal trajectory.

By estimate (7.3), all trajectories of system (7.1) starting at (t, x) are uniformly
bounded in [t, T ]. Therefore, we can apply Theorem 7.1.6 to conclude that a sub-
sequence of {yk} converges uniformly to a function ȳ : [t, T ] → R

n which is a
trajectory of our system. We have ȳ(t) = x since yk(t) = x for all k. In addition,
since g is continuous, we deduce from (7.9)

g(ȳ(T )) = lim
k→∞

g(yk(T )) = inf
u:[t,T ]→U

g(y(T ; t, x, u)),

showing that ȳ is optimal.

7.2 The value function

We now apply to the Mayer problem the dynamic programming approach as we have
done in the previous chapter for the calculus of variations. Throughout the section we
assume that hypotheses (H0) and (H1) are satisfied. Unless explicitly stated, we do
not assume the convexity of the sets f (x,U ), which ensures the existence of optimal
trajectories since such a property is not needed for the results of this section. We
begin by introducing the value function of our problem.
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Definition 7.2.1 Given (t, x) ∈ [0, T ] × R
n, we define

V (t, x) = inf{g(y(T ; t, x, u)) : u : [t, T ] → U measurable }.
The function V is called the value function of the control problem (MP).

From the continuity of g and estimate (7.3) we see that V is finite everywhere. In
addition, V satisfies the dynamic programming principle similar to the one we have
seen in the calculus of variations (see Theorem 1.2.2).

Theorem 7.2.2 For any given (t, x) ∈ ]0, T [ and any s ∈ [t, T ] we have

V (t, x) = inf
u:[t,s]→U

V (s, y(s; t, x, u)). (7.10)

In addition, a control u : [t, T ] → U is optimal for (t, x) if and only if

V (t, x) = V (s, y(s; t, x, u)) for all s ∈ [t, T ]. (7.11)

Proof — Let us take any s ∈ [t, T ], u ∈ L1([t, s],U ) and denote for simplicity
x1 = y(s; t, x, u). For any given ε > 0, we can find v ∈ L1([s, T ],U ) such that

g(y(T ; s, x1, v)) ≤ V (s, x1)+ ε.
Let us now define w ∈ L1([t, T ],U ) as

w(τ) =
{

u(τ ) τ ∈ [t, s]

v(τ) τ ∈ ]s, T ].

Then, by the semigroup property, y(T ; t, x, w) = y(T ; s, x1, v). Therefore

V (t, x) ≤ g(y(T ; t, x, w)) = g(y(T ; s, x1, v)) ≤ V (s, x1)+ ε.
By the arbitrariness of ε we deduce

V (t, x) ≤ V (s, x1) = V (s, y(s; t, x, u))

and since u was also arbitrary, we obtain that V (t, x) is not greater than the right-
hand side in (7.10).

To prove the converse inequality, let us fix ε > 0 and let w ∈ L1([t, T ],U ) be
such that

V (t, x) ≥ g(y(T ; t, x, w))− ε.
Let us call u, v the restrictions of w to the intervals [t, s] and [s, T ], respectively. If
we again set x1 = y(s; t, x, u), we have

V (s, x1) ≤ g(y(T ; s, x1, v)) = g(y(T ; t, x, w)) ≤ V (t, x)+ ε.
Since ε is arbitrary, this completes the proof of (7.10). The proof of (7.11) can be
obtained by similar arguments, which are left to the reader.
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From the previous theorem we deduce that, for any control strategy u : [t, T ] →
U ,

V (t, x) ≤ V (s, y(s; t, x, u)), ∀s ∈ ]t, T ], (7.12)

with equality for every s if and only if u is optimal for (t, x). Hence, if y is any
trajectory of the system, the function s → V (s, y(s)) is nondecreasing, and it is
constant if and only if y is optimal.

We begin our analysis of the regularity of the value function by proving the Lip-
schitz continuity.

Theorem 7.2.3 Let f satisfy (H0), (H1) and let g ∈ Lip loc(R
n). Then V ∈

Lip loc([0, T ] × R
n).

Proof — Given r > 0, we want to prove that V is Lipschitz continuous in [0, T ]×Br .
We first observe that, by estimate (7.3), there exists R > 0 such that all admissible
trajectories starting from points (t, x) with x ∈ Br stay inside BR . We then denote
by Kg the Lipschitz constant of g in BR and by M f the supremum of | f (x, u)| for
(x, u) ∈ BR ×U .

Let us first estimate the variation of V between two points with the same t
coordinate. We take x1, x2 ∈ Br and t ∈ [0, T ], and suppose for instance that
V (t, x1) ≤ V (t, x2). For any given ε > 0 we can find, by the definition of V , a
control u : [t, T ] → U such that

g(y(T ; t, x1, u)) ≤ V (t, x1)+ ε.
Let us denote for simplicity x̄1 = y(T ; t, x1, u), x̄2 = y(T ; t, x2, u). Then, by (7.4),
we have |x̄2 − x̄1| ≤ c|x2 − x1| for some c > 0 independent of x1, x2, t . We find that

V (t, x2) ≤ g(x̄2) ≤ g(x̄1)+ Kg|x̄2 − x̄1|
≤ V (t, x1)+ ε + cKg|x2 − x1|.

Since ε > 0 is arbitrary, we obtain

|V (t, x2)− V (t, x1)| ≤ cKg|x2 − x1|. (7.13)

The above estimate holds for x1, x2 ∈ Br . Actually, by our choice of R, it also holds
if x1, x2 belong to trajectories which have started from Br at a previous time, i.e., are
of the form x = y(t; x̄, t̄, u) for some x̄ ∈ Br and t̄ ∈ [0, t].

Let us now consider two arbitrary points (t1, x1), (t2, x2) ∈ [0, T ] × Br and
suppose for instance t1 < t2. For any ε > 0 we can find, by (7.10), a control u :
[t1, t2] → U such that, setting x̄ = y(t2; t1, x1, u), we have

0 ≤ V (t2, x̄)− V (t1, x1) ≤ ε. (7.14)

On the other hand we have, by (7.13),

|V (t2, x̄)− V (t2, x2)| ≤ cKg(|x̄ − x1| + |x1 − x2|)
≤ cKg(M f |t2 − t1| + |x1 − x2|).
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By the arbitrariness of ε > 0 in (7.14) we obtain our assertion.

Let us now introduce the hamiltonian function associated with (MP), defined as

H(x, p) = max
u∈U

−p · f (x, u).

Observe that H(x, p) is the support function of the convex hull of f (x,U ) eval-
uated at −p. This implies in particular that H is convex and homogeneous of degree
one in the p variable. Therefore, it is not differentiable at p = 0 except in trivial
cases. The smoothness of H for p �= 0 depends on the properties of the set f (x,U )
and will be investigated later. In general, we can say that H is locally Lipschitz con-
tinuous; more precisely, using (7.2) and (H1), we easily obtain

|H(x, p)− H(x, q)| ≤ max
u∈U

| f (x, u) · (p − q)| ≤ (C + K1|x |)|p − q|
|H(x, p)− H(y, p)| ≤ max

u∈U
| f (x, u)− f (y, u)||p| ≤ K1|x − y||p|,

for all x, y, p, q ∈ R
n .

The next result shows that the value function satisfies a Hamilton–Jacobi equa-
tion whose hamiltonian is the function H introduced above.

Theorem 7.2.4 Under the hypotheses of the previous theorem, the value function V
is the unique viscosity solution of the problem{−∂t V (t, x)+ H(x,∇V (t, x)) = 0, (t, x) ∈ ]0, T [×R

n

V (T, x) = g(x) x ∈ R
n .

(7.15)

Proof — Let us first show that a backward Cauchy problem of the form (7.15) is
well posed. To this purpose, suppose that V is a viscosity solution to this problem,
and set U (t, x) = V (T − t, x). Then, it is easily checked that (pt , px ) ∈ D+U (t, x)
(resp. D−U (t, x)) if and only if (−pt , px ) ∈ D+V (T − t, x) (resp. D−V (T − t, x)).
Therefore, U is a viscosity solution to{

∂tU (t, x)+ H(x,∇U (t, x)) = 0, (t, x) ∈ ]0, T [×R
n

U (0, x) = g(x) x ∈ R
n .

Since the comparison principle holds for this problem (see Theorem 5.2.12), an anal-
ogous property holds for problem (7.15) and we have, in particular, uniqueness of the
viscosity solution in the class of continuous functions.

We now proceed to check that the value function V is a viscosity solution of
(7.15). Let us take (t, x) ∈ ]0, T [×R

n and (pt , px ) ∈ D+V (t, x). Let M f be the
supremum of | f | over BR(x) × U , with BR large enough to contain all admissible
trajectories starting from (t, x). Then we have, for any control u : [t, T ] → U ,

|y(σ ; t, x, u)− x | ≤ M f (σ − t), σ > t. (7.16)
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Let us take an arbitrary element v ∈ U and let us set y(·) = y(·; t, x, v) where v
means the constant control strategy equal to v. We find, by (7.16) and (H1), that

y(s) = x +
∫ s

t
f (y(σ ), v)dσ

= x + f (x, v)(s − t)+
∫ s

t
[ f (y(σ ), v)− f (x, v)]dσ

= x + f (x, v)(s − t)+ o(s − t), as s ↓ t.

This implies, by the definition of D+V ,

V (s, y(s)) ≤ V (t, x)+ (pt + f (x, v) · px )(s − t)+ o(s − t).

On the other hand we have V (s, y(s)) ≥ V (t, x) for all s > t , by the dynamic
programming principle (7.12). We deduce that

−pt − f (x, v) · px ≤ 0,

which implies, by the arbitrariness of v ∈ U , that

−pt + H(x, px ) ≤ 0,

which proves that u is a viscosity subsolution of the equation.
To prove that u is a supersolution, let us take (pt , px ) ∈ D−V (t, x) and let us

fix ε > 0. Using (7.16) and the definition of D−V it is easy to see that if we choose
δ > 0 small enough, we have

V (t + δ, y(t + δ))− V (t, x)− ptδ − px · (y(t + δ)− x)

δ
≥ −ε

for any y(·) = y(·; t, x, u) trajectory starting from (t, x). On the other hand, by
properties (7.16), (H1) and by the definition of H ,

px · (y(t + δ)− x) =
∫ t+δ

t
px · f (y(σ ), u(σ )) dσ

≥
∫ t+δ

t
px · f (x, u(σ )) dσ − δ2|px |M f K1

≥ −δH(x, px )− δ2|px |M f K1.

Thus we obtain

V (t + δ, y(t + δ))− V (t, x)

δ
≥ pt − H(x, px )− δ|px |M f K1 − ε

for any trajectory y(·) = y(·; t, x, u) starting from (t, x). Now, by (7.10), we can
find a trajectory y(·) such that V (t + δ, y(t + δ))− V (t, x) ≤ δ2. We conclude that

pt − H(x, px ) ≤ δ(1 + |px |M f K1)+ ε.
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By letting ε, δ → 0 we obtain that −pt + H(x, px ) ≥ 0. Hence, V is a viscosity
supersolution of the equation.

Using similar arguments we can derive an additional inequality at the points lying
along an optimal trajectory and different from the endpoints.

Theorem 7.2.5 Let f satisfy hypotheses (H0) and (H1). Let y : [t, T ] → R
n be an

optimal trajectory for a point (t, x) ∈ [0, T ]×R
n. Then, for any τ ∈ ]t, T [ , we have

−pt + H(y(τ ), px ) = 0, ∀ (pt , px ) ∈ D+V (τ, y(τ )). (7.17)

Proof — Let us take τ ∈ [t, T [ . We already know from the previous proof that
the left-hand side of (7.17) is nonpositive, so it suffices to prove that, if τ > t , the
converse inequality also holds. First we observe that, by the dynamic programming
principle,

V (τ, y(τ )) = V (τ − h, y(τ − h)), 0 ≤ h ≤ τ − t.

On the other hand, if (pt , px ) ∈ D+V (τ, y(τ )), we have

V (τ − h, y(τ − h))− V (τ, y(τ )) ≤ −pt h − px · (y(τ )− y(τ − h))+ o(h).

Therefore we find that

0 ≤ −pt h − px · (y(τ )− y(τ − h))+ o(h)

= −pt h −
∫ τ
τ−h

px · f (y(σ ), u(σ )) dσ + o(h)

= −pt h −
∫ τ
τ−h

px · f (y(τ ), u(σ )) dσ + o(h)

≤ h[−pt + H(y(τ ), px )] + o(h),

which yields the conclusion.

From the above result we can derive a bound on the size of the superdifferential
of V along an optimal trajectory. In the next proof we use the set ∇+V (t, x); we
recall that such a set is defined as the superdifferential of x �→ V (t, x) and that
if V is semiconcave, it coincides with the vectors which are space components of
elements of D+V (t, x) (see Lemma 3.3.16).

Theorem 7.2.6 Under the hypotheses of the previous theorem, let y : [t, T ] → R
n

be an optimal trajectory for a point (t, x) ∈ [0, T ] × R
n. Given τ ∈ ]t, T [ , let

ν ∈ {1, . . . , n} be such that any normal cone to the convex hull of the set f (y(τ ),U )
has dimension less than or equal to ν. Then dim D+V (τ, y(τ )) ≤ ν.
Proof — If τ ∈ ]t, T [ , we know from the previous theorem that p ∈ R

n belongs
to ∇+V (τ, y(τ )) if and only if (H(y(τ ), p) , p) ∈ D+V (τ, y(τ )). In particular,
∇+V (τ, y(τ )) and D+V (τ, y(τ )) have the same dimension.
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Let us set V = −co f (y(τ ),U ), M = ∇+V (τ, y(τ )). We claim that V and
M satisfy property (ii) of Lemma A. 1.24. To see this, observe first that σV (·) =
H(y(τ ), ·). Then, given p0, p1 ∈ M and t ∈ [0, 1], we have (σV (pi ), pi ) ∈
D+V (τ, y(τ )) for i = 0, 1, and so

(tσV (p0)+ (1 − t)σV (p1), tp0 + (1 − t)p1) ∈ D+V (τ, y(τ ))

by the convexity of the superdifferential. Again by the previous theorem, this implies
that σV (tp0+ (1− t)p1) = tσV (p0)+ (1− t)σV (p1), and this proves property (ii) of
Lemma A. 1.24. That lemma then implies that M is contained in some normal cone
to the set V , and therefore dim D+V (τ, y(τ )) ≤ ν.

Remark 7.2.7 The previous theorem gives an upper bound on the size of the
superdifferential of V along an optimal trajectory. When f (x,U ) is smooth, we can
take ν = 1 and obtain that the superdifferential has dimension at most one. We will
see in the following (Corollary 7.3.5 and Theorem 7.3.16) that under further assump-
tions one can refine this estimate and prove that V is smooth at the interior points of
an optimal trajectory. On the other hand, simple counterexamples, like the one after
Theorem 7.3.16, show that such a property cannot be expected in full generality for
the Mayer problem. This behavior is different from the problem in the calculus of
variations considered in the previous chapter, where the value function is differen-
tiable along an optimal trajectory (see Theorem 6.3.6 and Corollary 6.4.10).

Let us now study the semiconcavity of the value function.

Theorem 7.2.8 Let f satisfy (H0), (H1), (H2) and let g ∈ SCL loc(R
n). Then V ∈

SCL loc([0, T ] × R
n).

Proof — We assume for simplicity that there always exists an optimal control for
problem (MP). If this is not the case, one can use an approximation procedure, as in
the proof of Theorem 7.2.3.

For a given r > 0, we will prove the semiconcavity of V in [0, T ] × Br . Let
R > 0 be such that all trajectories of (7.1) starting from points in [0, T ]× Br stay in
[0, T ]× BR . Let us denote by M f the supremum of | f (x, u)| on BR ×U , by Kg and
by αg the Lipschitz constant and the semiconcavity constant of g in BR , respectively.

We first prove the semiconcavity inequality for a triple of points with the same
time component. Given x, h such that x ± h ∈ Br and given t ∈ [0, T ], let u :
[t, T ] → U be an optimal control for the point (t, x). Let us set for simplicity

y(·) = y(·; t, x, u), y−(·) = y(·; t, x − h, u), y+(·) = y(·; t, x + h, u).

Then, by Lemma 7.1.2, we have

|y+(T )− y−(T )| ≤ c|h|, |y+(T )+ y−(T )− 2y(T )| ≤ c|h|2

for some constant c > 0 which does not depend on h. It follows, using the definition
of V , the optimality of u, the Lipschitz continuity and semiconcavity of g,
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V (t, x + h)+ V (t, x − h)− 2V (t, x)

≤ g(y+(T ))+ g(y−(T ))− 2g(y(T ))

= g(y+(T ))+ g(y−(T ))− 2g

(
y+(T )+ y−(T )

2

)
+2g

(
y+(T )+ y−(T )

2

)
− 2g(y(T ))

≤ αg|y+(T )− y−(T )|2 + Kg|y+(T )+ y−(T )− 2y(T )|
≤ (αgc2 + Kgc)|h|2, (7.18)

which proves the semiconcavity inequality in this case.
Let us now consider x, h and t, τ such that x ±h ∈ Br and such that 0 ≤ t − τ ≤

t + τ ≤ T . Let u : [t, T ] → U be an optimal control for (t, x). We define

ū(s) = u

(
t + τ + s

2

)
, s ∈ [t − τ, t + τ ]

and we set
y(s) = y(s; t, x, u), s ∈ [t, t + τ ],

ȳ(s) = y(s; t − τ, x − h, ū), s ∈ [t − τ, t + τ ].
Then we have, for all s1 ∈ [t − τ, t + τ ], s2 ∈ [t, t + τ ],

|ȳ(s1)− y(s2)| =
∣∣∣∣−h +

∫ s1

t−τ
f (ȳ(s), ū(s)) ds −

∫ s2

t
f (y(s), u(s)) ds

∣∣∣∣
≤ |h| + (s1 − t + τ)M f + (s2 − t)M f

≤ |h| + 3M f τ. (7.19)

Let us set x̄ = ȳ(t + τ), x̂ = y(t + τ). We have

|x + h − x̄ | =
∣∣∣∣2h +

∫ t+τ

t−τ
f (ȳ(s), ū(s)) ds

∣∣∣∣ ≤ 2|h| + 2M f τ. (7.20)

In addition, using the definition of ū, hypothesis (H1) and estimate (7.19),

|x + h + x̄ − 2x̂ |
=
∣∣∣∣∫ t+τ

t−τ
f (ȳ(s), ū(s)) ds − 2

∫ t+τ

t
f (y(s), u(s)) ds

∣∣∣∣
=
∣∣∣∣2 ∫ t+τ

t
[ f (ȳ(2s − t − τ), u(s))− f (y(s), u(s))] ds

∣∣∣∣
≤ 2

∫ t+τ

t
K1|ȳ(2s − t − τ)− y(s)| ds

≤ 2K1τ(|h| + 3M f τ). (7.21)

From the dynamic programming principle and the optimality of u we deduce that
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V (t + τ, x + h)+ V (t − τ, x − h)− 2V (t, x)

≤ V (t + τ, x + h)+ V (t + τ, x̄)− 2V (t + τ, x̂)
= V (t + τ, x + h)+ V (t + τ, x̄)− 2V

(
t + τ, x + h + x̄

2

)
+2V

(
t + τ, x + h + x̄

2

)
− 2V (t + τ, x̂).

Using (7.18) and (7.20) we obtain

V (t + τ, x + h)+ V (t + τ, x̄)− 2V

(
t + τ, x + h + x̄

2

)
≤ (αgc2 + Kgc)

|x + h − x̄ |2
4

≤ (αgc2 + Kgc)(|h| + M f τ)
2.

In addition, if we denote by KV the Lipschitz constant of V in [0, T ]×BR we obtain,
using (7.21) that

2V

(
t + τ, x + h + x̄

2

)
− 2V (t + τ, x̂)

≤ KV |x + h + x̄ − 2x̂ | ≤ 2K1 KV τ(|h| + 3M f τ).

From the above estimates we conclude that there is a constant Cr depending only on
r such that

V (t + τ, x + h)+ V (t − τ, x − h)− 2V (t, x) ≤ Cr (τ
2 + |h|2).

Remark 7.2.9 Using similar arguments one can treat the case when g is semicon-
cave with a general modulus ω, finding that V is semiconcave with a modulus of the
form ω̄(r) = c1ω(c2r) (see [32]). Observe also that the above semiconcavity result
cannot be deduced from the general results of Chapter 4 about the semiconcavity
of solutions of Hamilton–Jacobi equations because H is not strictly convex and in
general not C1.

Example 7.2.10 Let us consider the state equation y′ = u, where u ∈ U = B1.
Then it is easy to see that the value function is

V (x, t) = min{g(z) : |z − x | ≤ T − t}.
The corresponding Hamilton–Jacobi equation is ut + |∇u| = 0. Let us consider
some specific examples in one-dimensional space where the value function can be
computed explicitly. In view of the analysis of optimality conditions that will be done
in the next section, it is interesting to analyze the singularities of the value function
in these particular cases and to see whether they are related with the non-uniqueness
of the optimal trajectories.

(i) Suppose that the final cost g : R → R is strictly monotone increasing.
Then, for any (t, x) ∈ [0, T ] × R, the optimal control is the constant one u ≡ −1,
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and so the unique optimal trajectory is y(s) = x − s + t . The value function is
V (t, x) = g(x + t − T ). Observe that it has the same regularity of the final cost; this
shows that the semiconcavity assumption on g in Theorem 7.2.8 is necessary and that
there is no longer the gain of semiconcavity as in the problem of the calculus of vari-
ations studied in the previous chapter (see Theorem 6.4.3). Notice also that, if x̄ ∈ R

is a point of nondifferentiability for g, then y(s) = x̄ − s + T is an optimal trajec-
tory consisting of singular points of V ; thus, one cannot expect in general the value
function of a Mayer problem to be differentiable along optimal trajectories. Finally,
let us remark that the optimal trajectory is unique for any choice of initial condition,
and thus the uniqueness of the optimal trajectory is not related to the differentiability
of V in this case.

(ii) Suppose that g : R → R is an even function, smooth, with xg′(x) < 0 for all
x �= 0. Then it is easily seen that for a given (t, x) with x �= 0, the optimal trajectory
is unique and is given by y(s) = x + sgn (x)(s − t), while for points of the form
(t, 0), the optimal trajectories are y(s) = ±(s − t). It follows that

V (t, x) =
{

g(x + t − T ) x ≤ 0

g(x + T − t) x ≥ 0.

It is easily seen that V is not differentiable at the points of the form (t, 0)with t < T ,
which are also the points for which the optimal trajectory is not unique. Theorem
7.2.8 ensures that V be semiconcave; this can be also seen directly since V is the
minimum of the two smooth functions g(x + t − T ) and g(x − t + T ). Observe that
the solution is singular for times arbitrarily close to the final time T . Such a behavior
cannot occur in the problem of the calculus of variations of the previous chapter; in
that case, as remarked after Definition 6.3.4, there are no singular points in a neigh-
borhood of the initial time. This behavior is interesting also from the point of view of
the associated Hamilton–Jacobi equation: one has a smooth final value, but the cor-
responding viscosity solution is nonsmooth even for times close to the terminal time.
This is a consequence of the nonsmoothness of the hamiltonian, since otherwise the
local existence theorem for classical solutions of Hamilton–Jacobi equations would
hold (see Theorem 5.1.1).

(iii) Let us consider the final cost g(x) = cos x , and let us assume T > π . It
suffices to describe the behavior of the system for x ∈ [−π, π]. Let us first consider
a time t ∈ [T − π, T [ . We have various cases. If x = 0, then there are two optimal
trajectories, namely y(s) = ±(s − t). If 0 < |x | ≤ π + t − T , then the unique
optimal trajectory is y(x) = x + sgn (x)(s − t). If π + t − T < |x | ≤ π , then any
admissible trajectory with y(t) = x and y(T ) = ±π is optimal; there exist infinitely
many such trajectories. Analogously, if we consider points (t, x) with t < T − π ,
then any of the infinite admissible trajectories ending at ±π are optimal. We deduce
that the value function has the following form.
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V (t, x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

cos(x + t − T ) if T − π ≤ t ≤ T
and T − π − t ≤ x ≤ 0

cos(x + T − t) if T − π ≤ t ≤ T
and 0 ≤ x ≤ −T + π + t

−1 otherwise.

Thus, V is singular along the segment {(t, 0) : t ∈ ]T − π, T [ }, which consists
of points where the optimal trajectory is not unique. On the other hand, it is identi-
cally equal to −1 for t ≤ T − π . Therefore, it is singular in a certain time interval
but is becomes smooth as one proceeds backwards in time. Observe that all points
(t, x) with t < T − π are points where V is differentiable (V is even constant in a
neighborhood) but admit infinitely many optimal trajectories.

Although the natural property to be expected in minimization problems is semi-
concavity, there are special cases where one can prove that the value function of
a control problem is semiconvex. One example is the following, dealing with the
Mayer problem for a linear system with convex final cost.

Theorem 7.2.11 Let f (x, u) = Ax+Bu, where A, B are n×n and n×m matrices,
respectively. Suppose that U ⊂ R

m is convex and compact and that the final cost
g : R

n → R is a convex function. Then the value function V of problem (MP)
satisfies the following:

(i) V (t, ·) is convex in R
n for all t ∈ [0, T ];

(ii) V as a function of (t, x) is locally semiconvex with a linear modulus in [0, T ]×
R

n.

Proof — For given x, h ∈ R
n and t ∈ [0, T [ , let u−, u+ : [t, T ] → R

n be optimal
controls for the points (t, x − h), (t, x + h), respectively. Let us define ū(s) :=
(u−(s) + u+(s))/2. Then ū(s) ∈ U since we are assuming that U is convex. Let
us set for simplicity ȳ(·) = y(·; t, x, ū), y±(·) = y(·; t, x ± h, u±). Thanks to the
linearity of the system we have

ȳ(s) = 1

2
[y−(s)+ y+(s)], s ∈ [t, T ].

Therefore, by the optimality of u−, u+ and by the convexity of g,

2V (t, x)− V (t, x − h)− V (t, x + h)

≤ 2g(ȳ(T ))− g(y−(T ))− g(y+(T )) ≤ 0,

showing that V (t, ·) is convex.
Let us now prove (ii). For any fixed any r > 0 we can find R > 0 such that all

trajectories of the system starting from points in Br stay inside BR up to time T . By
Theorem 7.2.3, V is Lipschitz continuous in [0, T ] × BR ; let us denote by KV its
Lipschitz constant.



202 7 Optimal Control Problems

Let us take x, h ∈ R
n and t, τ ≥ 0 such that x ±h ∈ Br and 0 ≤ t − τ < t + τ ≤

T . Let u− : [t − τ, T ] → U be an optimal control for (t − τ, x − h). We define

ū(s) = u−(2s − t − τ), s ∈ [t, t + τ ].
Let us set

y−(·) = y(·; t − τ, x − h, u−), ȳ(·) = y(·; t, x, ū).

We have, by the dynamic programming principle, that

V (t − τ, x − h) = V (t + τ, y−(t + τ)), V (t, x) ≤ V (t + τ, ȳ(t + τ)). (7.22)

In addition, setting MR = max{|Ax + Bu| : x ∈ BR, u ∈ U }, we have

|y−(s1)− ȳ(s2)| ≤ |h| + 3τMR, s1 ∈ [t − τ, t + τ ], s2 ∈ [t, t + τ ]
and therefore

x + h + y−(t + τ)− 2ȳ(t + τ) =
∫ t+τ

t−τ
y′−(s) ds − 2

∫ t+τ

t
ȳ′(s) ds

=
∫ t+τ

t−τ
(Ay−(s)+ Bu−(s)) ds − 2

∫ t+τ

t
(Aȳ(s)+ Bu−(2s − t − τ)) ds

=
∫ t+τ

t−τ
A

(
y−(s)− ȳ

(
s + t + τ

2

))
ds

≤ 2τ ||A||(|h| + 3τMR).

We conclude, using part (i) and (7.22), that

2V (t, x)− V (t − τ, x − h)− V (t + τ, x + h)

≤ 2V (t + τ, ȳ(t + τ))− V (t + τ, y−(t + τ))− V (t + τ, x + h)

= 2V (t + τ, ȳ(t + τ))− 2V

(
t + τ, y−(t + τ)+ x + h

2

)
+2V

(
t + τ, y−(t + τ)+ x + h

2

)
−V (t + τ, y−(t + τ))− V (t + τ, x + h)

≤ KV |y−(t + τ)+ x + h − 2ȳ(t + τ)|
≤ 2KV ||A||(τ |h| + 3MRτ

2),

and so V is semiconvex with a linear modulus.

Let us point out that, even for a linear system, the semiconvexity of the final
cost does not imply that the value function is semiconvex. For instance, in Examples
7.2.10(ii) and (iii) the final cost is smooth, hence semiconvex; on the other hand, the
value function is semiconcave and not smooth, and so it is not semiconvex.

Combining the previous theorem with the semiconcavity result of Theorem 7.2.8
and recalling Corollary 3.3.8 we obtain the following.



7.3 Optimality conditions 203

Corollary 7.2.12 Under the hypotheses of Theorem 7.2.11, if we assume in addition
that g ∈ SCL loc(R

n), then V ∈ C1,1
loc ([0, T ] × R

n).

Let us remark that in the above corollary g is implicitly required to be of class
C1,1, since it is assumed to be both convex and semiconcave. We see that, for a linear
system with smooth convex cost, the value function has the same regularity of the
data; we do not have the formation of singularities which is otherwise usual for the
value function of a control problem.

7.3 Optimality conditions

A fundamental result in optimal control theory is the so-called Pontryagin maximum
principle; for the Mayer problem studied here it can be stated in the following way.

Theorem 7.3.1 Let the control system ( f,U ) satisfy (H0), (H1) and let g ∈ C(Rn).
Suppose also that fx exists and is continuous with respect to x. Given (t, x) ∈
[0, T ] × R

n, let u : [t, T ] → U be an optimal control for problem (MP) with initial
point (t, x) and let y(·) = y(·; t, x, u) be the corresponding optimal trajectory. For
any q ∈ D+g(y(T )), let p : [t, T ] → R

n be the solution of the equation{
p′(s) = − f T

x (y(s), u(s)) p(s), s ∈ [t, T ] a.e.

p(T ) = q.
(7.23)

Then, for a.e. s ∈ [t, T ], p(s) satisfies

− f (y(s), u(s)) · p(s) ≥ − f (y(s), v) · p(s), ∀v ∈ U. (7.24)

Remark 7.3.2 By f T
x in (7.23) we denote the transpose of the jacobian of f with

respect to x . Thus, the equation may be rewritten component-wise as

p′i (s) = −
n∑

j=1

∂ f j

∂xi
(y(s), u(s)) p j (s).

We observe that (7.23) is the adjoint linearized equation associated with (7.1) (see
Appendix A. 4).

Proof — Let us fix any s̄ ∈ ]t, T [ which is a Lebesgue point for the function s →
f (y(s), u(s)), that is, a value such that

lim
h↓0

1

h

∫ s̄+h

s̄−h
| f (y(s), u(s))− f (y(s̄), u(s̄))| ds = 0.

It is well known from measure theory (see e.g., [72, p. 44]) that all s ∈ ]t, T [ have
this property except for a set of measure zero.

Let us fix any v ∈ U and define, for ε > 0 small,
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uε(s) =
{

u(s) s ∈ [t, T ] \ [s̄ − ε, s̄]

v s ∈ [s̄ − ε, s̄].
(7.25)

Let us set yε(s) = y(s; t, x, uε) and x̄ = y(s̄). Since our arguments are of a local
nature, we can assume that | f | is bounded by some constant M f . We first observe
that

|yε(s)− x̄ | ≤ |yε(s)− y(s̄ − ε)| + |y(s̄ − ε)− x̄ |
≤ 2M f ε, ∀ s ∈ [s̄ − ε, s̄],

since y(s̄ − ε) = yε(s̄ − ε). Therefore, using also the property that s̄ is a Lebesgue
point for s → f (y(s), u(s)),

yε(s̄)− y(s̄) =
∫ s̄

s̄−ε
[ f (yε(s), v)− f (y(s), u(s))] ds

=
∫ s̄

s̄−ε
[ f (x̄, v)− f (y(s), u(s))] ds + o(ε)

= ε[ f (x̄, v)− f (x̄, u(s̄))] + o(ε).

By well-known results on ordinary differential equations (see Theorem A. 31) we
deduce, for s ≥ s̄,

yε(s) = y(s)+ εw(s)+ o(ε) (7.26)

where w is the solution of the linearized problem{
w′(s) = fx (y(s), u(s)) w(s) s ≥ s̄

w(s̄) = f (x̄, v)− f (x̄, u(s̄)).

If we take q ∈ D+g(y(T )) and define p by solving (7.23), we obtain that p(s) ·w(s)
is constant for s ∈ [s̄, T ]. Since y is an optimal trajectory, we have g(yε(T )) ≥
g(y(T )) for all ε > 0 and thus we obtain

0 ≤ g(yε(T ))− g(y(T )) ≤ q · [yε(T )− y(T )] + o(ε)

= εq · w(T )+ o(ε) = εp(T ) · w(T )+ o(ε) = εp(s̄) · w(s̄)+ o(ε)

which implies that

0 ≤ p(s̄) · w(s̄) = p(s̄) · [ f (y(s̄), v)− f (y(s̄), u(s̄))].

Since this holds for all v ∈ U and for s̄ ∈ ]t, T [ a.e., the theorem is proved.

The previous result is called a “maximum principle” because of inequality (7.24),
which shows that the quantity − f (y(s), v) · p(s) is maximized for v = u(s). The
terminal condition for p(T ) in (7.23) is called the transversality condition. Any arc
p(·) satisfying the adjoint equation (7.23) together with the transversality condition
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and inequality (7.24) is called a dual arc or a co-state associated with the optimal pair
(u, y). The Pontryagin maximum principle is a necessary condition for the optimal-
ity of trajectories which can be regarded as a generalization of the Euler–Lagrange
equations in the calculus of variations. In fact, in the cases where property (7.24)
determines uniquely u(s) as a function of y(s), p(s), equations (7.1) and (7.23) be-
come a first order system in the pair (y, p), similar to the hamiltonian system (6.13)
in the calculus of variations. The analogy will be made precise for certain classes of
problems we consider later (see Corollary 7.3.7).

The previous theorem gives the existence of a dual arc associated with y if
D+g(y(T )) is nonempty; such a property is ensured if g, for instance, is differ-
entiable or semiconcave. It is possible to give more refined versions of the maximum
principle showing that a dual arc exists also if g is less regular, e.g., locally Lipschitz
continuous (see for instance [55, Theorem 4.9.1]).

An important property satisfied by a dual arc in connection with the value
function is the inclusion described in the next theorem. We recall that the symbol
∇+V (t, x) denotes the superdifferential of x → V (t, x) (see Definition 3.28).

Theorem 7.3.3 Let f,U, g be as in the previous theorem, let (u, y) be an optimal
pair for the point (t, x) ∈ [0, T ] × R

n, and let p : [t, T ] → R
n be a dual arc

associated with (u, y). Then

p(s) ∈ ∇+V (s, y(s)), ∀ s ∈ [t, T ].

Proof — For simplicity of notation we prove the assertion only in the case s = t , the
general case being entirely analogous. Let us fix any h ∈ R

n , |h| = 1. For any ε > 0
let us set yε(·) = y(·; t, x + εh, u). Then

yε(s) = y(s)+ εw(s)+ o(ε),

where w is the solution of the linearized problem{
w′(s) = fx (y(s), u(s))w(s) s ≥ t

w(t) = h.

By definition of V we have g(yε(T )) ≥ V (t, x + εh) for all ε > 0. As in the proof
of the maximum principle, we find that g(yε(T ))− g(y(T )) ≤ εp(s) · w(s)+ o(ε),
where p(s) · w(s) is constant for s ∈ [t, T ]. Therefore

V (t, x + εh)− V (t, x) ≤ g(yε(T ))− g(y(T ))

= εp(t) · w(t)+ o(ε) = p(t) · εh + o(ε),

where the remainder term o(ε) can be taken independent of h. Since h can be any
unit vector, this proves that p(t) ∈ ∇+V (t, x).

The previous result can be interpreted as an invariance property of the superdif-
ferential of V with respect to the adjoint equation. The subdifferential satisfies an
analogous property, with a reversed time direction, as the next result shows.
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Theorem 7.3.4 Let f,U, g be as in the previous theorem, let (u, y) be an optimal
pair for the point (t0, x0) ∈ [0, T ] × R

n and let p : [t0, T ] → R
n be any solution of

the adjoint equation

p′(s) = − f T
x (y(s), u(s))p(s), s ∈ [t0, T ].

Suppose that p(t0) ∈ ∇−V (t0, x0). Then

p(t) ∈ ∇−V (t, y(t)), t ∈ [t0, T ].

Proof — Let t ∈ [t0, T ] and let h be any unit vector. Let w : [t0, t] → R
n be the

solution of
w′(s) = fx (y(s), u(s)) w(s), w(t) = h.

For any ε > 0, let us set yε(·) = y(·; t0, x0 + εw(t0), u). Then

yε(s) = y(s)+ εw(s)+ o(ε), s ∈ [t0, t].

By the dynamic programming principle, the hypothesis that p(t0) belongs to
∇−V (t0, x0) and the property that p · w is constant,

V (t, yε(t)) ≥ V (t0, x0 + εw(t0) ≥ V (t0, x0)+ εp(t0) · w(t0)+ o(ε)

= V (t, y(t))+ εp(t) · w(t)+ o(ε).

On the other hand, by the Lipschitz continuity of V ,

V (t, yε(t)) = V (t, y(t)+ εw(t))+ o(ε) = V (t, y(t)+ εh)+ o(ε),

and so we conclude that

V (t, y(t)+ εh)− V (t, y(t)) ≥ εp(t) · w(t)+ o(ε).

By the arbitrariness of h, we deduce that p(t) ∈ ∇−V (t, y(t)).

If we are in the hypotheses of the semiconcavity theorem, then the subdifferen-
tial of V is nonempty only at the differentiability points of V . Thus we obtain the
following result (see also Remark 7.2.7).

Corollary 7.3.5 Suppose that properties (H0), (H1), (H2) hold and g ∈ SCL loc(R
n).

Let (u, y) be an optimal pair for a point (t0, x0) and let p be a dual arc associated
to (u, y). If V is differentiable at (t0, x0), then it is differentiable at (t, y(t)) for all
t ∈ [t0, T ] and

DV (t, y(t)) = (H(p(t)), p(t)), t ∈ [t0, T ]. (7.27)

Proof — Since V is differentiable at (t0, x0) we obtain from Theorem 7.3.3 that

∇+V (t0, x0) = ∇−V (t0, x0) = {p(t0)}.
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Then Theorem 7.3.4 ensures that p(t) ∈ ∇−V (t, y(t)) for all t ∈ [t0, T ]. On the
other hand, we know from Theorem 7.2.8 that V is semiconcave. In particular, V (t, ·)
is semiconcave, and so p(t) ∈ ∇−V (t, y(t)) implies that V (t, ·) is differentiable at
x and that ∇V (t, y(t)) = p(t). Then Lemma 3.3.16 implies that D+V (t, y(t)) is a
segment with endpoints (λ1, p(t)), (λ2, p(t)) for some λ1 ≤ λ2. Since D+V is the
convex hull of D∗V we have

(λi , p(t)) ∈ D∗V (t, y(t)), i = 1, 2.

Since all elements of D∗V satisfy the Hamilton–Jacobi equation (7.15), we deduce
that λ1 = λ2 = H(p(t)), showing that D+V (t, y(t)) is a singleton. Hence V is
differentiable at (t, y(t)) and (7.27) holds.

If the hamiltonian associated to our problem is suitably smooth, it is possible
to derive further optimality conditions and to establish some relations between the
optimal trajectories for a given point (t, x) and the generalized gradients of V at
(t, x). As we have already observed, we cannot expect the hamiltonian to be smooth
everywhere, since it will be nondifferentiable at the points with p = 0. Let us focus
our attention on the case where these are the only singularities of the hamiltonian.
More precisely, we assume that:

(H3) The hamiltonian H belongs to C1,1
loc (R

n × (Rn \ {0})).
A study of the regularity of the support functions to a convex set shows that such

a property is satisfied, for instance, if the sets { f (x,U ) : x ∈ R
n} are a family of

uniformly convex sets of class C2 (see Theorem A. 1.22 and Definition A. 1.23).
Let us first derive an expression for the derivatives of H .

Theorem 7.3.6 If (H3) holds, then we have, for any (x, p) with p �= 0,

Hx (x, p) = − f T
x (x, u

∗(x, p))p, Hp(x, p) = − f (x, u∗(x, p)), (7.28)

where u∗(x, p) ∈ U is any vector such that

− f (x, u∗) · p = max
u∈U

− f (x, u) · p.

Proof — For given x, p, let us set

U∗(x, p) = {u∗ ∈ U : − f (x, u∗) · p = max
u∈U

− f (x, u) · p}.

Since H is the maximum of smooth functions, its differentiability can be analyzed
using Theorem 3.4.4 on marginal functions. We obtain that H is differentiable at
(x, p) if and only if the sets

{− f T
x (x, u

∗)p : u∗ ∈ U∗(x, p)}, {− f (x, u∗) : u∗ ∈ U∗(x, p)} (7.29)

are singletons, and in that case they coincide with {Hx (x, p)} and {Hp(x, p)}, re-
spectively. Therefore, if (H3) holds the derivatives of H are given by (7.28).
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Corollary 7.3.7 Suppose that hypotheses (H0)–(H3) are satisfied. Let (u, y) be an
optimal pair for the point (t, x) ∈ [0, T ]×R

n and let p : [t, T ] → R
n be a dual arc

associated with (u, y) such that p(s̄) �= 0 for some s̄ ∈ [t, T ]. Then p(s) �= 0 for all
s ∈ [t, T ] and (y, p) solves the system{

y′(s) = −Hp(y(s), p(s))

p′(s) = Hx (y(s), p(s))
s ∈ [t, T ]. (7.30)

Therefore, y and p are of class C1.

Proof — Since the equation satisfied by p(·) is linear, if p(s̄) �= 0 for some s̄,
then p(s) �= 0 for all s. Therefore the pair (y, p) remains in the set where H is
differentiable. Recalling the expressions (7.28) for the derivative of H and inequality
(7.24), which can be restated as u(t) = u∗(y(t), p(t)), we obtain our assertion.

Remark 7.3.8 Observe that system (7.30) is the characteristic system associated to
the Hamilton–Jacobi equation (7.15). Thus the two notions, a priori independent,
of optimal trajectory for the control problem and of characteristic curve for the
Hamilton–Jacobi equation turn out to be equivalent, at least formally. Similar prop-
erties hold for problems of the calculus of variations (see Theorem 6.4.6) and for the
control problems which will be studied in what follows.

We have seen in the previous chapter (see Theorem 6.4.9) that in the case of
the calculus of variations the optimal trajectories starting from a point (t, x) are
in one-to-one correspondence with the reachable gradients of the value function at
(t, x). The same statement does not hold in general for the Mayer problem (see
Example 7.2.10) but we can obtain some results which are much in the same spirit,
and are stated below in Theorems 7.3.9 to 7.3.14 (see also Corollary 7.3.18). Roughly
speaking, the difficulty here is that the hamiltonian H is singular when p = 0, and
this forces us to treat separately the case where 0 ∈ D∗V (t, x). From now on we
make the following assumptions, in addition to (H0)–(H3):

(H4) f (x,U ) is convex for all x ∈ R
n ;

(H5) g ∈ C1(Rn) ∩ SCL loc(R
n).

Theorem 7.3.9 Assume properties (H0)–(H5). Let V be differentiable at (t, x) ∈
[0, T [×R

n, with DV (t, x) �= 0. Consider the pair (y, p) which solves system (7.30)
with initial conditions y(t) = x, p(t) = ∇V (t, x). Then y is an optimal trajectory
for (t, x), p is a dual arc associated with y and p(s) = ∇V (s, y(s)) for all s ∈
[t, T ]. In addition, y is the unique optimal trajectory starting at (t, x) and p is the
unique dual arc associated with y.

Proof — Observe first that the hypothesis DV (t, x) �= 0 implies that ∇V (t, x) = 0;
to see this, recall that, by Theorem 7.2.4, we have ut (t, x) = H(x,∇V (t, x)), and
that H(x, 0) = 0.
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By Theorem 7.1.4 there exists an optimal trajectory y starting from (t, x). In
addition, D+g(y(T )) is nonempty by assumption (H5) and so Theorem 7.3.1 im-
plies that there exists a dual arc p associated with y. Since V is differentiable at
(t, x), Corollary 7.3.5 implies that V is differentiable at (s, y(s)) and that p(s) =
∇V (s, y(s)) for all s ∈ [t, T ]. In particular, p(t) = ∇V (t, x) �= 0. By the previ-
ous corollary, the pair (y, p) coincides with the solution of system (7.30) with initial
conditions y(t) = x , p(t) = ∇V (t, x). We can repeat the argument for any optimal
trajectory, finding that it must coincide with y. The dual arc associated with y is also
unique, by Corollary 7.3.5.

Theorem 7.3.10 Let properties (H0)–(H5) hold. Given a point (t, x) ∈ [0, T [×R
n

and a vector p̄ = ( p̄t , p̄x ) ∈ D∗V (t, x) such that p̄ �= 0, let us associate with p̄ the
pair (y, p) which solves system (7.30) with initial conditions y(t) = x, p(t) = p̄x .
Then y is an optimal trajectory for (t, x), p is a dual arc associated with y and
p(s) ∈ ∇∗V (s, y(s)) for all s ∈ [t, T ]. The map from D∗V (t, x) to the set of optimal
trajectories from (t, x) defined in this way is injective.

Proof — We recall that every (pt , px ) ∈ D∗V (t, x) satisfies the Hamilton–Jacobi
equation pt + H(x, px ) = 0; therefore, pt is uniquely determined by px and
(pt , px ) = (0, 0) if and only if px = 0, by the properties of H .

Let us now take (t, x) ∈ [0, T [×R
n and a vector p̄ = ( p̄t , p̄x ) ∈ D∗V (t, x)with

p̄x �= 0. Then there exists a sequence {(tk, xk)} of points where V is differentiable,
such that

lim
k→∞
(tk, xk) = (t, x), lim

k→∞
∇V (tk, xk) = p̄x .

Since p̄x �= 0, we have ∇V (tk, xk) �= 0 for k large enough. By the previous theorem,
there exists a unique trajectory yk : [t, T ] → R

n optimal for (tk, xk) and it is ob-
tained by solving (7.30) with initial conditions y(tk) = xk , p(tk) = ∇V (tk, xk). By
continuous dependence, the pairs (yk, pk) converge to (y, p) obtained solving (7.30)
with the initial conditions y(t) = x , p(t) = p̄x . Since V is continuous we have

g(y(T )) = lim
k→∞

g(yk(T )) = lim
k→∞

V (xk, t) = V (x, t),

which means that y is optimal for (t, x). In addition, for any s ∈ ]t, T ],

p(s) = lim pk(s) = lim∇V (s, yk(s)) ∈ ∇∗V (s, y(s)).

In particular, this shows that p is the dual arc associated with y, with final value
p(T ) = Dg(y(T )).

Let us prove the injectivity of the map. Suppose that we have two elements p̄, q̄ ∈
D∗V (t, x) yielding two optimal pairs (y, p), (ŷ, q) such that y ≡ ŷ. Since g is
differentiable, we have p(T ) = Dg(y(T )) = Dg(ŷ(T )) = q(T ). But then the
pairs (y, p) and (ŷ, q) satisfy system (7.30) with the same terminal conditions, and
therefore coincide. In particular p̄ = q̄, which proves that our map is injective.

In the previous theorem the assumption that g ∈ C1 plays an important role
and is part of the statement would be false otherwise. This can be easily seen from
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Example 7.2.10(i), where the optimal trajectory is unique even at those points which
are singular for V , and thus the map defined in the previous theorem is not injective.

Let us now consider the case where 0 ∈ D∗V (t, x).

Theorem 7.3.11 Assume (H0)–(H5) and let (t, x) ∈ [0, T [×R
n be such that 0 ∈

D∗V (t, x). Then there exists y : [t, T ] → R
n optimal trajectory for (t, x) such that

Dg(y(T )) = 0.

Proof — Since 0 ∈ D∗V (t, x), we can find a sequence {(tk, xk)} such that V is
differentiable at {(tk, xk)} and

lim
k→∞
(tk, xk) = (t, x), lim

k→∞
DV (tk, xk) = 0.

Let yk be an optimal trajectory for (tk, xk) and let pk be an associated dual arc. By
Theorem 7.1.6 we can assume, after possibly passing to a subsequence, that yk → y
uniformly, where y is an admissible trajectory for (t, x). Since

g(y(T )) = lim
k→∞

g(yk(T )) = lim
k→∞

V (xk, tk) = V (x, t)

we see that y is optimal. In addition, we have pk(tk) = ∇V (tk, xk) → 0. Since
the equation satisfied by pk is linear, with a coefficient which is uniformly bounded
by assumption (H1), this implies that pk(T ) → 0 as well, and so Dg(y(T )) =
lim Dg(yk(T )) = lim pk(T ) = 0.

Observe that the above result is weaker than the one in Theorem 7.3.10 because
it only gives the existence of y without saying that y is the C1 solution of an ordinary
differential system with suitable initial conditions. However, this is in the nature of
the problem we are considering: if we look back at Example 7.2.10(iii), we see that
∇V (t, x) = 0 at all points with t ≤ T − π , but the optimal trajectories have a
different structure at every point and there is no way of obtaining them only from the
knowledge of the differential of V .

Corollary 7.3.12 Assume (H0)–(H5) and suppose also that Dg(x) �= 0 for all x ∈
R

n. Then 0 /∈ D∗V (t, x) for all (t, x) ∈ [0, T ] × R
n.

Corollary 7.3.13 Assume (H0)–(H5) and suppose also that Dg(x) �= 0 for all x ∈
R

n. Then V is differentiable at (t, x) if and only if there exists a unique optimal
trajectory starting at (t, x).

Proof — We recall that V is semiconcave by Theorem 7.2.8 and therefore V is
differentiable at (t, x) if and only if D∗V (t, x) is a singleton. Thus, the statement
follows from the previous corollary and from Theorems 7.3.9, 7.3.10.

If the hypothesis Dg �= 0 is not satisfied, we can prove the following weaker
version of the previous corollary.
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Theorem 7.3.14 Assume properties (H0)–(H5). Then, for any (t, x) ∈ [0, T [×R
n

the following holds: if V is not differentiable at (t, x), then there exists more than
one optimal trajectory for problem (MP) with initial point (t, x). On the other hand,
if V is differentiable at (t, x) with nonzero gradient, there exists a unique optimal
trajectory.

Proof — Suppose that V is not differentiable at a point (t, x) ∈ [0, T [×R
n . Since V

is semiconcave, we can find two distinct elements p̄, p̃ ∈ D∗V (t, x). Then we can
apply Theorems 7.3.10 or 7.3.11 to find two optimal trajectories ȳ, ỹ associated with
p̄, p̃. If p̄, p̃ are both nonzero, the two trajectories are distinct by Theorem 7.3.10.
They are distinct also if one of the two vectors, say for instance p̃, is zero, since in
that case we have Dg(ȳ(T )) �= 0 and Dg(ỹ(T )) = 0. This proves the first part of
the theorem. The second follows from Theorem 7.3.9.

The previous theorem leaves open the possibility that the optimal trajectory is
not unique at a point where V is differentiable with zero gradient. Such a behavior
can actually occur, as we have seen in Example 7.2.10(iii).

We conclude our discussion of the Mayer problem by giving two results about
the propagation of singularities and the regularity along optimal trajectories. We will
need the following further assumption on f :

(H6) for all x ∈ R
n , f (x,U ) is not a singleton and, if n > 1, it has a C1 boundary.

Observe that such a property implies that any normal cone to f (x,U ) is a half-
line starting from 0.

Theorem 7.3.15 Assume that properties (H0)–(H6) are satisfied. If V is not differ-
entiable at a point (t, x) ∈ ]0, T [×R

n, then there exists a Lipschitz singular arc for
V starting from (t, x) as in Theorem 4.2.2.

Proof — Let (t, x) ∈ ]0, T [×R
n be a singular point for V . We suppose that

∂D+V (t, x) = D∗V (t, x) (7.31)

and we want to derive a contradiction. First observe that we have

−pt + H(x, px ) = 0, ∀(pt , px ) ∈ ∂D+V (t, x), (7.32)

since the same property holds for the elements of D∗V (t, x). We claim that the di-
mension of D+V (t, x) is strictly less than n + 1. If it is not so, then D+V (t, x) has
nonempty interior. Taking (pt , px ) in the interior of D+V (t, x), we have
{λ : (λ, px ) ∈ D+V (t, x)} = [λ1, λ2] with λ1 < λ2. But then (λ1, px ) and (λ2, px )

both belong to ∂D+V (t, x), in contradiction with (7.32). Hence, D+V (t, x) cannot
have dimension n+1. This implies that D+V (t, x) = ∂D+V (t, x) = D∗V (t, x); in
particular, (7.32) holds for all (pt , px ) ∈ D+V (t, x).

Arguing as in the proof of Theorem 7.2.6, we find that ∇+V (t, x) is contained
in some normal cone to the set f (x,U ). From assumption (H6) we deduce that
∇+V (t, x) is either a singleton or a segment contained in a half-line starting from
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the origin. Since V is semiconcave and nondifferentiable at (t, x), D+V (t, x) is not
a singleton. Then (7.32) implies that ∇+V (t, x) is also not a singleton. Hence, we
can find two nonzero elements px , p̃x ∈ ∇+V (t, x) such that p̃x = λpx for some
λ > 0, λ �= 1. Let us denote by (y, p) (resp. by (ỹ, p̃)) the solution of system (7.30)
with initial conditions y(t) = x , p(t) = px (resp. ỹ(t) = x , p̃(t) = p̃x ). Since
D+V (t, x) = D∗V (t, x), Theorem 7.3.10 implies that both y and ỹ are optimal
trajectories for (t, x) and that p, p̃ are associated dual arcs. In particular, since g is
differentiable, we have at the final time the relations

p(T ) = Dg(y(T )), p̃(T ) = Dg(ỹ(T )). (7.33)

On the other hand, since the equation for p is invariant under multiplication for a
positive λ, we have that ỹ ≡ y, p̃ ≡ λp. But this contradicts (7.33). The contradiction
shows that our initial assumption (7.31) cannot be satisfied. Therefore ∂D+V (t, x) \
D∗V (t, x) �= ∅, and we can conclude by Theorem 4.2.2.

Theorem 7.3.16 Suppose that properties (H0)–(H6) are satisfied. Given (t, x) ∈
[0, T [×R

n such that 0 /∈ D∗V (t, x), let y : [t, T ] → R
n be an optimal trajectory

for (t, x). Then V is differentiable at all points of the form (s, y(s)), with t < s ≤ T .

Proof — Since 0 /∈ D∗V (t, x), it is easy to see that 0 /∈ D∗V (s, y(s)) for s in a right
neighborhood of t . It suffices to show that V is differentiable at (s, y(s)) for these
values of s; then V will be differentiable also at later times by Corollary 7.3.5.

Let us argue by contradiction and suppose that D+V (s̄, y(s̄)) is not a singleton
for some s̄ chosen as above. Set for simplicity x̄ = y(s̄). Then, D∗V (s̄, x̄) contains
at least two elements. We recall that different elements of D∗V (s̄, x̄) have differ-
ent space components, as a consequence of Theorem 7.2.4. Let p be the dual arc
associated with y such that p(T ) = Dg(y(T )). We know from Theorem 7.3.3 that
p(s̄) ∈ ∇+V (s̄, x̄). Since D∗V (s̄, x̄) is not a singleton, there is at least one vector
p̂ ∈ ∇+V (s̄, x̄) which is different from p(s̄) and is the space component of an el-
ement of D∗V (s̄, x̄). We have seen in the proof of Theorem 7.2.6 that ∇+V (s̄, x̄)
is contained in some normal cone to the convex set f (x̄,U ). Thus, we deduce from
(H6) that ∇+V (s̄, x̄) is contained in a half-line starting from the origin; it cannot
contain the origin by the assumption that 0 /∈ D∗V (t̄, x̄). It follows that p̂ and
p(s̄) are both nonzero and satisfy p̂ = λp(s̄) for some λ > 0, λ �= 1. If we set
p1(s) = λp(s) for all s ∈ [s̄, T ], we have that the pair (y, p1) solves system (7.30)
with conditions y(s̄) = x̄ , p1(s̄) = p̂. By Theorem 7.3.10, p1 is a dual arc associ-
ated with y in [s̄, T ] and satisfies p1(T ) = Dg(y(T )). This is a contradiction, since
p1(T ) = λp(T ) �= p(T ) = Dg(y(T )). Thus, V must be differentiable at (s̄, y(s̄)).

Example 7.3.17 Let us show that the hypothesis that 0 /∈ D∗V (t, x) in the previous
theorem is essential. Let n = 1, U = [−1, 1], f (x, u) = u. We take as our final cost
a function g with the following properties:
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(i) g(x) = 0 for all x ≤ −2
(ii) g(x) = −x for all x ≥ 0
(iii) g ≥ 0 in [−2, 0].

We assume that the values of g in [−2, 0] are such that g is smooth in R. We
consider the Mayer problem (MP) with T = 2. Although we have not completely
specified g, our requirements suffice to characterize V (t, x) for points (t, x) with
t ∈ [0, 1]. In fact, let us observe that the points reachable by an admissible trajectory
starting at a given point (t, x) are those of the interval [x − 2 + t, x + 2 − t]. If
t ∈ [0, 1] and x ≤ t − 2 we have x − 2 + t ≤ 2t − 4 ≤ −2 and x + 2 − t ≤ 0, and
so it is easily seen that the minimum of g on [x − 2+ t, x + 2− t] is 0. On the other
hand, if x ≥ t − 2, we find that the optimal trajectory is the rightmost one ending at
x + 2 − t . It follows that, for t ∈ [0, 1],

V (t, x) =
{

0 x ≤ t − 2
t − 2 − x x ≥ t − 2.

Observe that the segment y(s) = s − 2 is an optimal trajectory for the point
(0,−2). However, the points of this trajectory are singular for all s ∈ [0, 1] since
∇+V (s, y(s)) = [−1, 0] for all s ∈ [0, 1].

Corollary 7.3.18 Assume properties (H0)–(H6). If (t, x) ∈ [0, T [×R
n is such that

0 /∈ D∗V (t, x), then the map defined in Theorem 7.3.10 gives a a one-to-one cor-
respondence between D∗V (t, x) and the optimal trajectories of problem (MP) with
initial point (t, x).

Proof — We only need to show that the map given by Theorem 7.3.10 is surjective.
To see this, let y be any optimal trajectory for (t, x) and let p be a dual arc associated
with y. Then, by Theorems 7.3.3 and 7.3.16, V is differentiable at (s, y(s)) and
satisfies DV (s, y(s)) = (H(p(s)), p(s)) for all s ∈ ]t, T ]. It follows that p(t) =
lims→t p(s) is the space component of an element of D∗V (t, x), and this proves our
assertion.

7.4 The Bolza problem

In this section we consider another kind of optimal control problem with finite time
horizon. As in the Mayer problem, we are given a control system ( f,U ), a function
g ∈ C(Rn) and a time T > 0; in addition, a function L ∈ C(Rn × U ) is assigned,
called running cost. For any (t, x) ∈ [0, T ] × R

n , we consider the functional

Jt,x (u) =
∫ T

t
L(y(s), u(s)) ds + g(y(T )), where y(·) = y(·; t, x, u) (7.34)

and the control problem
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(BP) minimize Jt,x (u) over all controls u : [t, T ] → U .

Such a control problem is called of Bolza type.

Remark 7.4.1 Clearly, the Mayer problem can be regarded as a special case of the
Bolza problem, corresponding to the choice L(x, u) ≡ 0. On the other hand, it is also
possible to transform a Bolza problem into a Mayer problem by adding an additional
space variable. We can set in fact Y = (y0, y) ∈ R × R

n and define a new control
system on R×R

n whose state equation is Y ′ = f̃ (Y, u), where f̃ : R×R
n ×U →

R× R
n is defined by

f̃ (Y, u) = (L(y, u), f (y, u)).

Then it is easily seen that an arc y : [t, T ] → R
n is optimal for the Bolza problem

with initial point (t, x) if and only if the arc Y corresponding to the same control
u is optimal for the Mayer problem with initial point (t, (0, x)) and final cost g̃ :
R× R

n → R given by g̃(x0, x) = x0 + g(x).

Remark 7.4.2 Observe that the problem in the calculus of variations considered in
the previous chapter is also a special case of the Bolza problem, where the state
equation is y′ = u and the control set is U = R

n . We are studying the problems
under slightly different hypotheses (here we are taking L(x, u) independent of t
and we have a final cost rather than an initial one) but these differences are not
substantial. Observe that a control set of the form U = R

n does not satisfy the
compactness assumption (H0), which we are often requiring in this chapter; however,
as we will see in Theorem 7.4.6 (see also Theorem 6.1.2(iii)) if L is coercive the
problem behaves as if the control space were bounded.

We assume throughout that L satisfies the following.

(L1) For any R > 0 there exists γR such that |L(x2, u)− L(x1, u)| ≤ γR |x2 − x1|,
for all x1, x2 ∈ BR , u ∈ U .

For some results we also need the following.

(L2) For any x ∈ R
n , the following set is convex:

L(x) := {(λ, v) ∈ R
n+1 : ∃u ∈ U such that v = f (x, u), λ ≥ L(x, u)}.

(L3) For any R > 0 there exists λR such that

L(x, u)+ L(y, u)− 2L

(
x + y

2
, u

)
≤ λR |x − y|2, x, y ∈ BR, u ∈ U.

Remark 7.4.3 Assumption (L2) is related to the lower semicontinuity of the integral
term in the functional J and its role will be clear in Theorem 7.4.4. It is easy to see
that (L2) implies the convexity of f (x,U ) but it is in general a stronger assumption.
The two properties are equivalent if L = L(x). If f is linear with respect to u, then
(L2) is satisfied if U is convex and L is convex with respect to u. If f is invertible
with respect to u and if hx : f (x,U )→ U denotes its inverse, then (L2) is satisfied
if and only if, for all x , f (x,U ) is convex and v→ L(x, hx (v)) is a convex function
of v ∈ f (x,U ).
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We now study the existence of optimal trajectories for the Bolza problem. The
main step is contained in the next theorem, which is similar to the compactness
Theorem 7.1.6, but describes in addition the behavior of an integral functional with
respect to the uniform convergence of trajectories.

Theorem 7.4.4 Assume that (H0), (H1), (L1), (L2) hold. Let {yk} be a sequence of
trajectories of (7.1) in some given interval [t0, t1], that is, yk(·) = y(·; t0, xk, uk) for
some xk ∈ R

n and uk : [t0, t1] → U. If the trajectories yk are uniformly bounded,
then there exists a subsequence {ykh } converging uniformly to an arc ȳ which is a
trajectory of (7.1) associated with some control ū and satisfies∫ t1

t0
L(ȳ(t), ū(t)) dt ≤ lim inf

k→∞

∫ t1

t0
L(yk(t), uk(t)) dt. (7.35)

Proof — By assumption all trajectories yk are contained in some ball BR for a
suitable R > 0. Since (H0) holds, we can find M such that L(x, u) ≤ M for all
(x, u) ∈ BR ×U .

Let us first extract a subsequence such that the lim inf in (7.35) becomes a limit.
Here and in the following we denote the subsequences by the same subscript k as the
original sequence.

We now consider a control system (Û , f̂ ) where the state space has dimension
n + 1 and the control space has dimension m + 1. As a new control space we take
Û = U × [0, 1] and we denote the controls by û = (u, u0), with u ∈ U and
u0 ∈ [0, 1]. We denote the points in R

n+1 by x̂ = (x, x0), where x ∈ R
n , x0 ∈ R.

We consider the state equation{
y′ = f (y, u)

y′0 = u0 M + (1 − u0)L(y, u)
(7.36)

corresponding to f̂ (x̂, û) = ( f (x, u) , Mu0 + (1 − u0)L(x, u) ). Thus, the first n
component of ŷ evolve according to the original system.

Given any x̂ = (x, x0) such that |x | < R, we have L(x, u) < M and therefore

f̂ (x̂, Û ) = {( f (x, u),Mu0 + (1 − u0)L(x, u)) : u ∈ U, u0 ∈ [0, 1]}
= {( f (x, u), z) : u ∈ U, L(x, u) ≤ z ≤ M}
= {(y, y0) ∈ L(x) : y0 ≤ M},

where L(x) is the set introduced in (L2). We deduce that f̂ (x̂, Û ) is convex for all
x̂ = (x, x0) ∈ BR × R, since is the intersection of convex sets.

Let us now denote by ŷk the trajectories of (7.36) corresponding to the initial
conditions (xk, 0) and to the controls (uk, 0). We obtain that ŷk = (yk, zk), where
the yk’s are our original trajectories and

zk(t) =
∫ t

t0
L(yk(s), uk(s)) ds, t ∈ [t0, t1].



216 7 Optimal Control Problems

Since the trajectories ŷk are contained in BR × R, we can apply Theorem 7.1.6
(see also Remark 7.1.7). We obtain that there exist ȳ, z̄ such that yk → ȳ, zk → z̄
uniformly in [t0, t1]. In addition, (ȳ, z̄) is a trajectory of (7.36) and so there exist
ū : [t0, t1] → U and ū0 : [t0, t1] → [0, 1] such that

ȳ′ = f (ȳ, ū), z̄′ = ū0 M + (1 − ū0)L(ȳ, ū).

The first equation says that ȳ is a trajectory of the original system (7.1) corresponding
to the control ū. The second equation implies that z̄′ ≥ L(ȳ, ū) and therefore∫ t1

t0
L(ȳ(t), ū(t)) dt

≤
∫ t1

t0
z̄′(t) dt = z̄(t1)− z̄(t0) = lim

k→∞
[zk(t1)− zk(t0)]

= lim
k→∞

∫ t1

t0
L(yk(t), uk(t)) dt.

Thus ȳ satisfies the desired properties.

Theorem 7.4.5 Assume that hypotheses (H0), (H1), (L1), (L2) hold and that g is
continuous. Then, for any (t, x) ∈ [0, T ] × R

n, there exists an optimal control for
problem (BP).

Proof — We follow the same method of Theorem 7.1.4. We consider a minimizing
sequence {uk} and the associated trajectories {yk}. We apply Theorem 7.4.4 to find
that a subsequence of yk converges to an admissible trajectory ȳ. Using (7.35) we
obtain that ȳ is optimal.

Let us now consider the case when the control set U is unbounded (for instance,
U = R

m) and thus assumption (H0) is not satisfied. We assume instead that the
running cost L is coercive with respect to u. More precisely, we replace assumption
(H0) with the following ones:

(H*) There exists K0 such that

| f (x, u)| ≤ K0(1 + |x | + |u|), ∀x ∈ R
n, u ∈ U.

(L*) There exists l0 ≥ 0 and a function l : [0,∞[→ [0,∞[ with l(r)/r →+∞ as
r →+∞ and such that

L(x, u) ≥ l(|u|)− l0, ∀x ∈ R
n, u ∈ U.

Theorem 7.4.6 Let ( f,U ) be a control system satisfying (H*), (H1). Let T > 0, let
g : R

n → R be locally Lipschitz and bounded from below and let L ∈ C(Rn × U )
satisfy (L*), (L1). Then, for any R > 0 there exists μR > 0 with the following
property: given (t, x) ∈ [0, T ] × BR, if we set MR = {u : [t, T ] → U : ||u||∞ ≤
μR} we have

inf
u∈L1([t,T ],U )

Jt,x (u) = inf
u∈MR

Jt,x (u).
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Proof — Let {uk} ⊂ L1([t, T ],U ) be such that

lim
k→∞

Jt,x (uk) = inf
u∈L1([t,T ],U )

Jt,x (u) := λ

and let us set yk = y(·; t, x, uk). We have∫ T

t
l(|uk(s)|) ds ≤

∫ T

t
L(yk(s), uk(s)) ds + l0T

≤ Jt,x (uk)+ l0T − inf g.

By (L*) there exists M0 such that l(r) > r for all r > M0. Then we have, for k large
enough,

||uk ||1 ≤ M0T +
∫
{|u|>M0}

l(|uk(s)|) ds

≤ M0T + λ+ 1 + l0T − inf g.

Thus, if we set M = M0T + λ+ 1+ l0T − inf g, we see that the infimum of Jt,x (u)
does not change if it is taken only over the controls u with ||u||1 < M .

Let us now consider any control u ∈ L1([t, T ]) satisfying the bound ||u||1 ≤ M
and set for simplicity y(·) := y(·; t, x, u). We find, using (H*),

|y(s)| ≤ |x | + K0

∫ s

t
(1 + |u(τ )| + |y(τ )|) dτ

≤ R + K0(T + M)+
∫ s

t
|y(τ )| dτ, s ∈ [t, T ].

Thus, using Gronwall’s inequality,

|y(s)| ≤ (R + K0(T + M))eK0T , s ∈ [t, T ]. (7.37)

Let us set for simplicity R∗ = (R + K0(T + M))eK0T . We now define, for a given
μ > 0,

Iμ = {s ∈ [t, T ] : |u(s)| > μ},

uμ(s) =
{

u(s) if |u(s)| ≤ μ
0 if |u(s)| > μ.

We assume for simplicity that 0 ∈ U , so that uμ is an admissible control; otherwise
0 can be replaced by any fixed element of U , with slight changes in the following
computations. Our aim is to show that, since L is superlinear in u, the “truncated”
control uμ yields a lower value of the functional than the original control u if μ is
chosen suitably large.

We set yμ(·) := y(·; t, x, uμ). Then we have, taking into account (H1), (H*) and
(7.37),
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|yμ(s)− y(s)| ≤
∣∣∣∣∫ T

t
[ f (yμ, uμ)− f (y, u)] dτ

∣∣∣∣
≤
∫ T

t
| f (yμ, uμ)− f (y, uμ)| dτ +

∫ T

t
| f (y, uμ)− f (y, u)| dτ

≤ K1

∫ T

t
|yμ(τ)− y(τ )| dτ + K0

∫
Iμ

[2 + 2|y(τ )| + |u(τ )|] dτ

≤ K1

∫ T

t
|yμ(τ)− y(τ )| dτ + 2(1 + R∗)K0

∫
Iμ
(1 + |u(τ )|) dτ.

By Gronwall’s inequality

|yμ(s)− y(s)| ≤ α1eK1s
∫

Iμ
(1 + |u(τ )|) dτ,

where α1 = 2(1 + R∗)K0. Therefore, if we denote by Kg the Lipschitz constant of
g over BR∗ ,

|g(yμ(T ))− g(y(T ))| ≤ Kg|yμ(T )− y(T )|

≤ Kgα1eK1T

(
|Iμ| +

∫
Iμ
|u(τ )| dτ

)
. (7.38)

Similarly, using (L1), (L*) and (7.37) we find∫ T

t
[L(yμ(s), uμ(s))− L(y(s), u(s))] ds

≤ γR∗
∫ T

t
|yμ(s)− y(s)| ds +

∫
Iμ

[L(y(s), 0)− L(y(s), u(s))] ds

≤ γR∗α1T eK1T

(
|Iμ| +

∫
Iμ
|u(τ )| dτ

)

+α2|Iμ| −
∫

Iμ
l(|u(s)|) ds, (7.39)

with α2 = L(0, 0)+ R∗γR∗ + l0. Let us assume μ ≥ 1, so that |Iμ| ≤
∫

Iμ
|u|. Then

we obtain from (7.38) and (7.39)

Jt,x (uμ)− Jt,x (u) ≤
∫

Iμ
[α3|u(s)| − l(|u(s)|)] ds

with α3 = 2(γR∗T + Kg)α1eK1T + α2. Let us now choose μR > 1 in such a way
that l(r) ≥ α3r for all r ≥ μR . Then Jt,x (uμR ) ≤ Jt,x (u) for all controls u with
||u||1 ≤ M . Since the bound ||u||1 ≤ M is satisfied along a minimizing sequence,
we have proved that the infimum of the functional remains the same if the functional
is restricted over controls u with ||u||∞ ≤ μR .
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The previous result shows that the control problem under consideration is equiv-
alent to one with compact control space. Thus, we can apply Theorem 7.4.5 and
obtain the following existence result.

Corollary 7.4.7 Let the hypotheses of the previous theorem be satisfied, and let (L2)
also hold. Then there exists an optimal control for problem (BP) for any initial con-
dition (t, x) ∈ [0, T ] × R

n.

Example 7.4.8 Let us consider the linear control system ( f,U ) with U = R
m and

f (x, u) = Ax + Bu, where A, B are n × n and n × m matrices. Given T > 0, we
want to minimize the functional

J (y) =
∫ T

t
{〈My(s), y(s)〉 + 〈Nu(s), u(s)〉} ds + 〈Py(T ), y(T )〉

over all trajectories y(·) = y(·; t, x, u) starting from a given point (t, x) ∈ [0, T ] ×
R

n . Here M, P and N are n×n and m×m symmetric matrices, respectively. This is a
Bolza problem, corresponding to the running cost L(x, u) = 〈Mx, x〉+ 〈Nu, u〉 and
final cost g(x) = 〈Px, x〉. It is a classical problem in control theory and is called
the linear-quadratic regulator. If M, P are nonnegative definite and N is positive
definite, then this problem satisfies the assumptions of the previous corollary.

Let us introduce the value function for the Bolza problem.

Definition 7.4.9 Given (t, x) ∈ [0, T ] × R
n, we define

V (t, x) = inf{Jt,x (u) : u : [t, T ] → U measurable }.
The function V is called the value function of the control problem (B P).

As in Theorem 7.2.2 one can prove that the value function satisfies the dynamic
programming principle: for any given (t, x) ∈ ]0, T [ and any s ∈ [t, T ] we have

V (t, x) = inf
u:[t,s]→U

V (s, y(s; t, x, u))+
∫ s

t
L(y(τ ; t, x, u), u(τ )) dτ. (7.40)

As in the Mayer problem, the value function is Lipschitz continuous and semi-
concave under suitable assumptions on the data, as the following results show.

Theorem 7.4.10 Let our control system satisfy assumptions (H0), (H1), (L1) and let
g ∈ Lip loc(R

n). Then V ∈ Lip loc([0, T ] × R
n).

Proof — It is possible to repeat the proof of Theorem 7.2.3 with some slight modifi-
cations in the estimates due to additional terms containing the running cost L . We use
instead the transformation of a Bolza problem into a Mayer problem, which allows
us to deduce the result directly from Theorem 7.2.3.

As described in Remark 7.4.1, we transform our original problem into a problem
in R

n+1. We denote the generic point of R
n+1 by (x0, x), with x0 ∈ R and x ∈ R

n .
The dynamics is given by f̃ (x0, x, u) = (L(x, u), f (x, u)), while the final cost is
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g̃(x0, x) = x0 + g(x). It is easy to check that, if we denote by Ṽ (t, x0, x) the value
function of the Mayer problem for system ( f̃ ,U ) with final cost g̃, then

Ṽ (t, x0, x) = x0 + V (t, x), t ∈ [0, T ], (x0, x) ∈ R
n+1, (7.41)

where V is the value function of our original Bolza problem.
Using our assumptions we easily find that system ( f̃ ,U ) satisfies (H0) and that

g̃ ∈ Lip loc(R
n+1). Assumption (H1) may not be satisfied since the Lipschitz require-

ment on L in (L1) is only local. However, taking into account the a priori bound on
the trajectories (7.3), we see that the value function in a given compact set does not
change if we modify L(x, u) for large x in order to have global Lipschitz continuity.
Thus, we can assume that the system ( f̃ ,U ) satisfies (H1) as well. We then apply
Theorem 7.2.3 to this system with final cost g̃. We obtain that Ṽ is locally Lipschitz
and so, by (7.41), the same holds for V .

Theorem 7.4.11 Let assumptions (H0), (H1), (H2), (L1), (L3) be satisfied and let
g ∈ SCL loc(R

n). Then V ∈ SCL loc([0, T ] × R
n).

Proof — It is not convenient to use the transformation of the previous theorem,
since the resulting system would not satisfy (H2). However, the result can be proved
by a procedure which is very similar to the one of Theorem 7.2.8 (see also Theorem
6.4.1).

Let r > 0 be fixed and let R > 0 be such that all trajectories starting from Br at
a time t ∈ [0, T ] stay inside BR in [t, T ]. Let us first consider a triple of points with
the same time coordinate. Given x, h such that x ± h ∈ Br and given t ∈ [0, T ], let
u : [t, T ] → U be an optimal control for the point (t, x). Let us set

y(·) = y(·; t, x, u), y−(·) = y(·; t, x − h, u), y+(·) = y(·; t, x + h, u).

Then, by Lemma 7.1.2, we have

|y+(s)− y−(s)| ≤ c|h|, |y+(s)+ y−(s)− 2y(s)| ≤ c|h|2 (7.42)

for some constant c > 0. It follows, using the definition of V and the optimality of
u, that

V (t, x + h)+ V (t, x − h)− 2V (t, x)

≤ g(y+(T ))+ g(y−(T ))− 2g(y(T )) (7.43)

+
∫ T

t
(L(y+(s), u(s))+ L(y−(s), u(s))− 2L(y(s), u(s))) ds.

As in (7.18) we find that

g(y+(T ))+ g(y−(T ))− 2g(y(T )) ≤ C |h|2.
Here and in the following we denote by C any constant depending only on r . We
also find, by (L1) and (L3),
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L(y+(s), u(s))+ L(y−(s), u(s))− 2L(y(s), u(s))

= L(y+(s), u(s))+ L(y−(s), u(s))− 2L

(
y−(s)+ y+(s)

2
, u(s)

)
+2L

(
y−(s)+ y+(s)

2
, u(s)

)
− 2L(y(s), u(s))

≤ λR |y+(s)− y−(s)|2 + γR |y+(s)− y−(s)− 2y(s)|
which is also estimated by C |h|2, by virtue of (7.42). Thus (7.43) implies that

V (t, x + h)+ V (t, x − h)− 2V (t, x) ≤ C |h|2 (7.44)

which proves the semiconcavity inequality in this case.
Let us now consider x, h and t, τ such that x ±h ∈ Br and such that 0 ≤ t − τ ≤

t + τ ≤ T . We take a control u : [t, T ] → U optimal for (t, x) and define

ū(s) = u

(
t + τ + s

2

)
, s ∈ [t − τ, t + τ ],

y(s) = y(s; t, x, u), s ∈ [t, t + τ ],
ȳ(s) = y(s; t − τ, x − h, ū), s ∈ [t − τ, t + τ ],

x̄ = ȳ(t + τ), x̂ = y(t + τ).
By the dynamic programming principle

V (t + τ, x + h)+ V (t − τ, x − h)− 2V (t, x)

≤ V (t + τ, x + h)+ V (t + τ, x̄)− 2V (t + τ, x̂) (7.45)

+
∫ t+τ

t−τ
L(ȳ(s), ū(s)) ds − 2

∫ t+τ

t
L(y(s), u(s)) ds.

We can proceed as in the proof of Theorem 7.2.8 and obtain from (7.44) that

V (t + τ, x + h)+ V (t + τ, x̄)− 2V (t + τ, x̂) ≤ C(|h|2 + τ 2).

In addition, as in (7.19), we have that |ȳ(s1) − y(s2)| ≤ C(|h| + τ) for all s1 ∈
[t − τ, t + τ ], s2 ∈ [t, t + τ ]. Thus we can estimate the last term in (7.45) using (L1)
to find that ∫ t+τ

t−τ
L(ȳ(s), ū(s)) ds − 2

∫ t+τ

t
L(y(s), u(s)) ds

= 2
∫ t+τ

t
[L(ȳ(2s − t − τ), u(s))− L(y(s), u(s))] ds

≤ 2τγRC(|h| + τ) ≤ C ′(|h|2 + τ 2).

Gathering the above estimates, we recover the desired semiconcavity inequality for
V .

Analogous results hold when the control space is not necessarily compact but the
running cost is superlinear with respect to u.
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Theorem 7.4.12 Let ( f,U ) be a control system satisfying (H*) and (H1).

(i) Let g : R
n → R be locally Lipschitz and bounded from below, and let L ∈

C(Rn ×U ) satisfy (L1) and (L*). Then the value function V of problem (BP) is
locally Lipschitz.

(ii) Suppose, in addition, that g ∈ SCL loc(R
n), f satisfies (H2) and L satisfies the

following: for any R > 0, there exists λR such that

L(x, u)+ L(y, u)− L

(
x + y

2
, u

)
≤ λR |x − y|2, x, y ∈ BR, u ∈ U ∩ BR .

Then V ∈ SCL loc([0, T ] × R
n).

Proof — Let us take any r > 0; by Theorem 7.4.6 there exists μ > 0 such that
for any (t, x) ∈ [0, T ] × Br , the value of V (t, x) does not change if we replace the
control set U by U ∩ Bμ. Then the theorem is an immediate consequence of the
previous regularity results obtained in the case of U compact.

As for the Mayer problem, one can prove a semiconvexity result for linear sys-
tems with convex cost.

Theorem 7.4.13 Consider a control system ( f,U ) with U convex (possibly un-
bounded) and f (x, u) = Ax + Bu with A, B matrices. Let L : R

n × U → R

and g : R
n → R be convex functions. Suppose in addition that g is bounded from

below and that L satisfies (L*). Then the value function V of the Bolza problem as-
sociated with the system is convex with respect to x and locally semiconvex with a
linear modulus with respect to (t, x). If in addition g ∈ C1,1

loc and L(·, u) ∈ C1,1
loc for

all u, then V ∈ C1,1
loc .

Proof — We follow the same procedure of the corresponding result for the Mayer
problem (Theorem 7.2.11), so we only show how to estimate the additional terms
coming from the presence of the running cost L . In the first step, when we estimate
the quantity 2V (t, x)− V (t, x − h)− V (t, x + h) we find the same terms as in the
Mayer problem plus an integral term involving L which has the form∫ T

t

[
2L

(
y−(s)+ y+(s)

2
,

u−(s)+ u+(s)
2

)
− L(y−(s), u−(s))− L(y+(s), u+(s))

]
ds

which is nonpositive, since L is convex. Thus we conclude also in this case that
V (t, ·) is a convex function of x .

In the second step, when we estimate 2V (t, x)−V (t−τ, x−h)−V (t+τ, x+h),
the additional term has the form

� := 2
∫ t+τ

t
L(ȳ(s), u−(2s − t − τ)) ds −

∫ t+τ

t−τ
L(y−(s), u−(s)) ds.
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We now rescale time in the first integral and use the local Lipschitz continuity of L
(which follows from the convexity) to obtain

� =
∫ t+τ

t−τ

[
L(ȳ

(
s + t + τ

2

)
, u−(s))− L(y−(s), u−(s))

]
ds

≤ K
∫ t+τ

t−τ

∣∣∣∣y ( s + t + τ
2

)
− y−(s)

∣∣∣∣ ds

≤ 2K τC(|h| + τ) ≤ C ′(|h|2 + τ 2),

and so V is semiconvex with a linear modulus.
If g, L(·, u) ∈ C1,1

loc , then they belong to SCL loc. We can apply Theorem 7.4.12
to find that V belongs to SCL loc, in addition to being convex, and therefore is in
C1,1

loc .

Observe that the linear quadratic regulator considered in Example 7.4.8 satisfies
all assumptions of the last part of previous theorem and so the corresponding value
function is locally of class C1,1.

The value function of a Bolza problem also satisfies a suitable Hamilton–Jacobi
equation. The hamiltonian function in this case is defined as

H(x, p) = max
u∈U

[−p · f (x, u)− L(x, u)]. (7.46)

Then we have the following result.

Theorem 7.4.14 Under the hypotheses of Theorem 7.4.10 or 7.4.12(i), the value
function V is a viscosity solution of the problem{−∂t V (t, x)+ H(x,∇V (t, x)) = 0, (t, x) ∈ ]0, T [×R

n

V (T, x) = g(x) x ∈ R
n .

(7.47)

Proof — Similar to Theorem 7.2.4 (see also Theorem 6.4.5).

Definition (7.46) can be regarded as a generalization of the Legendre–Fenchel
transform which defines the hamiltonian in the calculus of variations. It is easy to
see that H is convex in p and locally Lipschitz continuous in x . We have seen for
the Mayer problem that the analysis of the optimality conditions is more difficult if
the hamiltonian is not differentiable or not strictly convex. For the Bolza problem
the properties of the hamiltonian can be very different depending on the properties
of f and L . For instance, if L = L(x), then the function L does not influence the
minimization in (7.46), and so the behavior of H with respect to p is the same as
in the Mayer problem. On the other hand, the presence of a suitable L = L(x, u)
can improve the properties of the hamiltonian, and in some cases H can be both
differentiable and strictly convex, at least for |p| small.
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Example 7.4.15 Consider again the linear quadratic regulator (Example 7.4.8). If
the matrix N is positive definite, then an easy computation shows that the Hamilto-
nian function is

H(x, p) = −〈Ax, p〉 − 〈Mx, x〉 + 1

4
〈B N−1 BT p, p〉.

Therefore H is smooth; if B N−1 BT is positive definite, then H is also strictly con-
vex.

Theorem 7.4.16 Let f, g, L satisfy the assumptions of Theorem 7.4.11 or 7.4.12(ii).
Suppose in addition that, for all x ∈ R

n, H(x, ·) is strictly convex. Let y : [t, T ] →
R

n be an optimal trajectory for a point (t, x) ∈ [0, T ]×R
n. Then V is differentiable

at (τ, y(τ )) for all τ ∈ ]t, T [ .

Proof — As in the case of a Mayer problem (see Theorem 7.2.5) we can prove that
if y : [t, T ] → R

n is an optimal trajectory, then we have

−pt + H(y(τ ), px ) = 0, ∀ τ ∈ ]t, T [ , (pt , px ) ∈ D+V (τ, y(τ )).

Since H(y(τ ), ·) is strictly convex and D+V (τ, y(τ )) is a convex set, the above
equality implies that D+V (τ, y(τ )) is a singleton. Since V is semiconcave, this im-
plies that V is differentiable at (τ, y(τ )).

We now give the maximum principle and the co-state inclusion for the Bolza
problem. Here and in the rest of the section we consider the case where the con-
trol set U is compact; all results have straightforward extensions in the case where
assumption (H0) is replaced by (H*) and (L*).

Theorem 7.4.17 Let f, L satisfy hypotheses (H0), (H1), (L1) and let g ∈ C(Rn).
Suppose in addition that fx , Lx exist and are continuous with respect to x. Given
(t, x) ∈ [0, T ] × R

n, let u : [t, T ] → U be an optimal control for problem (BP)
with initial point (t, x) and let y(·) = y(·; t, x, u) be the corresponding optimal
trajectory. For a given q ∈ D+g(y(T )), let p : [t, T ] → R

n be the solution of the
equation{

p′(s) = − f T
x (y(s), u(s)) p(s)− Lx (s, y(s), u(s)), s ∈ [t, T ] a.e.

p(T ) = q.
(7.48)

Then, p(s) satisfies, for s ∈ [t, T ] a.e.,

− f (y(s), u(s)) · p(s)− L(y(s), u(s)) ≥ − f (y(s), v) · p(s)− L(y(s), v)

for all v ∈ U. In addition,

p(s) ∈ ∇+V (s, y(s)) ∀ s ∈ [t, T ].
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Proof — The strategy of proof is similar to the one used for the Mayer problem. We
fix s̄ ∈ ]t, T [ which is a Lebesgue point for the functions s → f (y(s), u(s)) and
s → L(y(s), u(s)). We then take an arbitrary v ∈ U and define, for ε > 0 small, the
perturbed controls

uε(s) =
{

u(s) s ∈ [t, T ] \ [s̄ − ε, s̄]

v s ∈ [s̄ − ε, s̄]
(7.49)

and set yε(s) = y(s; t, x, uε) and x̄ = y(s̄). As in the proof of Theorem 7.3.1, we
find

yε(s) = y(s)+ εw(s)+ o(ε), s ≥ s̄, (7.50)

where w is the solution of the linearized problem{
w′(s) = fx (y(s), u(s)) w(s) s ≥ s̄

w(s̄) = f (x̄, v)− f (x̄, u(s̄)).

If we take q ∈ D+g(y(T )) and define p by solving (7.48), we obtain

d

ds
〈p(s), w(s)〉 = −〈Lx (y(s), u(s)), w(s)〉, (7.51)

and therefore∫ T

s̄
〈Lx (y(s), u(s)) , w(s)〉 ds = p(s̄) · w(s̄)− p(T ) · w(T )

= p(s̄) · [ f (x̄, v)− f (x̄, u(s̄))] − q · w(T ).
Therefore, using the fact that s̄ is a Lebesgue point for L ,∫ T

t
[L(yε(s), uε(s))− L(y(s), u(s))] ds

=
∫ s̄

s̄−ε
[L(yε(s), v)− L(y(s), u(s))] ds

+
∫ T

s̄
[L(yε(s), u(s))− L(y(s), u(s))] ds

= ε[L(x̄, v)− L(x̄, u(s̄))] + ε
∫ T

s̄
〈Lx (y(s), u(s)) , w(s)〉 ds + o(ε)

= ε[L(x̄, v)− L(x̄, u(s̄))+ p(s̄) · [ f (x̄, v)− f (x̄, u(s̄))] − q · w(T )].
Now since q ∈ D+g(y(T )) we have

g(yε(T ))− g(y(T )) ≤ q · (yε(T )− y(T )) = εq · w(T )+ o(ε).

Thus we conclude, using the optimality of u,
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0 ≤
∫ T

t
[L(yε(s), uε(s))− L(y(s), u(s))] ds + g(yε(T ))− g(y(T ))

≤ ε[L(x̄, v)− L(y(s̄), u(s̄))] + εp(s̄) · [ f (x̄, v)− f (x̄, u(s̄))] + o(ε).

Since this holds for all v ∈ U and for s̄ ∈ ]t, T [ a.e., the first assertion is proved.
To prove the inclusion in the superdifferential, let us fix any h ∈ R

n , |h| = 1 and
let us set, for ε > 0 yε(·) = y(·; t, x + εh, u). Then

yε(s) = y(s)+ εw(s)+ o(ε),

where w is the solution of the linearized problem{
w′(s) = fx (y(s), u(s))w(s) s ≥ t

w(t) = h.

With computations similar to the first part of the proof we find that∫ T

t
[L(yε(s), u(s))− L(y(s), u(s))] ds

= ε
∫ T

t
〈Lx (y(s), u(s)), w(s)〉 ds + o(ε)

= ε [p(t) · h − q · w(T )] + o(ε).

Since q ∈ D+g(y(T )) we have also in this case

g(yε(T ))− g(y(T )) ≤ q · (yε(T ))− y(T )) = εq · w(T )+ o(ε),

and so we conclude, by the optimality of u, that

V (t, x + εh)− V (t, x)

≤
∫ T

t
[L(yε(s), u(s))− L(y(s), u(s))] ds + g(yε(T ))− g(y(T ))

≤ εp(t) · h + o(ε).

Such an estimate holds for any unit vector h, with o(ε) independent of h. Thus we
have proved that p(t) ∈ ∇+V (t, x). The proof that p(s) ∈ ∇+V (s, y(s)) for a
general s ∈ [t, T ] is entirely analogous.

Corollary 7.4.18 Let the hypotheses of the previous theorem be satisfied, and sup-
pose in addition that H ∈ C1,1

loc (R
n ×R

n). Let (u, y) be an optimal pair for the point
(t, x) ∈ [0, T ] × R

n and let p : [t, T ] → R
n be a dual arc associated with (u, y).

Then (y, p) solves the system{
y′(s) = Hx (y(s), p(s))

p′(s) = −Hp(y(s), p(s))
s ∈ [t, T ]. (7.52)

As a consequence, y, p are of class C1.
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Proof — We are assuming that H is smooth; from Theorem 3.4.4 on marginal func-
tions we deduce that the derivatives of H are given by

Hx (x, p) = − f T
x (x, u

∗(x, p))p − Lx (x, u∗(x, p)),

Hp(x, p) = − f (x, u∗(x, p))
(7.53)

where u∗(x, p) is any element of U such that

− f (x, u∗) · p − L(x, u∗) = max
u∈U

− f (x, u) · p − L(x, u).

Then the assertion follows from the maximum principle.

Example 7.4.19 Unlike the Mayer problem, one can give nontrivial examples of
Bolza problems where the hamiltonian H is everywhere differentiable, as required in
the above corollary. This was the case in the linear quadratic regulator (see Examples
7.4.8 and 7.4.15). We give here another such example, where the control space is
bounded. Let U = Br and let

f (x, u) = σ(x)u + h(x) ,

L(x, u) = l(x)+ 1

2
|u|2 ,

where σ(·) is a matrix with C1,1 entries, h and l are of class C1,1. It is easy to see that
for all (x, p) ∈ R

n × R
n there exists a unique u∗ = u∗(x, p) such that the infimum

in (7.46) is attained, given by

u∗(x, p) =

⎧⎪⎪⎨⎪⎪⎩
−σ T (x)p if |σ T (x)p| ≤ r

−r
σ T (x)p

|σ T (x)p| if |σ T (x)p| > r .

Thus the hamiltonian is given by

H(x, p) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
|σ T (x)p|2

2
− l(x)− h(x) · p if |σ T (x)p| ≤ r

r |σ T (x)p| − r2

2
− l(x)− h(x) · p if |σ T (x)p| > r .

It is easily checked that H ∈ C1,1
loc (R

n × R
n).

Theorem 7.4.20 Suppose that hypotheses (H0)–(H2) and (L1)–(L3) are satisfied.
Assume in addition that g ∈ SCL loc(R

n), that Lx exists and is continuous with re-
spect to x, that H ∈ C1,1

loc (R
n×R

n) and is strictly convex. Given (t, x) ∈ [0, T [×R
n

and p̄ = ( p̄t , p̄x ) ∈ D∗V (t, x), let us associate with p̄ the pair (y, p) which solves
system (7.52) with initial conditions y(t) = x, p(t) = p̄x . Then y is an optimal tra-
jectory for (t, x). The map from D∗V (t, x) to the set of optimal trajectories defined
in this way is one-to-one.



228 7 Optimal Control Problems

We skip the proof, which is analogous to the one of Theorem 6.4.9. Observe that
since we are assuming here that H is differentiable everywhere, we do need to treat
separately the case where 0 ∈ D∗V (t, x), as we did for the Mayer problem.

Bibliographical notes

For a general introduction to optimal control theory the reader may consult for in-
stance [111, 26, 54, 53, 28], while a detailed treatment of the dynamic program-
ming approach can be found in [110, 20] and in the references given after Chap-
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The maximum principle (Theorem 7.3.1) is a classical result in control theory
and is originally due to Pontryagin (see e.g., [118]). There are versions of this result
in more general settings, e.g., in the presence of constraints on the trajectories or on
the endpoints. The property that the dual arc is related to the gradient of the value
function in some suitable sense is also well known (see e.g., [57]). The other opti-
mality conditions in Section 7.3 and the results about the propagation of singularities
are taken from [33, 47, 4, 129]. Further results about the singular set are given in [2].
The results of Section 7.4 are mainly an adaptation to the Bolza problems of tech-
niques of [46, 33]. A semiconcavity result for the Bolza problem under more general
hypotheses can be found in [51]. Many of the results of this chapter have also been
extended to some infinite dimensional control systems in [31, 34, 35, 4].

We have not considered here control problems with state constraints; for such
problems, semiconcavity is harder to prove and cannot be expected in such general
hypotheses as in the cases we have treated here. A semiconcavity result for a partic-
ular infinite horizon problem with space constraints has been obtained in [40].

Let us mention here some important topics related to control theory that are not
treated in this book. In the study of stochastic optimal control problems one can also
introduce the dynamic programming approach (see [80, 81]); the value function in
this case satisfies a Hamilton–Jacobi equation of second order, usually degenerate
elliptic or parabolic. Some semiconcavity results are available also in this case (see
e.g., [95]), but the understanding of the regularity of the solution is far from being
as good as in the first order case. Another interesting case is the one of differential
games (see [20] and the references therein), where the dynamic programming ap-
proach leads to first-order Hamilton–Jacobi equations where the hamiltonian is non-
convex. Here virtually nothing is known about the structure of singularities of the
solution. Without convexity of the hamiltonian, semiconcavity cannot be expected,
so the analysis should be focused on weaker regularity properties.
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Control Problems with Exit Time

The control problems considered in this chapter are called with exit time because
the terminal time of the trajectories is not fixed, but it is the first one at which they
reach a given target set. A typical example is the minimum time problem, where one
wants to steer a point to the target in minimal time. It is interesting to observe that
the distance function can be regarded as the value function of a particular minimum
time problem, and so the properties of the distance function may serve as a guideline
for the analysis of the general case.

Our analysis of exit time problems will be similar to that of the previous chap-
ters about finite horizon problems. We first study the existence of optimal controls;
then we introduce the value function, give results about its Lipschitz continuity and
semiconcavity, analyze the optimality conditions and the properties of optimal tra-
jectories. The variable terminal time introduces some additional difficulties; another
new feature of these problems is given by the presence of the target set, whose prop-
erties play an important role in the analysis.

The chapter is structured as follows. In Section 8.1 we introduce exit time prob-
lems and give a result about the existence of optimal controls. In Section 8.2 we
consider the value function and study its regularity properties. We show that the Lip-
schitz continuity of the value function is ensured by suitable compatibility conditions
on the final cost and on the behavior of the dynamics along the boundary of the target
set. Then we prove a semiconcavity result for the value function; an important hy-
pothesis here is that the target set satisfies an interior sphere condition, analogous to
the one considered in Chapter 2 on the analysis of the distance function. In Section
8.3 we give a semiconvexity result for the minimum time function of a linear system
with convex target; as a corollary, we prove differentiability of this function for some
classes of linear systems. Finally, Section 8.4 is devoted to the analysis of optimality
conditions. We give the Pontryagin maximum principle in the case of a smooth target
and prove the co-state inclusion. Under additional hypotheses on the system, we can
show that the trajectories are solutions of the associated hamiltonian system and are
in one-to-one correspondence with the reachable gradients of the value function.
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8.1 Optimal control problems with exit time

Let us consider again a control system ( f,U ) as in the previous chapter and the
associated state equation{

y′(t) = f (y(t), u(t)), t ≥ 0 a.e.

y(0) = x,
(8.1)

where u ∈ L1([0, Tu],U ) is a control defined up to some finite time Tu > 0 depend-
ing on u. For the reader’s sake, we quote from the previous chapter some assumptions
about the system which we will often require in our following analysis.

(H0) The control set U is compact.
(H1) There exists K1 > 0 such that | f (x2, u) − f (x1, u)| ≤ K1|x2 − x1|, for all

x1, x2 ∈ R
n , u ∈ U .

(H2) fx exists and is continuous; in addition, there exists K2 > 0 such that
|| fx (x2, u)− fx (x1, u)|| ≤ K2|x2 − x1|, for all x1, x2 ∈ R

n , u ∈ U .

We always assume that our system satisfies (H1), ensuring the existence and unique-
ness of the solution of (8.1). Since the initial time of the system will be 0 throughout
the chapter, we denote the solution of (8.1) simply by yx,u(·).

In addition, we assume that a closed set K ⊂ R
n is given, and is called the target.

For a given trajectory y = yx,u of the system we set

τ(x, u) = min{t ≥ 0 : yx,u(t) ∈ K},

with the convention that τ(x, u) = +∞ if yx,u(t) �∈ K for all t ∈ [0, Tu]. We call
τ(x, u) the exit time of the trajectory. If τ(x, u) < +∞ we set for simplicity

yx,u
τ := yx,u(τ (x, u))

to denote the point where the trajectory reaches the target. We denote by R the set of
all x such that τ(x, u) < +∞ for some control u and call R the controllable set.

In this chapter we consider optimal control problems where the functional to
minimize is no longer defined on a fixed time interval, but depends on the exit time
τ(x, u). A simple and important example consists of the minimization of the exit
time itself, and is called the minimum time problem:

(MTP) given x ∈ R, minimize τ(x, u) over all measurable u : [0, Tu] → U .

A control u achieving the minimum in (MTP) and the associated trajectory y = yx,u

are called time-optimal. The corresponding value function is called the minimum time
function and is defined by

T (x) = inf{τ(x, u) : u ∈ L1([0, Tu],U )} x ∈ R. (8.2)
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Example 8.1.1 If we consider the system y′ = u with u ∈ U = B1, then it is easy
to see that R = R

n and T (x) = dK(x), the distance function from K. The optimal
trajectories are the line segments joining a given point x to a projection of x on K.
Therefore an optimal trajectory exists for any x , and is unique if and only if the
projection of x on K is unique; we know from Corollary 3.4.5 that this condition is
in turn equivalent to the differentiability of dK at x . Thus, also in this case we see
that the uniqueness of the optimal trajectory is related to the differentiability of the
value function, as for finite horizon control problems. Later in this chapter we shall
describe a class of exit time problems satisfying the same property.

We can consider more general control problems depending on the exit time of
the trajectory. In fact, let us suppose that two continuous functions L : R

n ×U → R

(called running cost) and g : R
n → R (the terminal cost) are given, with L positive

and g bounded from below. We can consider the functional

J (x, u) =
∫ τ(x,u)

0
L(yx,u(s), u(s))ds + g(yx,u

τ )

and study the following control problem:

(ETP) given x ∈ R, minimize J (x, u) over all u ∈ L1([0, Tu],U ).

We call a problem of this form an exit time problem. Observe that the minimum
time problem is a special case of (ETP), corresponding to the choices L ≡ 1 and
g ≡ 0. If x ∈ R there exists at least one control u such that J (x, u) < +∞; on the
other hand, our assumptions on g, L imply that J (x, u) ≥ inf g for all u. Therefore
infu J (x, u) �= ±∞ for all x ∈ R.

For future reference, let us recall some assumptions on L which have been intro-
duced in the previous chapter and which will be often needed in our later analysis.

(L1) For any R > 0 there exists γR such that |L(x2, u)− L(x1, u)| ≤ γR |x2 − x1|,
for all x1, x2 ∈ BR , u ∈ U .

(L2) For any x ∈ R
n , the following set is convex:

L(x) := {(λ, v) ∈ R
n+1 : ∃u ∈ U such that v = f (x, u), λ ≥ L(x, u)}.

(L3) For any R > 0 there exists λR such that

L(x, u)+ L(y, u)− 2L

(
x + y

2
, u

)
≤ λR |x − y|2, x, y ∈ BR, u ∈ U.

A control u and the corresponding trajectory yx,u are called optimal for the point
x if u is such that the infimum in (ETP) is attained. The value function of the problem
is defined by

V (x) = inf{J (x, u) : u ∈ L1([0, Tu],U )}, x ∈ R. (8.3)

For these problems the dynamic programming principle takes the following form:
for any x ∈ R

n and u : [0, Tu] → U such that τ(x, u) <∞.
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V (x) ≤
∫ t

0
L(yx,u(s), u(s))ds + V (yx,u(t)), ∀ t ∈ [0, τ (x, u)], (8.4)

with equality if u is optimal. This property can be proved by the same arguments of
the previous chapters (Theorem 1.2.2 or 7.2.2).

Let us study the existence of optimal trajectories. We first consider the case of
the minimum time problem.

Theorem 8.1.2 Assume that (H0), (H1) hold and that the set f (x,U ) is convex for
all x ∈ R

n. Then, for any x ∈ R, there exists a control which is time optimal for x.

Proof — Let us consider a sequence uk : [0, Tk] → U such that τ(x, uk) → T (x)
and let us set yk(·) = yx,uk (·). Let us fix T̄ > T (x); we can assume that all controls
are defined up to time T̄ by defining them in an arbitrary way for t ∈ [Tk, T̄ ] if
Tk < T̄ .

The trajectories yk are uniformly bounded in the interval [0, T̄ ] by (7.3) and
have bounded Lipschitz constants by (7.2). Theorem 7.1.6 ensures that after possibly
passing to a subsequence, yk → ȳ uniformly, where ȳ = yx,ū for some control
ū : [0, T̄ ] → U .

In addition we have

|ȳ(T (x))− yk(τ (x, uk))| ≤ |ȳ(T (x))− yk(T (x))|
+|yk(T (x))− yk(τ (x, uk))| (8.5)

≤ ||ȳ − yk ||∞ + Lip(yk)|T (x)− τ(x, uk)|

and the right-hand side tends to 0 as k → ∞. By definition yk(τ (x, uk)) ∈ K for
all k; since K is closed, we deduce that ȳ(T (x)) ∈ K, that is, ȳ is a time optimal
trajectory.

On the other hand, as soon as a nonconstant final cost g is present in the problem,
the above hypotheses no longer ensure the existence of an optimal trajectory, as
shown by the following example.

Example 8.1.3 Consider the control system in R
2 with f (x, u) = u, u ∈ U :=

B1. Then the admissible trajectories are those with speed at most one. Consider the
target K consisting of the two points (0, 0) and (1, 0). Let L ≡ 1 and let g be such
that g(0, 0) = 0, g(1, 0) = 2. Consider problem (ETP) with initial point (2, 0). By
taking trajectories from (2, 0) to (0, 0) not passing through (1, 0) one can make the
functional arbitrarily close to 2, but not exactly 2. The trajectories ending at (1, 0)
do not improve the performance since they yield a value of the functional which is at
least 3. Therefore no trajectory achieves the infimum of the functional.

Let us note another feature of this example. We can easily compute the value
function and find that V (x, y) =

√
x2 + y2 for all (x, y) �= (1, 0); on the other

hand, since (1, 0) ∈ K we have V (1, 0) = g(1, 0) = 2, and thus V (x, y) �→ V (1, 0)
as (x, y)→ (1, 0).
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Let us show that an existence result for problem (ETP) can be obtained if suitable
assumptions are added.

Theorem 8.1.4 Assume properties (H0), (H1), (L1) and (L2). Suppose in addition
that there exist constants N ,G, α > 0 such that⎧⎪⎪⎨⎪⎪⎩

L(x, u) ≥ α, | f (x, u)| ≤ N , x ∈ R
n, u ∈ U,

|g(x)− g(y)| ≤ G|x − y|, x, y ∈ ∂K,
α > N G.

(8.6)

Then, for any initial point x ∈ R, there exists an optimal control for problem (ETP).

Remark 8.1.5 Assumption (8.6) rules out the behavior of the previous example.
Roughly speaking, it implies that it is not convenient to choose a long trajectory
if there is a short one arriving at the target. In fact, going from one point of the
target x1 to another one x2 over a time interval of length T increases the L-term
in the functional by at least αT , while the g-term can decrease by no more than
G|x2− x1| ≤ G N T . Since α > G N , the functional increases. Thus, if one can reach
the target at a point x1 which is very close to the initial one, it is not convenient to
take another trajectory ending at a point x2 which is far away (as it happened in the
previous example, with x1 = (1, 0) and x2 = (0, 0)). We will see in the follow-
ing that (8.6), together with other assumptions, ensures also the continuity along the
boundary of the target of the value function (another property violated in the exam-
ple). For a detailed discussion of these matters, including sharper formulations of
(8.6), see [110, Ch. 5] and [20, Sect IV.3.1].

Remark 8.1.6 Let us mention that if the final cost g is constant (as in the case of the
minimum time problem), it is no longer necessary to require the global boundedness
of f in assumption (8.6). In other words, the results we prove in the following as-
suming (8.6) are also valid if g is constant under the only hypothesis that L ≥ α > 0.
The proofs require some easy adaptation which we leave to the reader.

Proof of Theorem 8.1.4 — Let uk : [0, Tk] → U be a minimizing sequence. We set
for simplicity τk := τ(x, uk), yk(·) = yx,uk (·), zk = yk(τk). Let us first show that
the times {τk} are uniformly bounded. We have

|zk − z1| ≤ |zk − x | + |x − z1| ≤ N (τk + τ1)
and so

J (x, uk) ≥ ατk + g(zk) ≥ ατk + g(z1)− G|zk − z1|
≥ ατk + g(z1)− G N (τk + τ1).

Since J (x, uk)→ V (x) and α − G N > 0, the sequence {τk} must be bounded.
Let us set T ∗ = max τk . We can assume that uk, yk are defined in [0, T ∗] by

setting uk equal to some constant control ū for t ≥ τk . By passing to a subsequence,
we can also assume that τk converges to some τ̄ .
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We now apply Theorem 7.4.4 to the trajectories yk . We obtain that, up to a sub-
sequence, they converge uniformly to a trajectory ȳ corresponding to some control
ū. In addition, ∫ τ

0
L(ȳ(t), ū(t)) dt ≤ lim inf

k→∞

∫ τ
0

L(yk(t), uk(t)) dt

for all τ ∈ [0, T ∗]. Observe that, since L is locally bounded,∣∣∣∣∫ τk
τ̄

L(yk(t), uk(t)) dt

∣∣∣∣ ≤ sup L|τ̄ − τk | → 0

and therefore ∫ τ̄
0

L(ȳ(t), ū(t)) dt ≤ lim inf
k→∞

∫ τ̄
0

L(yk(t), uk(t)) dt

= lim inf
k→∞

∫ τk
0

L(yk(t), uk(t)) dt.

Moreover

|g(yk(τk))− g(ȳ(τ̄ ))| ≤ G(|yk(τk)− yk(τ̄ )| + |yk(τ̄ )− ȳ(τ̄ )|)→ 0.

Since by assumption

V (x) = lim
k→∞

(∫ τk
0

L(yk(t), uk(t)) dt + g(yk(τk))

)
,

we conclude that

V (x) ≥
∫ τ̄

0
L(ȳ(t), ū(t)) dt + g(ȳ(τ̄ )). (8.7)

Arguing as in (8.5) we find that y(τ̄ ) ∈ K, which implies that τ(x, ū) ≤ τ̄ . Suppose
that τ(x, ū) = τ̄ . Then inequality (8.7) becomes V (x) ≥ J (x, ū), that is, ū is optimal
for x . To conclude the proof it suffices therefore to exclude that τ(x, ū) < τ̄ . Let us
set for simplicity t∗ = τ(x, ū) and suppose that t∗ < τ̄ . We have, by definition of V ,

V (x) ≤
∫ t∗

0
L(ȳ(t), ū(t)) dt + g(ȳ(t∗)).

Taking into account (8.7) we deduce

0 ≥
∫ τ̄

t∗
L(ȳ(t), ū(t)) dt + g(ȳ(τ̄ ))− g(ȳ(t∗))

≥ α(τ̄ − t∗)− G|ȳ(τ̄ )− ȳ(t∗)|
≥ α(τ̄ − t∗)− G N (τ̄ − t∗),
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contradicting (8.6). Thus we cannot have τ(x, ū) < τ̄ and this completes the proof
that ȳ is optimal.

With similar arguments we can show that the uniform limit of optimal trajecto-
ries is an optimal trajectory, provided the value function V is continuous (sufficient
conditions for the continuity of V will be given in the next section).

Theorem 8.1.7 Let the assumptions of Theorem 8.1.4 hold, and suppose in addition
that V is continuous in R. Let {yk} = {yxk ,uk } be a family of optimal trajectories con-
verging uniformly to an arc y over a time interval [0, T ] with T ≥ lim inf τ(xk, uk).
Then y is also an optimal trajectory.

Proof — By Theorem 7.1.6, the arc y is of the form y = yx,u , for some x ∈ R
n

and u : [0, T ] → U . After possibly extracting a subsequence, we can assume that
τ(xk, uk)→ τ for some τ ≤ T . We easily obtain that y(τ ) ∈ K and so τ(x, u) ≤ τ .
Arguing as in the proof of Theorem 8.1.4 and using the continuity of V we obtain

V (x) = lim
k→∞

V (xk) = lim
k→∞

(∫ τ(xk ,uk )

0
L(yk(t), uk(t)) dt + g(yxk ,uk

τ )

)

≥
∫ τ

0
L(y(t), u(t)) dt + g(y(τ )).

We can now deduce that τ(x, u) = τ , since if τ(x, u) < τ we find a contradiction,
as in the proof of Theorem 8.1.4. Hence the right-hand side in the above inequality
coincides with J (x, u); this implies that we have an equality and that u is optimal
for x .

As in the previous chapters, one can show that the value function V of an exit
time problem is a viscosity solution of a suitable partial differential equation. In fact,
let us define

H(x, p) = max
u∈U

[− f (x, u) · p − L(x, u)]. (8.8)

Then the dynamic programming equation associated to (ETP) is

H(x, DV (x)) = 0. (8.9)

In particular (see Proposition A. 1.17), for the minimum time problem we obtain the
equation

σco f (x,U )(−p)− 1 = 0, (8.10)

where σ(·) denotes the support function and co f (x,U ) is the convex hull of
f (x,U ).

Theorem 8.1.8 If assumptions (H0), (H1), (L1) hold and if the value function V is
continuous in the interior of R \K, then it is a viscosity solution of equation (8.9) in
this set.
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Proof — Let us take x in the interior of R \ K and p ∈ D+V (x). For any given
v ∈ U , let us consider the trajectory y(·) starting from x and corresponding to the
constant control v. Then we have y(t) = x+ f (x, v)t+o(t) as t → 0 and therefore,
since p ∈ D+V (x),

V (y(t))− V (x) ≤ p · (y(t)− x)+ o(|y(t)− x |) = p · f (x, v)t + o(t).

On the other hand, by the dynamic programming principle (8.4),

V (x) ≤ V (y(t))+
∫ t

0
L(y(s), v) ds = V (y(t))+ t L(x, v)+ o(t).

It follows that
−p · f (x, v)− L(x, v) ≤ 0.

Since v ∈ U is arbitrary, we conclude that H(x, p) ≤ 0.
Let us now take p ∈ D−V (x) and ε > 0. For any given t ∈ ]0, T (x)[ , let u(·)

be a control such that J (x, u) ≤ V (x)+ εt . Then, since the restriction of yx,u to the
interval [t, τ (x, u)] is an admissible trajectory for y(t), we find that

V (y(t)) ≤
∫ τ(x,u)

t
L(yx,u(s), u(s)) ds + g(yx,u

τ )

= J (x, u)−
∫ t

0
L(yx,u(s), u(s)) ds

≤ V (x)+ εt −
∫ t

0
L(yx,u(s), u(s)) ds.

On the other hand, since p ∈ D−V (x),

V (y(t))− V (x) ≥ p · (y(t)− x)+ o(t)

=
∫ t

0
p · f (yx,u(s), u(s)) ds + o(t).

Hence

0 ≤
∫ t

0
[−p · f (yx,u(s), u(s))− L(yx,u(s), u(s))] ds + εt + o(t)

=
∫ t

0
[−p · f (x, u(s))− L(x, u(s))] ds + εt + o(t)

≤ t H(x, p)+ εt + o(t).

Therefore H(x, p) ≥ −ε. By the arbitrariness of ε, this completes the proof.

If we consider points along optimal trajectories different from the endpoints we
can prove that the elements of D+V satisfy also the reverse inequality. In fact the
following result holds, whose proof is omitted since it is similar to that of Theorem
7.2.5.
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Proposition 8.1.9 Let properties (H0), (H1), (L1) be satisfied and let y be an opti-
mal trajectory reaching the target at time τ . Then we have

H(y(t), p) = 0, ∀p ∈ D+V (y(t)), ∀t ∈ ]0, τ [ .

We conclude the section recalling that the value function of problem (ETP) is
characterized by the property of being a viscosity solution of (8.9). It is remarkable
that in the next statement the a priori knowledge of the controllable set R is not
required; in fact it is a uniqueness result for the pair (V,R) rather than for V alone.
We will see in the following section sufficient conditions ensuring that V,R satisfy
the properties required on w,� in the statement below.

Theorem 8.1.10 Let properties (H0), (H1), (L1) hold, and assume that ∂K is com-
pact, that g is continuous and that L ≥ α > 0. Let � ⊂ R

n and w ∈ C(�) satisfy
the following properties.

(i) � is open and contains K;
(ii) w is bounded from below and is a viscosity solution of (8.9) in R \K;
(iii) w(x) = g(x) for all x ∈ ∂K, limx→x̄ w(x) = +∞ for all x̄ ∈ ∂R.

Then � = R and w = V , where V is the value function of problem (ETP).

Proof — See [20, Cor. IV.4.3].

8.2 Lipschitz continuity and semiconcavity

We investigate now the hypotheses under which the value function of an optimal
control problem with exit time is Lipschitz continuous and semiconcave. It will turn
out that these properties are related not only to the regularity of the data, but also to
the smoothness of the target and to the behavior of the control system near the target.

We begin with some properties of the minimum time function which will be
useful also in the analysis of general exit time problems. For given δ > 0, let us
introduce the notation

Kδ := {x ∈ R
n : dK(x) ≤ δ}.

The next result shows that a Lipschitz estimate on the minimum time function T in
a neighborhood of the target is sufficient to deduce the local Lipschitz continuity of
T in the whole controllable set R, as well as other properties of R.

Theorem 8.2.1 Let properties (H0), (H1) be satisfied. Suppose that for any R > 0
there exist δ, k > 0 such that

Kδ ∩ BR ⊂ R and T (x) ≤ kdK(x), x ∈ Kδ ∩ BR . (8.11)

Then



238 8 Control Problems with Exit Time

(i) the controllable set R is open;
(ii) for any x̄ ∈ ∂R we have limx→x̄ T (x) = +∞;
(iii) the minimum time function T is locally Lipschitz continuous on R.

Proof — Given x0 ∈ R \ K and ε > 0, let u be a control with τ(x0, u) < T (x0) +
ε. Let us set for simplicity τ0 = τ(x0, u). By estimate (7.4) there exists c > 0
depending only on τ0 such that

|yx1,u(t)− yx2,u(t)| ≤ c|x1 − x2|, 0 ≤ t ≤ 2τ0 + 1, (8.12)

for all x1, x2 ∈ R
n . Thus, for a given ρ > 0, we find

|yx,u(τ0)− yx0,u(τ0)| ≤ cρ, ∀ x ∈ Bρ(x0).

Since yx0,u(τ0) ∈ K, this implies that dK(yx,u(τ0)) ≤ cρ. Let δ, k be such that (8.11)
holds with R = |yx0,u(τ0)| + 1. If we choose ρ such that ρ ≤ min{1/c, δ/c}, we ob-
tain that yx,u(τ0) ∈ Kδ ∩ BR for all x ∈ Bρ(x0). Then, by the dynamic programming
principle and estimate (8.11),

T (x) ≤ τ0 + T (yx,u(τ0)) ≤ τ0 + kdK(yx,u(τ0)) ≤ T (x0)+ ε + ckρ

for all x ∈ Bρ(x0). Thus, we obtain a bound on T in a neighborhood of x0; this can
be done for any x0 ∈ R, and so we have shown that R is open and that T is locally
bounded in R.

If we suppose in addition that ε < 1 and ρ is such that ckρ < T (x0), we have that
T (x) < 2T (x0)+ 1 for all x ∈ Bρ(x0). Then we can repeat the above argument with
an arbitrary pair x1, x2 ∈ Bρ/2(x0) instead of x0, x . We take a control u such that
τ(x1, u) ≤ T (x1)+ ε. Setting for simplicity τ1 = τ(x1, u), we obtain from (8.12)

dK(yx2,u(τ1)) ≤ |yx2,u(τ1)− yx1,u(τ1)| ≤ c|x2 − x1| ≤ cρ ≤ δ.
Thus, by the dynamic programming principle and (8.11),

T (x2) ≤ τ1 + T (yx2,u(τ1)) ≤ τ1 + kdK(yx2,u(τ1))

≤ T (x1)+ ck|x2 − x1| + ε.
Since the role of x1, x2 can be exchanged, and ε > 0 is arbitrary, we obtain that T is
Lipschitz continuous in Bρ/2(x0).

It remains to prove (ii). For this purpose, suppose that {xn} is any sequence con-
verging to a point x̄ ∈ ∂R. By the previous argument, each xn is the center of a ball
contained in R. If T (xn) is uniformly bounded, then the radius of the spheres can
be taken uniformly bounded from below, in contradiction with the assumption that
xn → x̄ ∈ ∂R. Thus, T (xn)→+∞.

With a similar procedure one can prove that, if the minimum time function sat-
isfies an estimate of the form T (x) ≤ m(dK(x)) for x ∈ Kδ , where m(·) is any
increasing function with m(r)→ 0 as r → 0, then (i) and (ii) of the previous theo-
rem still hold and T satisfies an estimate of the form |T (x)−T (y)| ≤ c1m(c2|x− y|)
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on any compact subset of R. Thus, the regularity near the target determines the reg-
ularity in the whole controllable set (provided the dynamics satisfies (H1) ).

We now analyze the question of whether we can find a neighborhood of the target
contained in the controllable set R where estimate (8.11) is satisfied. Easy examples
show that such a property cannot be expected without some further assumption of
f . Consider for instance the one-dimensional system with state equation x ′ = u,
u ∈ [0, 1] and target K = {0}. Then all admissible trajectories are increasing and
it is possible to reach the target only starting from the negative axis. Thus, R =
] − ∞, 0] and we see that the controllable set is not a neighborhood of the target.
Roughly speaking, this example suggests that one should assume that if x is close to
the target, then there exists u such that f (x, u) points in the direction of the target.
More precisely, let us introduce the following assumption on the system, which uses
the notion of proximal normal (see Definition 3.6.3).

Definition 8.2.2 We say that the control system ( f,U ) and the target K satisfy the
Petrov condition if, for any R > 0, there exists μ > 0 such that

min
u∈U

f (x̄, u) · ν < −μ|ν|, ∀x̄ ∈ ∂K ∩ BR, ν ∈ NK(x̄). (8.13)

The following result shows that the Petrov condition ensures the validity of esti-
mate (8.11) and is actually a necessary and sufficient condition.

Theorem 8.2.3 Let our system satisfy (H0), (H1). Then the two following properties
are equivalent:

(i) for any R > 0, there exist δ, k > 0 such that property (8.11) holds;
(ii) for any R > 0, there exist μ > 0 such that the Petrov condition (8.13) holds.

Proof — We first show that (ii) implies (i). Let us sketch the strategy of the proof.
An immediate consequence of the definition of proximal normal is that if x /∈ K and
x̄ ∈ K is a projection of x onto K, then ν = x − x̄ ∈ NK(x̄). On the other hand, the
Petrov condition ensures that there exists ū such that f (x̄, ū) · ν < −μ|ν|. If x and
x̄ are sufficiently close, we have f (x, ū) · (x̄ − x) ∼ f (x̄, ū) · (x̄ − x) > 0, that is,
a trajectory passing through x with speed f (x, ū) is approaching the target. We can
use this idea to construct a piecewise constant control strategy steering to the target
any point in a suitable neighborhood. This technique is sometimes called “proximal
aiming” (see e.g., [55]).

For a fixed R > 0, let us take μ > 0 such that

min
u∈U

f (x̄, u) · ν ≤ −μ|ν| (8.14)

for all x̄ ∈ ∂K∩ B2R and all ν proximal normal to K at x̄ . Let us choose M such that

μ/2 ≤ M, | f (x, u)| ≤ M, ∀ (x, u) ∈ B2R ×U. (8.15)

Let us set
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γ =
√

1 −
( μ

4M

)2
, (8.16)

k = 2

μ
(1 + γ ), δ = min

{
μ

2K1
,

R

2(1 + k M)

}
, (8.17)

where K1 is the Lipschitz constant of f (·, u) (see (H1)). Let us observe that

k(1 − γ ) = μ

8M2
. (8.18)

We claim that (8.11) holds with δ, k defined as above. To prove this, let us take
an arbitrary x0 ∈ (Kδ \K)∩ BR . We will define inductively a sequence {x j } with the
properties

|x j − x0| ≤ μ

8M

j−1∑
h=0

γ hd(x0), (8.19)

d(x j ) ≤ γ j d(x0). (8.20)

These inequalities are satisfied for j = 0. We define x j+1 starting from x j in the
following way. First we observe that by (8.19) and (8.18),

|x j | ≤ |x0| + |x j − x0| ≤ R + δ + μ

8M

1

1 − γ d(x0)

< R + δ + k Md(x0) ≤ R + (1 + k M)δ ≤ 3R

2
. (8.21)

Let x̄ j ∈ K be such that d(x j ) = |x j − x̄ j |. Inequalities (8.21) and (8.20) imply that
x̄ j ∈ ∂K ∩ B2R . Setting

ν j = x j − x̄ j ,

we have that ν j is a proximal normal to K at x̄ j . By (8.14) there exists u j ∈ U
such that f (x̄ j , u j ) · ν j ≤ −μ|ν j |. Let us call y j (t) the trajectory starting at x j

corresponding to the constant control u j , and let us define x j+1 = y j (t j ), where

t j = μ

8M2
d(x j ). (8.22)

Let us check that the point x j+1 satisfies (8.19) and (8.20). By (8.21), we have
y j (0) = x j ∈ B3R/2. Thanks to (8.15), we have |y′j (t)| ≤ M for all t such that
y j (t) ∈ B2R . In addition, (8.22), (8.20), (8.18) and (8.17) imply that

Mt j ≤ μd(x0)

8M
< k Md(x0) ≤ k Mδ <

R

2
.

It follows that
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y j (t) ∈ B2R, ∀ 0 ≤ t ≤ t j .

Therefore, using properties (8.14), (H1), (8.15), (8.17) and (8.22), we obtain

1

2

d

dt
|y j (t)− x̄ j |2 = 〈 f (y j (t), u j ), y j (t)− x̄ j 〉

= 〈 f (x̄ j , u j ), x j − x̄ j 〉 + 〈 f (y j (t), u j ), y j (t)− x j 〉
+〈 f (y j (t), u j )− f (x̄ j , u j ), x j − x̄ j 〉

≤ −μ|x j − x̄ j | + M |y j (t)− x j | + K1|y j (t)− x̄ j ||x j − x̄ j |
≤ −μ d(x j )+ (K1 d(x j )+ M)|y j (t)− x j | + K1d(x j )

2

≤ (−μ+ K1 d(x j )) d(x j )+ (K1 d(x j )+ M)Mt

≤ −μ
2

d(x j )+ 2M2t ≤ −μ
4

d(x j )

for all 0 ≤ t ≤ t j . Therefore

d2(y j (t j )) ≤ |y j (t j )− x̄ j |2 ≤ d2(x j )− μ
2

d(x j )t j = γ 2d2(x j ),

and this shows that x j+1 satisfies (8.20). Property (8.19) also holds, since

|x j+1 − x0| ≤ |x j − x0| + |x j+1 − x j |

≤ μ

8M

j−1∑
h=0

γ hd(x0)+ Mt j

≤ μ

8M

j∑
h=0

γ hd(x0).

Thus the sequence {x j } satisfies the properties we have claimed. We observe that
(8.20) implies that

d(x j )→ 0 as j →+∞. (8.23)

In addition, (8.22), (8.20) and (8.18) imply that

∞∑
j=0

t j ≤ μ

8M2

1

1 − γ d(x0) = k d(x0). (8.24)

We now define a control strategy ū : [0,+∞)→ U such that{
ū(t) = uh, if

∑h−1
j=0 t j ≤ t <

∑h
j=0 t j for some h ≥ 0

ū(t) arbitrary if t ≥∑∞
j=0 t j .

Then

yx0,ū

(
j∑

h=0

th

)
= x j+1, j ≥ 0.
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Hence, by (8.23) and (8.24),

T (x0) ≤ τ(x0, ū) =
∞∑
j=0

t j ≤ k d(x0),

and this proves estimate (8.11).
Let us now prove the converse assertion of the theorem. For a given R > 0, let

us take any x̄ ∈ ∂K ∩ BR and ν ∈ NK(x̄). It is not restrictive to suppose |ν| = 1. By
definition of proximal normal there exists λ > 0 such that

Bλ(x̄ + λν) ∩K = ∅. (8.25)

Let k, δ constants such that (8.11) holds with R replaced by R+1. For any ε ∈ ]0, δ[
there exists, by (8.11), a control uε such that

τ(x̄ + εν, uε) < (1 + ε)kε. (8.26)

Let us write for simplicity

xλ = x̄ + λν, xε = x̄ + εν, τε = τ(xε, uε), yε(·) = yxε,uε (·).

Then, by (8.25)
|yε(τε)− xλ| ≥ λ,

which implies that

|yε(τε)− xλ|2 − |yε(0)− xλ|2 ≥ λ2 − (λ− ε)2 = 2ελ− ε2. (8.27)

Let M denote the supremum of f in BR+1×U . If ε is small enough we have yε(t) ∈
BR+1 for t ∈ [0, τε]. Therefore

1

2

d

dt
|yε(t)− xλ|2 = 〈yε(t)− xλ, f (yε(t), uε(t))〉

= 〈x̄ − xλ, f (x̄, uε(t))〉 + 〈yε(t)− x̄, f (x̄, uε(t))〉
+〈yε(t)− xλ, f (yε(t), uε(t))− f (x̄, uε(t))〉

≤ −λ inf
u∈U
ν · f (x̄, u)+ M |yε(t)− x̄ |

+K1|yε(t)− xλ||yε(t)− x̄ |
≤ −λ inf

u∈U
ν · f (x̄, u)+ M(ε + τεM)

+K1(λ− ε + Mτε)(ε + τεM)
≤ −λ inf

u∈U
ν · f (x̄, u)+ O(ε)

for a.e. t ∈ [0, τε] . It follows that

|yε(τε)− xλ|2 − |yε(0)− xλ|2 ≤ 2τε

[
−λ inf

u∈U
ν · f (x, u)+ O(ε)

]
.
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Using (8.27) and (8.26) we obtain

2ελ− ε2 ≤ 2k(1 + ε)ε[−λ inf
u∈U
ν · f (x̄, u)+ O(ε)],

which implies

inf
u∈U
ν · f (x̄, u) ≤ −1

k
.

Since ν is an arbitrary unit vector, we deduce that (8.13) holds.

We now analyze the Lipschitz continuity of the value function for a general exit
time problem of the form (ETP). We begin by showing that as a consequence of the
compatibility condition (8.6), the exit time of the trajectories which are optimal (or
almost optimal) for problem (ETP) is estimated by the minimum time function T .

Lemma 8.2.4 Assume properties (H0), (H1), (L1), (8.6) and (8.13). Then, for any
set A ⊂⊂ R there exists β > 0 with the following property. If x ∈ A there exists
ε > 0 such that if u is a control such that J (x, u) ≤ V (x)+ε, then τ(x, u) ≤ βT (x).

Proof — Let A ⊂⊂ R be given. Then the minimum time function is bounded from
above on A by some constant T ∗. Let us denote by B∗ the set

B∗ = {x ∈ R
n : dist (x, A) ≤ N (T ∗ + 1)},

with N as in (8.6). Let us also choose M > 0 such that L(y, u) ≤ M for any
(y, u) ∈ B∗ ×U .

Consider now a point x ∈ A \ K and let ε, η ∈ ]0, 1]. Then we can find controls
v,w such that

J (x, v) ≤ V (x)+ ε, τ (x, w) ≤ T (x)+ η.
Since τ(x, w) ≤ T ∗ + 1, we deduce from assumption (8.6) that the trajectory yx,w

is contained in B∗ for all t ∈ [0, τ (x, w)]. Then we have, again using (8.6), that

ατ(x, v)+ g(yx,v
τ ) ≤ J (x, v) ≤ V (x)+ ε ≤ J (x, w)+ ε

≤ M(τ (x, w))+ g(yx,w
τ )+ ε

≤ M(T (x)+ η)+ g(yx,w
τ )+ ε.

Therefore

ατ(x, v)− M(T (x)+ η)− ε ≤ g(yx,w
τ )− g(yx,v

τ )

≤ G|yx,w
τ − yx,v

τ |

= G

∣∣∣∣∣
∫ τ(x,w)

0
f (yx,w(s), w(s))ds −

∫ τ(x,v)
0

f (yx,v(s), v(s))ds

∣∣∣∣∣
≤ G N [T (x)+ η + τ(x, v)].

Since η > 0 is arbitrary, we conclude that
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ατ(x, v)− MT (x)− ε ≤ G N [T (x)+ τ(x, v)].
Let us set β = (M + G N + 1)(α − G N )−1. Then β > 0 by (8.6) and, if ε < T (x),
we have

τ(x, v) ≤ βT (x).

We can now give a result about the Lipschitz continuity of V for a general exit
time problem.

Theorem 8.2.5 Let our system satisfy properties (H0), (H1), (L1), (8.6) and (8.13).
Then the value function V of problem (ETP), given by (8.3), is locally Lipschitz
continuous in R .
Proof — We assume for simplicity that, for any x ∈ R, there exist optimal trajec-
tories both for the exit time problem (ETP) and for the minimum time problem. If
this is not the case, we can use a standard approximation argument as in the proof of
Lemma 8.2.4.

For fixed x∗ ∈ R \K, we will prove a Lipschitz estimate in Bρ(x∗), with ρ > 0
suitably small. First of all, we choose ρ such that Bρ(x∗) ⊂ R; then, by Theorem
8.2.1, T is bounded on Bρ(x∗) and, by Lemma 8.2.4, the exit time associated with
the optimal trajectories starting from Bρ(x∗) is also bounded by some constant T ∗.
Let us fix R > 0 such that all admissible trajectories starting from points in Bρ(x∗)
remain inside BR for t ∈ [0, T ∗ + 1] and let us denote by MR the supremum of
L(x, u) on BR ×U .

Let us now take x0, x1 ∈ Bρ(x∗). Suppose for instance V (x1) > V (x0) and let
v0 be an optimal control for the point x0. By estimate (7.4) there exists a constant c,
depending only on T ∗ (which in turns depends only on x0, ρ), such that

|yx0,v0(t)− yx1,v0(t)| ≤ c|x0 − x1|, ∀ t ∈ [0, T ∗]. (8.28)

By Theorem 8.2.3 there exist δ, k such that (8.11) holds for the R chosen above. We
then assume that ρ is chosen small enough to have

2cρ ≤ δ. (8.29)

It is now convenient to distinguish two cases.

Case 1: τ(x1, v0) ≥ τ(x0, v0).

By the dynamic programming principle (8.4) we have

V (x0) =
∫ τ(x0,v0)

0
L(yx0,v0(s), v0(s))ds + g(yx0,v0(τ (x0, v0)));

V (x1) ≤
∫ τ(x0,v0)

0
L(yx1,v0(s), v0(s))ds + V (yx1,v0(τ (x0, v0))).

Set y1 = yx1,v0(τ (x0, v0)) and y0 = yx0,v0(τ (x0, v0)). By (8.28),
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|y1 − y0| ≤ c|x1 − x0| ≤ 2cρ.

By construction y0 ∈ ∂K and y0, y1 ∈ BR . Then, by (8.29) and (8.11),

T (y1) ≤ kdK(y1) ≤ kc|x1 − x0|. (8.30)

Let v be a time-optimal control for y1. Since T (y1) ≤ kc|x1 − x0| ≤ 2kcρ and
| f | ≤ N , the trajectory yy1,v(t) remains inside BR for t ∈ [0, T (y1)] if ρ is chosen
small enough. Then we can estimate

V (y1) ≤
∫ T (y1)

0
L(yy1,v(s), v(s))ds + g(yy1,v

τ ) ≤ MR T (y1)+ g(yy1,v
τ ).

Therefore we obtain, using (L1), (8.28), (8.30) and (8.6),

V (x1)− V (x0)

≤
∫ τ(x0,v0)

0
[L(yx1,v0(s), v0(s))− L(yx0,v0(s), v0(s))]ds + V (y1)− g(y0)

≤
∫ τ(x0,v0)

0
γRc|x1 − x0| ds + MR T (y1)+ g(yy1,v

τ )− g(y0)

≤ T ∗γRc|x1 − x0| + MRkc|x1 − x0| + G|yy1,v
τ − y0|.

Since

|yy1,v
τ − y0| ≤ |yy1,v

τ − y1| + |y1 − y0|

=
∣∣∣∣∣
∫ T (y1)

0
f (yy1,v(s), v(s))ds

∣∣∣∣∣+ |y1 − y0|

≤ N T (y1)+ c|x1 − x0| ≤ (Nk + 1)c|x1 − x0|,
we conclude that

V (x1)− V (x0) ≤ C |x1 − x0|
for a suitable C > 0 depending only on x∗, ρ.

Case 2: τ(x1, v0) < τ(x0, v0).

We have, by the dynamic programming principle, (L1), (8.28), and (8.6), that

V (x1)− V (x0) ≤
∫ τ(x1,v0)

0
[L(yx1,v0(s), v0(s))− L(yx0,v0(s), v0(s))]ds

−
∫ τ(x0,v0)

τ (x1,v0)

L(yx0,v0(s), v0(s))ds + g(yx1,v0
τ )− g(yx0,v0

τ )

≤ T ∗γRc|x1 − x0| − α[τ(x0, v0)− τ(x1, v0)]

+G|yx1,v0
τ − yx0,v0

τ |.
Let us set y∗ := yx0,v0(τ (x1, v0)). We find, by (8.28) and (8.6), that
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|yx1,v0
τ − yx0,v0

τ | ≤ |yx1,v0
τ − y∗| + |y∗ − yx0,v0

τ |

= |yx1,v0
τ − y∗| +

∣∣∣∣∣
∫ τ(x0,v0)

τ (x1,v0)

f (yx0,v0(s), v0(s)) ds

∣∣∣∣∣
≤ c|x1 − x0| + N [τ(x0, v0)− τ(x1, v0)]

and therefore

V (x1)− V (x0) ≤ (G N − α)[τ(x0, v0)− τ(x1, v0)] + (T ∗γR + G)c|x1 − x0|.
Recalling (8.6), we find also in this case that, for a suitable C > 0,

V (x1)− V (x0) ≤ C |x1 − x0|.
Proposition 8.2.6 Under the hypotheses of the previous theorem we have, for any
x̄ ∈ ∂R, that V (x)→+∞ as x → x̄ .

Proof — Let {xn} ⊂ R be any sequence converging to a point x̄ ∈ ∂R. For any n,
let un be a control such that J (xn, un) ≤ V (xn)+ 1. Let us set for simplicity

yn(·) = yxn ,un (·), τn = τ(xn, un), zn = yn(τn).

Then (8.6) implies that

|zn − xn| ≤ Nτn, J (xn, un) ≥ ατn + g(zn).

Therefore, if we fix any point x0 ∈ ∂K we have

V (xn) ≥ J (xn, un)− 1 ≥ ατn + g(zn)− 1

≥ ατn + g(x0)− G(|zn − xn| + |xn − x0|)− 1

≥ (α − G N )τn + g(x0)− G|xn − x0| − 1.

Now τn ≥ T (xn) → +∞ by Theorem 8.2.1(ii). Since α − G N > 0 by (8.6) and
|xn − x0| → |x̄ − x0|, we conclude that V (xn)→∞.

We now turn to semiconcavity results. For this purpose, we need some suitable
additional hypotheses on our system and on the data of the problem. As in the semi-
concavity results for finite horizon problems (Theorems 7.2.8 and 7.4.11), we assume
that f satisfies (H2) and that L satisfies (L3). We also need a kind of semiconcavity
requirement on g. Since the values of g that are relevant for our problem are the
ones on ∂K, which is not a linear space, we put the semiconcavity requirement in the
following form: for any R > 0 there exists �R > 0 such that

g(x1)+ g(x2)− 2g(x̄) ≤ �R |x1 − x2|2 + G|x1 + x2 − 2x̄ |,
∀ x1, x2, x̄ ∈ ∂K ∩ BR,

(8.31)

where G is the same constant as in (8.6). It is easy to see that if g ∈ SCL (N ) with
N neighborhood of ∂K, and it has Lipschitz constant G, then it satisfies the above
estimate.
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A suitable hypothesis on the target will be also required, namely the following
locally uniform interior sphere condition: for any R > 0 there exists r > 0 such that

∀ x ∈ K ∩ BR, ∃y ∈ K : x ∈ Br (y) ⊂ K. (8.32)

For some comments about the sets satisfying such an assumption, see Remark
2.2.3. We recall (see Proposition 2.2.2-(iii) ) that property (8.32) implies the local
semiconcavity of the distance function dK in Rn \K. Actually, the semiconcavity of
dK is the property needed in the proof and thus it could be taken as an assumption
instead of (8.32).

Theorem 8.2.7 Under hypotheses (H0), (H1), (H2), (L1), (L3), (8.6), (8.13), (8.31)
and (8.32) the value function V of problem (ETP), given by (8.3), belongs to
SCL loc(R \K).
Proof — Given x0 ∈ R \ K, we will prove the semiconcavity of V in Bρ(x0), for a
suitably small ρ. We assume for simplicity the existence of optimal trajectories for
all points in the controllable set. We consider arbitrary x, h such that x±h ∈ Bρ(x0).
In what follows we construct suitable trajectories steering the points x − h, x, x + h
to the target; as in the proof of Theorem 8.2.5, it is easy to check that if ρ is small
enough, all the trajectories that we consider are contained in some ball BR with R
only depending on x0, ρ. Let us again set

MR = max{L(x, u) : x ∈ BR, u ∈ U }.

By Lemma 8.2.4, we know that the exit times associated with the optimal trajectories
starting from points in Bρ(x0) are uniformly bounded. For simplicity, we shall use
the letter C to denote positive constants depending only on x0, R which may vary
from one formula to another.

Let us take a control v which is optimal for x and consider the trajectories
yx−h,v, yx,v, yx+h,v starting from the points x − h, x, x + h associated with the
same control v. We treat separately two different cases depending on which of these
trajectories reaches the target first.

Case 1: τ(x, v) ≤ min{τ(x + h, v), τ (x − h, v)}.
Since v is optimal for x , we have by the dynamic programming principle (8.4) that

V (x − h)+ V (x + h)− 2V (x)

≤ V (yx−h,v(τ (x, v)))+ V (yx+h,v(τ (x, v)))− 2g(yx,v
τ ) (8.33)

+
∫ τ(x,v)

0
[L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))− 2L(yx,v(s), v(s))]ds.

Let us observe that by assumptions (8.6), (L1) and (L3),
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L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))− 2L(yx,v(s), v(s))

= 2L

(
yx−h,v(s)+ yx+h,v(s)

2
, v(s)

)
− 2L(yx,v(s), v(s))

+L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))

−2L

(
yx−h,v(s)+ yx+h,v(s)

2
, v(s)

)
≤ γR |yx−h,v(s)+ yx+h,v(s)− 2yx,v(s)|
+λR |yx−h,v(s)− yx+h,v(s)|2.

Using Lemma 7.1.2 we conclude that the integral term in (8.33) can be estimated as∫ τ(x,v)
0

[L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))− 2L(yx,v(s), v(s))]ds ≤ C |h|2

(8.34)

for a suitable C . We now analyze the other terms. Let us set for simplicity

x+ = yx+h,v(τ (x, v)), x− = yx−h,v(τ (x, v)).

By Lemma 7.1.2 these points satisfy

|x± − yx,v
τ | ≤ C |h|, |x+ + x− − 2yx,v

τ | ≤ C |h|2. (8.35)

By Proposition 2.2.2-(iii) dK is semiconcave in the closure of Kc. Since yx,v
τ ∈ ∂K

we obtain, using (8.35), that

dK(x+)+ dK(x−) = dK(x+)+ dK(x−)− 2dK(yx,v
τ )

= dK(x+)+ dK(x−)− 2dK
(

x+ + x−
2

)
+2dK

(
x+ + x−

2

)
− 2dK(yx,v

τ )

≤ C |x+ − x−|2 + 2

∣∣∣∣ x+ + x−
2

− yx,v
τ

∣∣∣∣
≤ C |h|2. (8.36)

Let us now take v+, v− controls which are time-optimal for x+, x−, respectively, and
let us set for simplicity y± = yx±,v±

τ to denote the terminal points of the correspond-
ing trajectories. We have, by (8.6), (8.11) and (8.36), that

|y+ − x+| ≤ N T (x+) ≤ NkdK(x+) ≤ C |h|2.
An analogous estimate holds for |y− − x−|. Using (8.35) we also deduce that

|y+ − y−| ≤ |y+ − x+| + |x+ − yx,v
τ | + |x− − yx,v

τ | + |y− − x−| ≤ C |h|,
|y+ + y− − 2yx,v

τ | ≤ |y+ − x+| + |x+ + x− − 2yx,v
τ | + |y− − x−| ≤ C |h|2.

(8.37)
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In addition

V (x+) ≤
∫ T (x+)

0
L(yx+,v+(s), v+(s))ds + g(y+)

≤ T (x+)MR + g(y+) ≤ C |h|2 + g(y+).

An analogous estimate holds replacing x+ with x−. Therefore, using (8.31) and
(8.37),

V (x+)+ V (x−)− 2g(yx,v
τ )

≤ C |h|2 + g(y+)+ g(y−)− 2g(yx,v
τ )

≤ C |h|2 + �R |y+ − y−|2 + G|y+ + y− − 2yx,v
τ | ≤ C |h|2,

which yields the desired semiconcavity estimate in view of (8.33) and (8.34).

Case 2: τ(x − h, v) ≤ min{τ(x, v), τ (x + h, v)}.
The analysis of this case will conclude the proof since the remaining case
τ(x + h, v) ≤ min{τ(x, v), τ (x − h, v)} is entirely symmetric. By the dynamic
programming principle, we have

V (x − h)+ V (x + h)− 2V (x)

≤
∫ τ(x−h,v)

0
[L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))− 2L(yx,v(s), v(s))]ds

+V (yx+h,v(τ (x − h, v)))− 2V (yx,v(τ (x − h, v)))

g(yx−h,v(τ (x − h, v))).

As in the previous case, we find∫ τ(x−h,v)

0
[L(yx−h,v(s), v(s))+ L(yx+h,v(s), v(s))

−2L(yx,v(s), v(s))
]
ds ≤ C |h|2.

The estimation of the remaining terms is more complex. Let us first set

τ0 = τ(x − h, v), x0 = yx−h,v(τ0), x1 = yx,v(τ0), x2 = yx+h,v(τ0).

Then x0 ∈ ∂K and we have, by Lemma 7.1.2, that

|x0 − x1| ≤ C |h|, |x2 − x1| ≤ C |h|, |x0 + x2 − 2x1| ≤ C |h|2. (8.38)

From the previous computations we see that the estimate needed to complete the
proof is

g(x0)+ V (x2)− 2V (x1) ≤ C |h|2. (8.39)

Let us define



250 8 Control Problems with Exit Time

v̄(t) := v(t + τ0).
Then v̄ is an optimal control for x1 and τ(x1, v̄) = τ(x, v) − τ0. By Lemma 8.2.4
and estimates (8.11), (8.38) we have that

τ(x1, v̄) ≤ βkdK(x1) ≤ βk|x1 − x0| ≤ C |h|. (8.40)

We will use the control v∗(t) := v̄(t/2) for the point x2. For our future purposes,
let us observe that, given any s ∈ [0, τ (x1, v̄)],

|yx1,v̄(s)− yx2,v
∗
(2s)|

=
∣∣∣∣∣x1 +

∫ s

0
f (yx1,v̄(σ ), v̄(σ )) dσ − x2 −

∫ 2s

0
f (yx2,v

∗
(σ ), v∗(σ )) dσ

∣∣∣∣∣
≤ 3Nτ(x1, v̄)+ |x2 − x1| ≤ C |h|. (8.41)

We have again two cases which require a separate analysis.

(i): τ(x2, v
∗) ≥ 2τ(x1, v̄).

Let z = yx2,v
∗
(2τ(x1, v̄)). Then, by the dynamic programming principle, (8.40),

(8.41) and (L1),

g(x0)+ V (x2)− 2V (x1)

≤ g(x0)+ V (z)+
∫ 2τ(x1,v̄)

0
L(yx2,v

∗
(s), v∗(s))ds

−2g(yx1,v̄
τ )− 2

∫ τ(x1,v̄)

0
L(yx1,v̄(s), v̄(s))ds

= g(x0)+ V (z)− 2g(yx1,v̄
τ )

+2
∫ τ(x1,v̄)

0
[L(yx2,v

∗
(2s), v̄(s))− L(yx1,v̄(s), v̄(s))]ds

≤ g(x0)+ V (z)− 2g(yx1,v̄
τ )+ C |h|2. (8.42)

Similarly we have, using (8.40), (8.41) and (H1),

|x0 + z − 2yx1,v̄
τ |

≤ |x0 + x2 − 2x1| + 2
∫ τ(x1,v̄)

0
| f (yx2,v

∗
(2s), v̄(s))− f (yx1,v̄(s), v̄(s))|ds

≤ C |h|2. (8.43)

Using the semiconcavity of dK and estimates (8.38), (8.40), and recalling that x0 and
yx1,v̄
τ both belong to ∂K we obtain

dK(2yx1,v̄
τ − x0) = dK(2yx1,v̄

τ − x0)+ dK(x0)− 2dK(yx1,v̄)

≤ C |2yx1,v̄
τ − 2x0|2

≤ C(2|yx1,v̄
τ − x1| + 2|x1 − x0|)2

≤ 4C(N 2τ(x1, v̄)
2 + |x1 − x0|2) ≤ C |h|2.



8.2 Lipschitz continuity and semiconcavity 251

Therefore, by (8.43), we find that dK(z) ≤ C |h|2. Let now ṽ be an optimal control
for z. From Lemma 8.2.4 and estimate (8.11) we deduce that

τ(z, ṽ) ≤ βT (z) ≤ βkdK(z) ≤ C |h|2, (8.44)

and so

|z − yz,ṽ
τ | ≤ Nτ(z, ṽ) ≤ C |h|2. (8.45)

Therefore

V (z) =
∫ τ(z,ṽ)

0
L(yz,ṽ(s), ṽ(s)) ds + g(yz,ṽ

τ )

≤ MRτ(z, ṽ)+ g(yz,ṽ
τ ) ≤ C |h|2 + g(yz,ṽ

τ ).

Finally, we observe that by (8.38), (8.40) and (8.44),

|x0 − yz,ṽ
τ | ≤ |x0 − x2| + |x2 − z| + |z − yz,ṽ

τ |
≤ C |h| + N [2τ(x1, v̄)+ τ(z, ṽ)] ≤ C |h|,

while, by (8.43) and (8.45)

|x0 + yz,ṽ
τ − 2yx1,v̄

τ | ≤ |x0 + z − 2yx1,v̄
τ | + |z − yz,ṽ

τ | ≤ C |h|2.
From (8.42), using the last three estimates and assumption (8.31), we deduce that

g(x0)+ V (x2)− 2V (x1) ≤ g(x0)+ V (z)− 2g(yx1,v̄
τ )+ C |h|2

≤ g(x0)+ g(yz,ṽ
τ )− 2g(yx1,v̄

τ )+ C |h|2
≤ �R |x0 − yz,ṽ

τ |2 + G|x0 + yz,ṽ
τ − 2yx1,v̄

τ | + C |h|2 ≤ C |h|2,
which proves (8.39) in this case.

(ii): τ(x2, v
∗) < 2τ(x1, v̄).

Let us set w = yx1,v̄(τ (x2, v
∗)/2). Then, similarly to (8.43), we obtain that

|x0 + yx2,v
∗

τ − 2w| ≤ C |h|2. (8.46)

In addition, by (8.38) and (8.40),

|yx2,v
∗

τ − x0| ≤ |x2 − x0| + Nτ(x2, v
∗) ≤ C |h|. (8.47)

Using (8.6), we observe that

|w − yx1,v̄
τ | =

∣∣∣∣∣
∫ τ(x1,v̄)

τ (x2,v
∗)/2

f (yx1,v̄(s), v̄(s))ds

∣∣∣∣∣
≤ 1

G

∫ τ(x1,v̄)

τ (x2,v
∗)/2

L(yx1,v̄(s), v̄(s))ds.
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By the dynamic programming principle,

g(x0)+ V (x2)− 2V (x1)

≤ g(x0)+ g(yx2,v
∗

τ )+
∫ τ(x2,v

∗)

0
L(yx2,v

∗
(s), v∗(s))ds

−2g(yx1,v̄
τ )− 2

∫ τ(x1,v̄)

0
L(yx1,v̄(s), v̄(s))ds

≤ g(x0)+ g(yx2,v
∗

τ )− 2g(yx1,v̄
τ )

+2
∫ τ(x2,v

∗)/2

0
[L(yx2,v

∗
(2s), v̄(s))− L(yx1,v̄(s), v̄(s))]ds

−2
∫ τ(x1,v̄)

τ (x2,v
∗)/2

L(yx1,v̄(s), v̄(s))ds

≤ g(x0)+ g(yx2,v
∗

τ )− 2g(yx1,v̄
τ )− 2G|w − yx1,v̄

τ |

+2
∫ τ(x2,v

∗)/2

0
[L(yx2,v

∗
(2s), v̄(s))− L(yx1,v̄(s), v̄(s))]ds.

Now we observe that by (8.31), (8.46) and (8.47),

g(x0)+ g(yx2,v
∗

τ )− 2g(yx1,v̄
τ )

≤ �R |x0 − yx2,v
∗

τ |2 + G|x0 + yx2,v
∗

τ − 2yx1,v̄
τ |

≤ (�R + G)C |h|2 + 2G|w − yx1,v̄
τ |.

Moreover, from (8.40), (8.41) and (L1),∫ τ(x2,v
∗)/2

0
[L(yx2,v

∗
(2s), v̄(s))− L(yx1,v̄(s), v̄(s))]ds ≤ C |h|2.

Gathering the above estimates, we obtain (8.39). This completes the proof.

In the case of the minimum time function, we have the following semiconcavity
result.

Theorem 8.2.8 Let the control system ( f,U ) with target K satisfy assumptions
(H0), (H1), (H2), (8.13) and (8.32). Then the minimum time function belongs to
SCL loc(R \K).
Proof — The result is not an immediate consequence of the general theorem since
we are not requiring here the global boundedness of f . However, one can check that
this property is not needed when the final cost g is identically zero as in this case
and that the same method of proof can be applied, with some simplification. For the
details see [42].
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Example 8.2.9 If the interior sphere condition (8.32) is not satisfied, then T may
fail to be semiconcave. Consider for instance the system

y′ = u,

with y ∈ R
2 and u(t) ∈ U = [−1, 1] × [−1, 1]. We take K = {(0, 0)} as our target,

and so condition (8.32) is violated.
Let us analyze the time optimal trajectories starting from a given point (x1, x2) ∈

R
2, (x1, x2) �= (0, 0). If |x1| = |x2|, then there exists a unique optimal control, given

by u = (−sgn x1,−sgn x2). If |x1| �= |x2| there are infinitely many optimal controls.
Suppose for instance x1 > x2 ≥ 0; then we can take a control whose first component
is identically −1, while the other one can be any function u2 : [0, x1] → [−1, 1]
such that

∫ x1
0 u2(t) dt = −x2. In both cases, we see that

T (x1, x2) = max{|x1|, |x2|}.
Observe that T is convex and is not differentiable at the points (x1, x2) with |x1| =
|x2|. Hence T is not semiconcave. The example also shows that in general the min-
imum time function can exhibit a different behavior from the distance function. We
know in fact that the distance function dK is semiconcave away from K for any set K
(see Proposition 2.2.2); the interior sphere condition is only necessary to have semi-
concavity up to the boundary of K. The minimum time function of this example,
instead, is not even semiconcave in sets of the form R

2 \ A, with A bounded neigh-
borhood of the target. Observe also that the points where T is not differentiable are
exactly the ones where the time optimal trajectory is unique. Such a behavior is in
strong contrast with the one exhibited by the problems in the previous chapters (see
e.g., Theorem 6.4.9).

8.3 Semiconvexity results in the linear case

In this section we restrict our attention to the minimum time problem for a linear
control system of the form{

y′(t) = Ay(t)+ u(t) u(t) ∈ U ⊂ R
n,

y(0) = x ∈ R
n

(8.48)

where A ∈ R
n×n and U is compact. Such a system satisfies (H0), (H1) and (H2).

In our following results we assume that U is convex and that a target set K is given
such that the Petrov condition (8.13) is satisfied. Let us mention that for a system
of the above form the minimum time function for this system does not change if we
substitute U with its convex hull (see e.g., [111]). Thus, our assumption that U is
convex is not restrictive for the analysis of the properties of T (x).

The next result shows that if the target is a convex set, then the minimum time
function is semiconvex.
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Theorem 8.3.1 Let the linear system (8.48) satisfy condition (8.13), and let K and
U be convex. Then the minimum time function T associated with the system is locally
semiconvex in R \K with a linear modulus.

Proof. We first prove the following:

x1, x2 ∈ R, T (x1) = T (x2) !⇒ T

(
x1 + x2

2

)
≤ T (x1). (8.49)

In fact, taken u1, u2 optimal controls for x1, x2, we can define

ū(t) = u1(t)+ u2(t)

2
,

which is an admissible control, by the convexity of U . Let us set for simplicity
x1/2 := x1+x2

2 . Since the state equation (8.48) is linear, we find

yx1/2,ū(t) = 1

2
(yx1,u1(t)+ yx2,u2(t)).

Therefore, since K is convex,

yx1/2,ū(T (x1)) ∈ K,

and therefore

T

(
x1 + x2

2

)
≤ T (x1).

Let us now take x1, x2 in a fixed convex set Q ⊂⊂ R \K, and suppose for instance
T (x1) ≤ T (x2). Let u2 be an optimal control for x2. We define

ū(t) = u2(2t),

ỹ(·) = yx2,u2(·) ȳ(·) = yx1/2,ū(·),

x̃ = ỹ(T (x2)− T (x1)) x̄ = ȳ

(
T (x2)− T (x1)

2

)
.

Then, by the dynamic programming principle,

T (x̃) = T (x1) T

(
x1 + x2

2

)
≤ T (x̄)+ T (x2)− T (x1)

2
. (8.50)

Since T is locally Lipschitz, |T (x2) − T (x1)| ≤ C |x2 − x1| (with C we denote
a positive constant which only depends on Q, and which may be different from
one formula to another). Moreover, the time-optimal trajectories starting from Q are
uniformly bounded and hence their speed is also uniformly bounded. Therefore, for
every t ∈ [0, T (x2)− T (x1)],

|ȳ(t/2)− ỹ(t)| ≤ |ȳ(0)− ỹ(0)| + 3Ct/2 ≤ C |x2 − x1|.
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Furthermore,

|2x̄ − x1 − x̃ | =
∣∣∣∣∣ 2

∫ T (x2)−T (x1)
2

0
ȳ′(t) dt −

∫ T (x2)−T (x1)

0
ỹ′(t) dt

∣∣∣∣∣
=
∣∣∣∣∣
∫ T (x2)−T (x1)

0
A(ȳ(t/2)− ỹ(t)) dt

∣∣∣∣∣
≤ (T (x2)− T (x1))‖A‖ max

t∈[0,T (x2)−T (x1)]
|ȳ(t/2)− ỹ(t)|

≤ C |x2 − x1|2.

Using again the Lipschitz continuity of T we obtain

T (x̄) ≤ T

(
x1 + x̃

2

)
+ C |x2 − x1|2.

On the other hand, by (8.49) and (8.50),

T

(
x1 + x̃

2

)
≤ T (x1).

Thus, by (8.50), we conclude that

T

(
x1 + x2

2

)
≤ T (x̄)+ T (x2)− T (x1)

2
≤ T (x2)+ T (x1)

2
+ C |x2 − x1|2.

Remark 8.3.2 It is easy to see that even under the assumptions of Theorem 8.3.1,
the minimum time function is not convex in general. Let us consider for instance the
one-dimensional system with state equation

y′ = −y + u, u ∈ U = [−1, 1]

and target K = {0}. Clearly, the time-optimal control for a point x < 0 (resp. x > 0)
is given by u ≡ 1 (resp. u ≡ −1). The corresponding optimal trajectory is

x(t) = sgn(x)[(1 + |x |)e−t − 1],

which reaches the target at a time T (x) = ln(1 + |x |). Thus T is semiconvex (it is
even smooth outside the target) but is not convex.

The semiconvexity result of Theorem 8.3.1 cannot be extended to nonlinear sys-
tems, as shown by the example below.

Example 8.3.3 For any (x1, x2) ∈ R
2 consider the minimum time problem with

target K = {0} for the control system
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y′1(t) = −[y2(t)]2 + u1(t), y1(0) = x1

y′2(t) = u2(t), y2(0) = x2.
(8.51)

We take U = [−1, 1]2 as a control set. For this problem it is easy to see that R = R
2.

Moreover, by Theorem 8.1.2, there exists a time-optimal control for any initial point.
Let x1 > 0, x2 ≥ 0. We define, for any τ ≥ 0, a control uτ = (uτ,1, uτ,2) as

follows:
uτ,1(t) = −1 t ≥ 0,

uτ,2(t) =
{

1 0 ≤ t ≤ τ
−1 t > τ.

The trajectory of (8.51) associated with uτ is yτ = (yτ,1, yτ,2), where

yτ,2(t) =
{

x2 + t, 0 ≤ t ≤ τ
x2 + 2τ − t, t ≥ τ,

yτ,1(t) = x1 − t −
∫ t

0
[yτ,2(s)]

2ds.

Now we keep x1 fixed and show that if x2 is smaller than some constant ε(x1), the
curve yτ hits the origin at time x2 + 2τ , for a suitable τ . In fact

yτ,2(x2 + 2τ) = 0,

while

yτ,1(x2 + 2τ) = x1 − x2 − 2τ − 2

3
(x2 + τ)3 +

x3
2

3
.

The right-hand side is a decreasing function of τ and tends to −∞ as τ → +∞. It
is positive for τ = 0, provided x2 is small enough. Hence there exists τ̄ such that
yτ̄ ,1(x2 + 2τ̄ ) = 0.

We claim that yτ̄ is optimal. Indeed, let y∗ be an optimal trajectory at x =
(x1, x2). Since ∣∣∣∣dy∗2

dt

∣∣∣∣ ≤ 1 , y∗2 (0) = x2 , y∗2 (T (x)) = 0 ,

it follows that
|y∗2 (t)| ≤ yτ̄ ,2(t) , ∀t ∈ [0, T (x)].

Therefore,
0 ≤ yτ̄ ,1(t) ≤ y∗1 (t) , ∀t ∈ [0, T (x)],

which yields yτ̄ (T (x)) = 0. Hence yτ̄ is optimal and τ̄ = (T (x)− x2)/2.
From the above formula for yτ̄ ,1, it follows that T (x) is a solution of

0 = x1 +
x3

2

3
− T − 2

3

(
T + x2

2

)3
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for x1 > 0 and 0 < x2 < ε(x1). Then, by the implicit function theorem, T is of class
C1 at such points and

∂T

∂x2
(x) = −

(
T (x)+x2

2

)2 − x2
2

1 +
(

T (x)+x2
2

)2
.

Hence,

lim
x2↓0

∂T

∂x2
(x1, x2) = − T 2(x1, 0)

4 + T 2(x1, 0)
< 0. (8.52)

Since the problem is symmetric with respect to the x2 variable, we have that
T (x1,−x2) = T (x1, x2). Thus,

lim
x2↑0

∂T

∂x2
(x1, x2) = − lim

x2↓0

∂T

∂x2
(x1, x2) > 0. (8.53)

In particular,

lim
h↓0

T (x1, h)+ T (x1,−h)− 2T (x1, 0)

h
< 0,

showing that T fails to be semiconvex in any neighborhood of (x1, 0).

We now show that the results of the previous sections, together with some hy-
potheses on the target or the control set, can be used to obtain regularity results for
the minimum time function. We begin with an immediate consequence of Corollary
8.2.8 and Theorem 8.3.1.

Theorem 8.3.4 Let the linear system (8.48) satisfy assumption (8.13), let U be com-
pact and convex, let K be convex, and let ∂K be of class C1,1. Then the minimum
time function T belongs to C1,1

loc (R \K).
Proof. By Corollary 8.2.8 and Theorem 8.3.1, T is both semiconcave and semicon-
vex with a linear modulus. Thus, by Corollary 3.3.8, it is locally of class C1,1.

If K has not a smooth boundary, it is still possible to obtain a bound on the
dimension of D−T depending on the regularity of the control set U , as shown by the
next theorem.

Theorem 8.3.5 Let K and U be convex sets, let U be compact, and let the linear
system (8.48) satisfy assumption (8.13). Define

ν = max
ū∈U

dim NU (ū).

Then, for all x ∈ R \K, the dimension of the subdifferential D−T (x) is strictly less
than ν .
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Proof — Since T is a viscosity solution of equation (8.10), we have, recalling Propo-
sition 5.3.4, that

σU (−p)− Ax · p = 1, ∀x ∈ R \K, ∀ p ∈ D−T (x). (8.54)

Such an equality implies that, for all x ∈ R \ K, the set M := D−T (x) satisfies
property (ii) of Lemma A. 1.24 (with V = U ), and therefore is contained in some
normal cone to U . Again by (8.54), M satisfies condition (A. 8). Hence, by Lemma
A. 1.25, its dimension is less than or equal to ν − 1. The conclusion follows.

Corollary 8.3.6 Under the hypotheses of Theorem 8.3.5, the subdifferential of T has
dimension strictly less than n at every point.

Corollary 8.3.7 Under the hypotheses of Theorem 8.3.5, if ∂U is of class C1, then
T ∈ C1(R \K).
Proof — Since T is semiconvex and D−T is a singleton for all x ∈ R \ K, we
deduce from Proposition 3.3.4(e) that T ∈ C1(R \K).

8.4 Optimality conditions

In this section we analyze some optimality conditions for control problems of the
form (ETP). Our aim is to obtain results analogous to those for the finite horizon
problems given in the previous chapters (see Section 6.4 or 7.3); the statements and
the methods of proof require suitable adaptations due to the presence of the exit time.

Unless otherwise stated, we assume throughout the section properties (H0), (H1),
(H2), the compatibility condition (8.6), the Petrov condition (8.13), and the following
additional regularity requirements:

Lx (x, u) exists everywhere and is continuous w.r.t. x ; (8.55)

∂K is an (n − 1)–dimensional manifold of class C1,1; (8.56)

g ∈ SCL loc(N ), where N is a neighborhood of K. (8.57)

Let us observe that property (8.56) easily implies the interior sphere condition (8.32).
In addition, the set of proximal normals to a point z ∈ ∂K which appears in the Petrov
condition (8.13) reduces to the usual outer normal to K at z and its positive multiples.
Observe also that (8.57), together with (8.6), imply that g satisfies (8.31).

We begin by proving a version of Pontryagin’s maximum principle. Let us men-
tion that it is possible to give more general statements of this principle, which include
cases where the target is a point or a nonsmooth set (see e.g., [87, 111, 54]). We start
with two preliminary results.
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Lemma 8.4.1 Let z ∈ ∂K and let ν be the outer normal to K at z. Let u∗ ∈ U be
such that f (z, u∗) · ν < 0 and consider the exit time τ(x, u∗) under the constant
control u∗. Then there exists a neighborhood of z, which we denote by A, such that

τ(x, u∗) = − ν · (x − z)

ν · f (z, u∗)
+ o(|x − z|), ∀ x ∈ A \K. (8.58)

Proof – Let us consider the signed distance function from K, defined as

d̄K(x) := dK(x)− dKc (x).

Our smoothness assumption (8.56) on ∂K implies that d̄K is differentiable near z and
Dd̄K(z) = ν. Let us define

F(x, t) = d̄K(yx,u∗(t)).

Then F is differentiable for (x, t) near (z, 0) and satisfies

F(z, 0) = 0, Ft (z, 0) = ν · f (z, u∗) �= 0.

By the implicit function theorem we can find a neighborhood A of z, a number δ > 0
and a function s : A→ [−δ, δ] such that for all x ∈ A and t ∈ [−δ, δ],

d̄K(yx,u∗(t)) = 0 ⇐⇒ t = s(x). (8.59)

We also take A suitably small in such a way that A \ ∂K consists of two connected
components A+ and A−, with A+ = A \K and A− ⊂ K.

From (8.59) we see that s(x) coincides with τ(x, u∗) for all x ∈ A+ such that
s(x) > 0. In addition s(x) = 0 if and only if x ∈ ∂K, and therefore s(x) has constant
sign on A+. Moreover we have

Ds(z) = − Fx (z, 0)

Ft (z, 0)
= − ν

ν · f (z, u∗)
,

which implies

s(x) = Ds(z) · (x − z)+ o(|x − z|) = − ν · (x − z)

ν · f (z, u∗)
+ o(|x − z|).

In particular, since we assume f (z, u∗) · ν < 0, we have that s(x) > 0 if x = z + εν
with ε > 0 small enough. By the previous remarks, we deduce that s(x) is positive
on A+. Thus, it coincides with τ(x, u∗) for x ∈ A+ = A \K. This proves (8.58).

Lemma 8.4.2 Given z ∈ ∂K, let ν be the outer normal to K at z. Then, for any
q ∈ D+g(z) there exists a unique μ > 0 such that H(z, q + μν) = 0.
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Proof — Since g is Lipschitz continuous with constant G, any vector q ∈ D+g(z)
satisfies |q| ≤ G. Therefore, by (8.6),

H(z, q) = max
u∈U

[− f (z, u) · q − L(z, u)] ≤ N G − α < 0.

On the other hand, by (8.13) there exists v ∈ U such that − f (z, v) · ν > 0.We have,
for any μ ≥ 0,

H(z, q + μν) ≥ − f (z, v) · q − L(z, v)− μ f (z, v) · ν.
Therefore,

H(z, q + μν)→+∞ as μ→+∞.
This implies that there exists μ > 0 such that H(z, q + μν) = 0 .

Now we prove the uniqueness of μ. Arguing by contradiction we suppose that
there existμ1, μ2,with 0 < μ1 < μ2 such that H(z, q+μ1ν) = H(z, q+μ2ν) = 0.
Let us denote by u∗ an element of U such that

H(z, q + μ1ν) = − f (x, u∗) · (q + μ1ν)− L(z, u∗).

Then

0 = − f (z, u∗) · q − L(z, u∗)− μ1 f (z, u∗) · ν
≤ N G − α − μ1 f (z, u∗) · ν < −μ1 f (z, u∗) · ν.

Therefore f (z, u∗) · ν < 0, and this implies

H(z, q + μ2ν) ≥ − f (z, u∗) · (q + μ2ν)− L(z, u∗)
= − f (z, u∗) · (q + μ1ν)− L(z, u∗)− (μ2 − μ1) f (z, u∗) · ν
> 0,

which contradicts our assumption that H(z, q + μ2ν) = 0.

We are now ready to state the maximum principle.

Theorem 8.4.3 Let properties (H0)–(H2), (L1), (8.6), (8.13), (8.55)–(8.57) hold, let
x ∈ R \K and let ū be an optimal control for x. Set for simplicity

y(t) := yx,ū(t), τ := τ(x, ū), z := yx,ū
τ ,

and denote by ν the outer normal to K at z. Given q ∈ D+g(z), let μ > 0 be
such that H(z, q + μν) = 0 (μ is uniquely determined by the previous lemma). Let
p : [0, τ ] → R

n be the solution to the system{
p′(t) = − f T

x (y(t), ū(t))p(t)− Lx (y(t), ū(t))

p(τ ) = q + μν,
(8.60)

where f T
x denotes the transpose of the matrix fx . Then p satisfies, for a.e. t ∈ [0, τ ],

−p(t) · f (y(t), ū(t))− L(y(t), ū(t))

= max
u∈U

[−p(t) · f (y(t), u)− L(y(t), u)]. (8.61)
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Proof — Let t ∈ ]0, τ [ be a Lebesgue point for the functions f (y(·), ū(·)) and
L(y(·), ū(·)), i.e., a value such that

lim
h→0

1

h

∫ t+h

t−h
| f (y(s), ū(s))− f (y(t), ū(t))| ds = 0, (8.62)

lim
h→0

1

h

∫ t+h

t−h
|L(y(s), ū(s))− L(y(t), ū(t))| ds = 0. (8.63)

Let us fix u ∈ U . For ε > 0 small we define

uε(s) =

⎧⎪⎪⎨⎪⎪⎩
u s ∈ [t − ε, t]
ū(s) s ∈ [0, τ ]/[t − ε, t]
u∗ s > τ,

(8.64)

where u∗ ∈ U is such that

− f (z, u∗) · (q + μν)− L(z, u∗) = H(z, q + μν) = 0. (8.65)

We set yε(·) := yx,uε (·) and τε := τ(x, uε). From Lemma 8.4.1 we deduce that τε is
finite if ε is small enough.

Since ū is an optimal control for x , we have

0 ≤ J (x, uε)− J (x, ū)

=
∫ τε

0
L(yε(s), uε(s))ds −

∫ τ
0

L(y(s), ū(s))ds + g(yε(τε))− g(z)

=
∫ τ

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))]ds +

∫ τε
τ

L(yε(s), uε(s))ds

−
∫ t

t−ε
[L(yε(s), ū(s))− L(yε(s), u)]ds + g(yε(τε))− g(z). (8.66)

Taking into account (8.62), we find

yε(t)− y(t) =
∫ t

t−ε
[ f (yε(s), u)− f (y(s), ū(s))]ds

= ε( f (y(t), u)− f (y(t), ū(t)))+ o(ε).

Therefore, by well-known results about ordinary differential equations (see Theorem
A. 4.4),

yε(s) = y(s)+ εv(s)+ o(ε), s ∈ [t, τ ], (8.67)

where v(·) is the solution to the linearized system{
v′(s) = fx (y(s), ū(s))v(s)

v(t) = f (y(t), u)− f (y(t), ū(t)).
(8.68)
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Let us observe that

d

ds
p(s) · v(s) = −Lx (y(s), ū(s)) · v(s),

and therefore∫ τ
t

Lx (y(s), ū(s)) · v(s) ds = p(t) · v(t)− p(τ ) · v(τ)
= p(t)[ f (y(t), u)− f (y(t), ū(t)] − (q + μν)v(τ). (8.69)

It is now convenient to treat separately the cases τε ≥ τ and τε < τ .

(i) τε < τ

We first observe that, by (8.67), the point y(τε) has distance of order O(ε) from
yε(τε) ∈ ∂K, and so dK(y(τε)) = O(ε). Since the optimal control ū steers y(τε) to
the target in a time τ − τε, we obtain from Lemma 8.2.4 and estimate (8.11) that

τ − τε = O(ε). (8.70)

Since q ∈ D+g(z), we have

g(yε(τε))− g(z) ≤ q · (yε(τε)− z)+ o(|yε(τε)− z|).

By (8.6), (8.67) and (8.70) we have, for any s ∈ [τε, τ ],

|yε(s)− z| ≤
∫ τ

s
| f (yε(s), uε(s))|ds + |yε(τ )− z|

≤ N (τ − s)+ |εv(τ)+ o(ε)| = O(ε).

Therefore,

g(yε(τε))− g(z) ≤ q · (yε(τε)− z)+ o(ε)

= q ·
(
−
∫ τ
τε

f (yε, uε(s))ds + εv(τ)
)
+ o(ε)

= q ·
(
−
∫ τ
τε

f (z, ū(s))ds + εv(τ)
)
+ o(ε). (8.71)

By the smoothness of ∂K we have, since yε(τε) ∈ ∂K, that

ν · (z − yε(τε)) = O(|z − yε(τε)|2) = o(ε).

Recalling also that

0 = H(z, q + μν) = max
u∈U

[− f (z, u) · (q + μν)− L(z, u)],

we obtain
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−
∫ τ
τε

L(z, ū(s))ds − q ·
∫ τ
τε

f (z, ū(s))ds

≤ μν ·
∫ τ
τε

f (z, ū(s))ds

= μν · (z − y(τε))+ μν ·
∫ τ
τε

[ f (z, ū(s))− f (y(s), ū(s))]ds

= μν · (z − y(τε))+ o(ε)

= μν · (z − yε(τε))+ μν · (yε(τε)− y(τε))+ o(ε)

= εμν · v(τε)+ o(ε) = εμν · v(τ)+ o(ε).

Thus (8.66) implies, using also (8.71)

0 ≤
∫ τ

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))]ds + ε(q + μν) · v(τ)

−
∫ t

t−ε
[L(yε(s), ū(s))− L(yε(s), u)]ds + o(ε).

Dividing by ε and letting ε→ 0+ we obtain, by (8.63), (8.67) and (8.69),

0 ≤
∫ τ

t
Lx (y(s), ū(s)) · v(s)ds + (q + μν) · v(τ)

+L(y(t), u)− L(y(t), ū(t))

= p(t) · [ f (x(t), u)− f (x(t), ū(t))] + L(x(t), u)− L(x(t), ū(t)).

Since u ∈ U is arbitrary, this proves (8.61).

(ii) τε ≥ τ
By (8.67), yε(τ )− z = εv(τ)+ o(ε); thus, for ε small enough we can apply Lemma
8.4.1 to obtain

τε − τ = (yε(τ )− z) · ν
− f (z, u∗) · ν + o(ε) = εv(τ) · ν

− f (z, u∗) · ν + o(ε). (8.72)

This implies in particular that

τε − τ = O(ε),

|yε(s)− z| ≤ |yε(s)− yε(τ )| + |yε(τ )− z| = O(ε) ∀t ∈ [τ, τε].

Thus we have∫ τε
τ

L(yε(s), uε(s))ds = (τε − τ)L(z, u∗)+
∫ τε
τ

[L(yε(s), u
∗)− L(z, u∗)] ds

= (τε − τ)L(z, u∗)+ o(ε),

yε(τε)− z =
∫ τε
τ

f (yε(s), u
∗)ds + yε(τ )− z

= (τε − τ) f (z, u∗)+ εv(τ)+ o(ε).
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Taking also into account that q ∈ D+g(z), we obtain from (8.66),

0 ≤
∫ τ

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))]ds + (τε − τ)L(z, u∗)

−
∫ t

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))] ds

+(τε − τ)q · f (z, u∗)+ εq · v(τ)+ o(ε). (8.73)

By definition of u∗ we have

L(z, u∗)+ q · f (z, u∗) = −μν · f (z, u∗).

Recalling (8.72) we obtain

(τε − τ)(L(z, u∗)+ q · f (z, u∗)) = −μ(τε − τ) f (z, u∗) · ν = εμv(τ) · ν + o(ε).

Thus (8.73) implies that

0 ≤
∫ τ

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))]ds

−
∫ t

t−ε
[L(yε(s), ū(s))− L(y(s), ū(s))] ds

+ε(μν + q) · v(τ)+ o(ε).

Now we can divide by ε and let ε→ 0 to obtain the conclusion as in the first step.

Given an optimal trajectory y, we will say that p is a dual arc associated with y
if it satisfies the properties of Theorem 8.4.3, that is, if it solves problem (8.60) for
some q ∈ D+g(z) andμ > 0 such that H(z, q+μν) = 0. We have seen an existence
result for dual arcs; we will see later that under a suitable additional condition the
dual arc associated to an optimal trajectory is unique. We now prove that the dual arc
p of the previous theorem is included in the superdifferential of the value function.

Theorem 8.4.4 Under the assumptions of Theorem 8.4.3, the arc p solution of sys-
tem (8.60) satisfies

p(t) ∈ D+V (y(t)) , ∀t ∈ [0, τ ).

Proof — For simplicity of notation we restrict ourselves to the case t = 0, the
proof in the general case being entirely analogous. The statement for t = 0 becomes
p(0) ∈ D+V (x); to prove this we will show that for all h ∈ R

n with |h| = 1,

V (x + εh) ≤ V (x)+ εp(0) · h + o(ε) (8.74)

with o(ε) independent of h. Let us define a control strategy by setting

û(s) =
{

ū(s) s ∈ [0, τ ]

u∗ s > τ,
(8.75)
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where u∗ is such that

− f (z, u∗) · (q + μν)− L(z, u∗) = H(z, q + μν) = 0. (8.76)

Let us set for simplicity

yε(·) := yx+εh,û(·), τε := τ(x + εh, û).

Then we have, for all s ∈ [0, τ ],

yε(s) = y(s)+ εv(s)+ o(ε), (8.77)

where v is the solution of the linearized problem{
v′(s) = fx (y(s), ū(s))v(s) s ∈ [0, t]

v(0) = h

and o(ε) does not depend on h. Now we observe that

V (x + εh)− V (x) ≤ J (x + εh, û)− V (x)

=
∫ τ

0
(L(yε(s), ū(s))− L(y(s), ū(s))) ds

+
∫ τε
τ

L(yε(s), û(s))ds + g(yε(τε))− g(z).

The terms on the right-hand side can be estimated as the corresponding terms in
formula (8.66). Following the computations of the proof of Theorem 8.4.3 we obtain

V (x + εh)− V (x) ≤ ε
∫ τ

0
Lx (y(s), ū(s)) · v(s) ds

+ε(q + μν)v(τ)+ o(ε)

= εp(0) · h + o(ε),

which is the desired inequality (8.74).

In the case of the minimum time problem, the two previous results take the fol-
lowing form.

Theorem 8.4.5 Consider the minimum time problem for system ( f,U ) with target
K. Assume properties (H0)–(H2), (8.13) and (8.55). Let x ∈ R\K and let ū be a time-
optimal control for x. Let y(·) = yx,ū(·) be the corresponding optimal trajectory and
let z = y(T (x)). Let ν be the outer normal to ∂K at z and set

μ = 1

maxu∈U [−ν · f (z, u)]
(8.78)

(by (8.13) μ is well defined and positive). Then the solution of the system
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p′(t) = − f T
x (y(t), u(t)) p(t) (8.79)

with the final condition p(T (x)) = μν is such that

−p(t) · f (y(t), u(t)) = max
u∈U

−p(t) · f (y(t), u) (8.80)

for a.e. t ∈ [0, T (x)]. In addition,

p(t) ∈ D+T (y(t)) ∀t ∈ [0, T (x)[ . (8.81)

Proof — The result is a special case of the previous Theorems 8.4.3 and 8.4.4. We
are no longer requiring the global boundedness of f as in (8.6), but this makes no
substantial difference since all arguments are of a local nature. The definition of μ in
(8.78) is equivalent to the requirement that H(z, μν) = 0 which appears in Theorem
8.4.3. For a direct proof of these results (under more general hypotheses) see [35].

Theorem 8.4.6 Let the hypotheses of Theorem 8.2.7 be satisfied. Suppose in addi-
tion that the hamiltonian H is such that

for all x ∈ R
n, if H(x, p) = 0 for all p in a convex set C,

then C is a singleton.
(8.82)

Let yx,u(·) be an optimal trajectory for a point x ∈ R. Then V is differentiable at
yx,u(s) for all s ∈ ]0, τ (x, u)[ .

Proof — By Proposition 8.1.9 and assumption (8.82), the superdifferential
D+V (y(s)) is a singleton for any s ∈ ]0, τ (x, u)[ . Since V is semiconcave, this
implies that V is differentiable at (y(s)) for these values of s.

Remark 8.4.7 Assumption (8.82) is satisfied when H is strictly convex, but is ac-
tually a less restrictive hypothesis. Consider for instance the case when L does not
depend on u (e.g., the minimum time problem). Then H is not strictly convex, but
(8.82) is satisfied provided f (x,U ) is a convex set of class C1 for all x ∈ R

n . In
fact, we have in this case

H(x, p) = σ f (x,U )(−p)− L(x), (8.83)

where σ(·) denotes the support function. Thus, H is affine along radial directions;
on the other hand, if f (x,U ) is smooth, we can apply Corollary A. 1.26 to conclude
that property (8.82) is satisfied.

Proposition 8.4.8 Let the hypotheses of Theorems 8.2.7 and 8.4.3 hold, and let prop-
erty (8.82) also be satisfied. Let y = yx,u be an optimal trajectory for a point x. Then
there exists a unique dual arc p associated to y as in Theorem 8.4.3. Moreover,

p(t) = DV (y(t)) ∀ t ∈ ]0, τ (x, u)[

p(0) ∈ D∗V (x)

p(t) �= 0 ∀ t ∈ [0, τ (x, u)].
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Proof — By Theorem 8.4.6, V is differentiable at all points of the form y(t) with
t ∈ ]0, τ (x, u)[ . Therefore at these points the superdifferential of V contains only the
gradient DV (y(t)), and so p(t) = DV (y(t)) by Theorem 8.4.4. This also implies
that p(0) ∈ D∗V (x) by the definition of D∗.

These properties show that there cannot exist two distinct dual arcs since they
should both coincide with DV (y(t)). Finally, since V is a viscosity solution of (8.9),
it satisfies

H(y(t), p(t)) = H(y(t), DV (y(t)) = 0

for all t ∈ ]0, τ (x, u)[ . By continuity, this also holds for t = 0, t = τ(x, u). Since
by (8.6)

H(y(t), 0) = max
u∈U

−L(y(t), u) ≤ −α < 0,

we deduce that p(t) �= 0 for all t ∈ [0, τ (x, u)].

When hypothesis (8.82) is satisfied, we have also the following result about the
propagation of singularities of V .

Theorem 8.4.9 Let the hypotheses of Theorem 8.2.7 be satisfied, and let in addition
the hamiltonian H satisfy (8.82). Let x ∈ R \ K be a point where V is not differen-
tiable and such that dim D+V (x) < n. Then there exists a Lipschitz singular arc for
V starting from x as in Theorem 4.2.2.

Proof — We recall that the Hamilton–Jacobi equation (8.9) holds as an equality at
all points of differentiability of V . By definition of D∗V , this implies

H(x, p) = 0, ∀ p ∈ D∗V (x).

In addition, since V is semiconcave, we have that D∗V (x) ⊂ D+V (x). Suppose
D∗V (x) = D+V (x). Then, since D+V (x) is a convex set, property (8.82) implies
that D+V (x) is a singleton. But then V is differentiable at x , in contradiction with
our assumptions.

Therefore D+V (x) \ D∗V (x) �= ∅. Since dim D+V (x) < n, we also have that
D+V (x) = ∂D+V (x) and so Theorem 4.2.2 can be applied.

Remark 8.4.10 The hypothesis that D+V (x) has dimension less than n in the previ-
ous result is essential. Consider in fact the distance function from the set K = R

n\B1,
which is a special case of the minimum time function. We have that dK(x) = 1−|x |
for all x ∈ B1, and so x = 0 is an isolated singularity with superdifferential of di-
mension n. It is easy to check that all other hypotheses of Theorem 8.4.9 are satisfied
in this example.

In the remainder of the section we assume that

H ∈ C1,1
loc (R

n × (Rn \ {0}) ). (8.84)
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Remark 8.4.11 As in Theorem 7.3.6 we find that if assumption (8.84) holds, then
the derivatives of H are given by

Hp(x, p) = − f (x, u∗(x, p)), (8.85)

Hx (x, p) = − f T
x (x, u

∗(x, p))p − Lx (x, u
∗(x, p)), (8.86)

where u∗(x, p) is any element of U such that

− f (x, u∗) · p − L(x, u∗) = max
u∈U

− f (x, u) · p − L(x, u).

Remark 8.4.12 In the cases where L does not depend on u (e.g., the minimum time
problem) the hamiltonian takes the form (8.83) and so property (8.84) is satisfied if,
for instance, f (x,U ) is a family of uniformly convex sets of class C2 (see Definition
A. 1.23). Observe also that in this case H is not differentiable for p = 0, (except
for the trivial case where U is a singleton); this is the reason why we exclude that
point in condition (8.84). The lack of differentiability of H for p = 0 is not a real
complication for our purposes, since we are going to evaluate H along dual arcs,
which are nonzero by Proposition 8.4.8.

In view of equalities (8.85), (8.86) and of the property p(t) �= 0 stated in Propo-
sition 8.4.8 we can restate the maximum principle as follows.

Corollary 8.4.13 Assume that properties (H0)–(H2), (L0)–(L2), (8.6), (8.13), (8.55)–
(8.57), (8.82) and (8.84) are satisfied. Let y be an optimal trajectory and let p be the
associated dual arc. Then the pair (y, p) solves the system{

y′(t) = −Hp(y(t), p(t))

p′(t) = Hx (y(t), p(t)).
(8.87)

Consequently y and p are of class C1.

Now we can obtain a correspondence between the optimal trajectories starting at
a point x ∈ R \K and the elements of D∗V (x), similarly to the case of the calculus
of variations (see Theorem 6.4.9).

Theorem 8.4.14 Assume that properties (H0)–(H2), (L0)–(L2), (8.6), (8.13), (8.31),
(8.55), (8.56), (8.82) and (8.84) hold. Let x ∈ R\K and q ∈ D∗V (x) . Consider the
solution (y, p) of (8.87) with initial conditions{

y(0) = x

p(0) = q .
(8.88)

Then y is an optimal trajectory for x and p is the dual arc associated with y. The
correspondence between vectors in D∗V (x) and optimal trajectories for x defined
in this way is one-to-one.
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Proof — First we consider the case when V is differentiable at x . By Theorem 8.1.4,
there exists a trajectory y(·) which is optimal for x and, by Theorem 8.4.3, there
exists a dual arc p associated with y. By Proposition 8.4.8 and Corollary 8.4.13, the
pair (y, p) is solution of (8.87) with initial conditions y(0) = x , p(0) = DV (x) .
This proves the assertion in this case.

Next we consider the general case. Let q ∈ D∗V (x) . Then there exists a se-
quence {xk}k∈N ⊂ R \K such that V is differentiable at xk and such that

xk → x , DV (xk)→ q as k →∞ .
We denote by (yk, pk) the solution of (8.87) with initial conditions{

y(0) = xk

p(0) = DV (xk).

By the first part of the proof, yk is an optimal trajectory for xk and pk is the associated
dual arc. In addition, (yk, pk) converges to (y, p) locally uniformly, where (y, p) is
the solution to system (8.87) with initial conditions (8.88). By Theorem 8.1.7, y is
an optimal trajectory for x . Moreover

p(t) = lim
k→∞

pk(t) = lim
k→∞

DV (yk(t)), t ∈ [0, τ [ ,

where τ is the exit time of y. Since

lim
k→∞

DV (yk(t)) ∈ D∗V (y(t)),

we have, by Theorem 8.4.6, that p(t) = DV (y(t)) , t ∈ ]0, τ [ . Therefore p is the
dual arc associated to y. This proves that any solution to system (8.87) with initial
conditions (8.88) coincides with an optimal trajectory and its associated dual arc.

Conversely, let y be an optimal trajectory for x . Then, by Proposition 8.4.8 and
Corollary 8.4.13, there exists a dual arc p such that the pair (y, p) solves system
(8.87) with initial conditions (8.88) for some q ∈ D∗V (y(0)). Observe also that q is
uniquely determined, because q = p(0), where p is the unique dual arc associated
with y. Thus, the correspondence defined in the theorem is one-to-one.

Corollary 8.4.15 Under the hypotheses of the previous theorem, V is differentiable
at a point x ∈ R \K if and only if the optimal trajectory for x is unique.

Remark 8.4.16 In Example 8.2.9 we have seen a system where the time-optimal
control problem does not satisfy the conclusion of the above corollary. This is not
surprising, because some of our assumptions do not hold for that system. In fact the
target is a single point and does not satisfy the smoothness assumption (8.56). In
addition, the hamiltonian of that system is given by

H(p1, p2) = |p1| + |p2|, (p1, p2) ∈ R
2,

and so assumptions (8.82) and (8.84) are both violated.
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Bibliographical notes

Most of the general references on optimal control problems quoted in the previous
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of the value function along the boundary. Our formulation of the compatibility con-
dition follows [41]; it is more restrictive but simpler to state than the general ones in
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The uniqueness result of Theorem 8.1.10 was first obtained in [19] in a weaker
form and then generalized in [73] and [131] (see also [141] and the references
therein). The property called “Petrov condition” in Theorem 8.2.3, which is cru-
cial for the Lipschitz continuity of the minimum time function, can be regarded as
a generalization of the “positive basis condition” introduced in [115] in the case of
a target consisting of a single point. The case of a target with a smooth boundary
was considered in [21]. Our presentation here follows [42, 41]. More results con-
cerning the Lipschitz continuity of the value function of problems related to the ones
considered here can be found in [20, 136, 141] and in the references therein.

The semiconcavity results of Section 8.2 have been obtained in [42] (see also
[128]) in the case of the minimum time function and in [41] in the general case. The
semiconvexity results of Section 8.3 are also taken from [42]. In the case K = {0},
Corollary 8.3.7 was first conjectured in [84] and then proved in [27] (by a different
approach from the one used here). The optimality conditions of Section 8.4 have been
obtained in [35, 43] in the case of the minimum time function and in [41] for general
exit time problems. A different kind of semiconcavity result for the minimum time
function has been proved in [50]; the hypotheses on the system are more general than
ours, but semiconcavity holds only on a dense subset of the controllable set.

Other semiconcavity results for exit time problems have been recently obtained
in [36, 130]. In contrast to Theorem 8.2.7, the target set in these results can be a
general closed set; on the other hand, the set f (x,U ) is required to be convex and
to satisfy an interior sphere condition. It is also shown that the semiconcavity of the
minimum time function is related to the interior sphere condition for the attainable
sets of the control system at a given time.

Let us mention that, for exit time problems, an analysis of the singular set sim-
ilar to that of Section 6.6 for problems in the calculus of variations has been done
in [116]. It is shown there that the closure of the singular set of the value function
is Hausdorff (n − 1)-rectifiable, like the singular set itself. A key step in the anal-
ysis is the study of conjugate points. Such a result holds under suitable smoothness
assumptions on the target set and on the data of the problem.

As we have remarked, the distance function from a smooth submanifold in R
n

(or in a riemannian manifold) can be regarded as the value function of a minimum
time problem. In this case the closure of the singular set coincides with a classical
object in riemannian geometry, the so-called cut-locus. Some fine regularity results
can be found e.g. in [97, 112]
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The minimum time problem has been widely studied also for infinite dimen-
sional systems, see e.g., the monograph [109]. Some generalizations to the infinite
dimensional case of the results of this chapter have been obtained in [44, 3, 4, 7, 8].



Appendix

A. 1 Convex sets and convex functions

In this section we collect some basic results about convex sets and convex func-
tions. These topics have a great importance in many fields of mathematics, and their
study has become a branch of its own called convex analysis. We do not aim at
a comprehensive introduction to the subject, but we will only present the defini-
tions and theorems that are important for the purposes of this book. For a more
detailed study the reader can consult some of the monographs on convex analysis,
e.g., [122, 124, 126, 91].

For the sake of completeness, we start by recalling the definition of convexity.

Definition A. 1.1

(i) A set C ⊂ R
n is called convex if, for any x0, x1 ∈ C, the segment [x0, x1]

is contained in C. We say that C is strictly convex if, for any x0, x1 ∈ C, all
points of the segment [x0, x1], except possibly the endpoints, are contained in
the interior of C.

(ii) A function L : C → R, with C ⊂ R
n convex, is called convex if

λL(x)+ (1 − λ)L(y) ≥ L(λx + (1 − λ)y), ∀ x, y ∈ C, λ ∈ [0, 1]. (A. 1)

We say that L : C → R is strictly convex if the above inequality is strict except
when λ = 0, 1. A function L : C → R is called concave if −L is convex.

It is easy to see that L : C → R, with C ⊂ R
n convex, is a convex function if

and only if the epigraph of L is a convex subset of R
n ×R; in addition, the epigraph

of L is strictly convex if and only if L is strictly convex and C is a strictly convex
set. Also, it is easily checked that the supremum of any family of convex functions
is a convex function (in the set where it is finite).

We observe that convex (concave) functions can be regarded as a particular case
of semiconvex (semiconcave) functions, corresponding to a modulus ω ≡ 0. Thus,
the results of this book apply in particular to convex functions; of course, many of
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them admit a more direct proof or a stronger statement in the context of convex
functions.

It is sometimes useful to observe that in order to prove the convexity of a function,
it suffices to consider the midpoint of the segments.

Proposition A. 1.2 A function L : A → R, with A ⊂ R
n open convex, is convex if

and only if it is continuous and satisfies

L(x + h)+ L(x − h)− 2L(x) ≥ 0 (A. 2)

for all x, h such that x ± h ∈ A.

Proof — The above equivalence is well known, but can also be deduced as a special
case of some properties of semiconcave functions which are proved in the text. Ob-
serve that inequality (A. 2) is a special case of (A. 1); on the other hand, in Definition
A. 1.1 the continuity of L is not explicitly required. However, the continuity of L is
a consequence of the convexity (see Theorem 2.1.7); on the other hand, a continuous
function which satisfies (A. 2) for all x, h also satisfies (A. 1), as one can deduce
from Theorem 2.1.10 in the case ω̃ ≡ 0.

Definition A. 1.3 A function L : C → R, with C ⊂ R
n convex is called uniformly

convex if there exists k > 0 such that

λL(x)+ (1 − λ)L(y) ≥ L(λx + (1 − λ)y)+ kλ(1 − λ)|x − y|2

for all x, y ∈ C, λ ∈ [0, 1].

Remark A. 1.4 Uniform convexity implies strict convexity and is a more restrictive
property; for instance, the function L(x) = x4 is strictly convex but not uniformly
convex. Arguing as in Proposition 1.1.3 one finds that a function L is uniformly
convex if and only if L(x)− k|x |2 is convex. It is well known that a function L ∈ C2

is convex if and only if its hessian D2L is positive definite everywhere. Thus, L ∈ C2

is uniformly convex if and only if D2L ≥ 2k I > 0 everywhere. Therefore, if L ∈ C2

satisfies D2L > 0 everywhere, it is uniformly convex on all compact convex subsets
of its domain.

A convex combination of k points x1, x2, . . . , xk ∈ R
n is a point x̄ of the form

x̄ = λ1x1 + λ2x2 + · · · + λk xk

where λ1, λ2, . . . , λk are nonnegative numbers such that
∑
λi = 1.

Definition A. 1.5 Given S ⊂ R
n, the convex hull of S is the set of all convex combi-

nations of points of S.

It is easy to see that co S is convex and is the smallest convex set containing S.
A remarkable result, known as Carathéodory’s Theorem, says that it suffices to take
combinations of n + 1 points.



A. 1 Convex sets and convex functions 275

Theorem A. 1.6 If S ⊂ R
n, then any point in co S can be written as the convex

combination of at most n + 1 points in S.

Proof — See [122, Theor. 17.1].

Using Carathéodory’s theorem one easily obtains the following property.

Corollary A. 1.7 The convex hull of a compact set K ⊂ R
n is compact.

There is a natural notion of dimension and topology associated to a convex set,
as explained in the next definition.

Definition A. 1.8 Let C ⊂ R
n be a convex set and let � be the minimal affine

subspace containing C. We define the dimension of C to be equal to the dimension
of �. The relative topology on C is the topology induced by the topology on � (in
contrast with the standard topology induced by the one on R

n).

Example A. 1.9 Let C ⊂ R
3 be the disk

C = {(x, y, z) : x2 + y2 ≤ 1, z = 1}.

Then the minimal affine subspace containing C is the plane z = 1 and the dimension
of C is 2. The relative boundary and the relative interior of C are respectively

{(x, y, z) : x2 + y2 = 1, z = 1}, {(x, y, z) : x2 + y2 < 1, z = 1}.

Observe that in the standard topology C has empty interior and ∂C = C .

The picture is similar when we consider any convex set C whose dimension is
strictly less than n: the interior is empty but the relative interior is nonempty, as
shown by the next result.

Proposition A. 1.10 If C is a nonempty convex set, then its relative interior is
nonempty.

Proof — See e.g., [126, Theor.1.1.12].

Let us recall a fundamental property of convex sets called the separation theorem.

Theorem A. 1.11 Let C1,C2 ⊂ R
n be two convex sets.

(i) If the relative interiors of C1 and C2 are disjoint, then there exists p ∈ R
n such

that
p · x ≤ p · y ∀ x ∈ C1, y ∈ C2.

(ii) If C1 and C2 are disjoint, if C1 is closed and C2 is compact, then there exists
p ∈ R

n and ε > 0 such that

p · x + ε ≤ p · y ∀ x ∈ C1, y ∈ C2.
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Proof — See e.g., [126, Theor. 1.3.7 and 1.3.8].

Definition A. 1.12 Let V ⊂ R
n be a convex set. If v̄ ∈ V , the normal cone to V at v̄

(in the sense of convex analysis) is the set

NV (v̄) = {p ∈ R
n : p · (v̄ − v) ≥ 0, ∀v ∈ V }.

The separation theorem implies that the normal cone to any v̄ ∈ ∂V contains
some nonzero vector p. In fact, it suffices to take C1 = V , C2 = {v̄} and apply
Theorem A. 1.11(i). It is also easy to see that if the convex set V possesses a normal
vector ν at v̄ in the classical (smooth) sense, then NV (v̄) = {λν : λ ≥ 0}. Thus,
if V has a C1 boundary, then all normal cones at the boundary points of V have
dimension one.

Let us now turn to some properties of convex functions. Given L : C → R

convex and x ∈ R
n , we recall that the subdifferential (in the sense of convex analysis)

of L at x is the set of all p ∈ R
n such that

L(y) ≥ L(x)+ p · (y − x) ∀ y ∈ C. (A. 3)

Equivalently, p belongs to the superdifferential of L at x if (p,−1) is a normal vector
to the epigraph of L at the point (x, L(x)).

The subdifferential of L at x is denoted by D−L(x), the same symbol which is
used throughout the book to denote the Fréchet subdifferential. However, as observed
in Remark 3.3.2, for a convex function the two notions are equivalent, so there is no
ambiguity in using the same symbol. Let us recall some well-known properties of
D−L .

Theorem A. 1.13 Let L : �→ R be a convex function, with � open convex. Then
D−L(x) is nonempty for every x ∈ �. In addition, L is differentiable at x if and
only if D−L(x) is a singleton. If L is differentiable at all x ∈ �, then its differential
DL(x) is continuous in �.

Proof — The above properties can be found for instance in [122, 126], or can be
obtained as a special case of Proposition 3.3.4 on semiconcave functions. Observe
that the statement about D−L(x) being nonempty for every x is a direct consequence
of the separation theorem, like the analogous property of the normal cone to a convex
set.

Corollary A. 1.14 Let L : �→ R, with� open convex. Then L is a convex function
if and only if it can be written as L(x) = supi∈I γi (x), where {γi }i∈I is a family of
linear functions.

Proof — The property that the infimum of linear functions is a convex function
follows easily from the definition. Suppose instead that L : � → R is convex. By
the previous theorem, for any y ∈ � we can find py such that
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L(x) ≥ L(y)+ py · (x − y), x ∈ �.

Let us set, for any x, y ∈ �, γy(x) = L(y) + py · (x − y). Then, for any y ∈ �,
γy(x) ≤ L(x) with equality if x = y. Thus L(x) = supy∈� γy(x), and so L is the
supremum of linear functions.

Remark A. 1.15 A more elegant representation of a convex function as the supre-
mum of linear functions is provided by the Legendre transform (see the next section).

Definition A. 1.16 The support function to a convex set V is given by

σV (p) = sup
v∈V
v · p, p ∈ R

n . (A. 4)

The exposed face of a convex set V in direction p, where p ∈ R
n \ {0}, is defined by

{v ∈ V : σV (p) = v · p}.
The definition easily implies that σV is convex and homogeneous of degree one,

and that the exposed faces of V are convex and contained in ∂V . In addition

p ∈ NV (v̄)⇐⇒ σV (p) = p · v̄. (A. 5)

For the sake of simplicity we restrict our analysis to the case where V is compact;
then the supremum in (A. 4) is a maximum and σV (p) is finite for every p.

Proposition A. 1.17 Let S ⊂ R
n be a compact set and let T = co S. Then

max
x∈S

x · p = σT (p), ∀p ∈ R
n .

Proof — Since S ⊂ T , we have, for any p ∈ R
n ,

max
x∈S

x · p ≤ max
x∈T

x · p = σT (p).

On the other hand, any y ∈ T has the form y = ∑
λi xi with xi ∈ S and

∑
λi = 1.

Therefore

〈p, y〉 =
∑
λi 〈p, xi 〉 ≤ max

x∈S
〈x, p〉

∑
λi = max

x∈S
〈x, p〉,

and so σT (p) ≤ maxx∈S x · p.

Proposition A. 1.18 Two compact convex sets with the same support function coin-
cide.

Proof — We will show that if V ⊂ R
n is a convex compact set, then

V = {w ∈ R
n : w · p ≤ σV (p) ∀ p ∈ R

n}, (A. 6)
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which implies that V is uniquely determined by σV .
Let us denote by W the set on the right-hand side of (A. 6). The definition of σV

immediately implies that V ⊂ W . On the other hand, let w be any point not in V . By
the separation theorem A. 1.11(ii), there exists p ∈ R

n and ε > 0 such that

p · v + ε ≤ p · w ∀ v ∈ V .

Thus, σV (p) ≤ p · w − ε, and so w /∈ W .

We have seen that in many cases the hamiltonian function associated with an
optimal control problem is a support function. In control theory it is important to
know if the hamiltonian is smooth and if it is strictly convex, so we will investigate
here these properties for a support function σV . Since σV is homogeneous of degree
one, it is not differentiable at the origin (except for the trivial case where V is a
singleton and so σV is linear) and it is linear in the radial directions. The best that
one can hope for, therefore, is to have differentiability for p �= 0 and strict convexity
in nonradial directions. Before giving some results let us consider an example.

Example A. 1.19 Let V ⊂ R
2 be the set

V = {(x, y) : x ∈ [−1, 1], |y| ≤ 1 +
√

1 − x2}.

Such a set is a square with two half-circles on the top and on the bottom. For a given
(p1, p2) it is easily checked that

max
(x,y)∈V

(x, y) · (p1, p2) =
⎛⎝ p1√

p2
1 + p2

2

, sgn(p2)+ p2√
p2

1 + p2
2

⎞⎠ · (p1, p2)

=
√

p2
1 + p2

2 + |p2|.

Observe that V has a C1,1 boundary, while σV is nondifferentiable on the whole line
where p2 = 0. It turns out, as the next results will show, that the smoothness of σV

is related to the strict convexity of V rather than to its smoothness. In fact, in this
example V is not strictly convex since its boundary has two flat parts.

Theorem A. 1.20 Let V ⊂ R
n be a convex compact set. For any p ∈ R

n \ {0}, let
us consider the exposed face

V ∗(p) = {v ∈ V : p · v = σV (p)}.

Then the following properties are equivalent.

(i) V is strictly convex.
(ii) V ∗(p) is a singleton for all p �= 0.

(iii) σV ∈ C1(Rn \ {0}).
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If the above properties hold, then for all p �= 0 we have DσV (p) = v∗(p), where
v∗(p) is the unique element of V ∗(p).

Proof — We begin by proving that (i) implies (ii). We argue by contradiction and
suppose that there exists p �= 0 such that V ∗(p) contains two distinct points v1, v2.
Then, for any λ ∈ [0, 1],

p · (λv1 + (1 − λ)v2) = λp · v1 + (1 − λ)p · v2
= λσV (p)+ (1 − λ)σV (p) = σV (p).

This shows that the whole segment [v1, v2] is contained in V ∗(p). On the other hand,
it is easy to see that any exposed face V ∗(p) is contained in ∂V if p �= 0. Therefore,
V is not strictly convex. This proves that (i) implies (ii).

To show the converse, suppose that (i) does not hold. Then there exist two distinct
v1, v2 ∈ V and λ ∈ ]0, 1[ such that v̄ := λv1+(1−λ)v2 ∈ ∂V . Then NV (v̄) contains
some nonzero vector p, and by (A. 5) this is equivalent to σV (p) = p · v̄. But then

σV (p) = p · v̄ = λp · v1 + (1 − λ)p · v2
≤ λσV (p)+ (1 − λ)σV (p) = σV (p).

This is possible only if p · v1 = p · v2 = σV (p). Thus, v1, v2 ∈ V ∗(p) and (ii) is
violated.

Let us now turn to property (iii). We observe that −σV is a marginal function in
the sense of Section 3.4. Applying Theorem 3.4.4 we find that

D−σV (p) = coV ∗(p).

In addition, since σV is a convex function, Theorem A. 1.13 implies that it is dif-
ferentiable exactly at those points where the subdifferential is a singleton. Thus, σV

is differentiable at p if and only if V ∗(p) is a singleton, and in this case DσV (p)
coincides with the unique element of V ∗(p). This completes the proof.

Let us now study the existence of the higher order derivatives of σV .

Theorem A. 1.21 Let V be a strictly convex compact set. If V coincides locally with
the epigraph of a function of class Ck for some k ≥ 2 with strictly positive definite
hessian, then σV ∈ Ck(Rn \ {0}).
Proof — By the previous theorem we only need to show that the map v∗(p) is of
class Ck−1. We argue locally in a neighborhood of some p̄ = ( p̄1, . . . , p̄n) �= 0.
Assume for definiteness p̄n < 0. Let us set v̄ = v∗( p̄). Then, by (A. 5), p̄ ∈ NV (v̄).
Using our hypotheses we see that in a neighborhood of v̄ we can write V as the
epigraph of a function vn = φ(v1, . . . , vn−1), with φ of class Ck . In addition D2φ >

0, which implies that Dφ is a Ck−1-diffeomorphism.
Let us set for simplicity v′ = (v1, . . . , vn−1). We have that (Dφ(v′),−1) gener-

ates the normal cone to V at the point (v′, φ(v′)). Thus, if p is any vector homoth-
etic to (Dφ(v′),−1) by a positive factor, then v∗(p) = (v′, φ(v′)), and vice-versa.
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In particular, p̄ is homothetic to (Dφ(v̄′),−1). Let us consider p = (p1, . . . , pn)

close to p̄. Then (−p1/pn, . . . ,−pn−1/pn) is close to (− p̄1/ p̄n, . . . ,− p̄n−1/ p̄n) =
Dφ(v̄′) and, since Dφ is a local diffeomorphism, we deduce that v∗(p) =
(v′(p), φ(v′(p))), where

v′(p) = (Dφ)−1
(
− p1

pn
, . . . ,− pn−1

pn

)
.

It follows that v∗ is of class Ck−1 as desired.

By similar arguments one can prove

Theorem A. 1.22 Let Uy be a family of strictly convex compact sets depending on
the parameter y ∈ � ⊂ R

m. Suppose that the boundary of the sets Uy can be locally
described by functions of the form φ ∈ Ck(�× A), with A ⊂ R

n−1 and k ≥ 2, in the
sense that, for all y ∈ �, the graph of φ(y, ·) locally coincides, up to an isometry,
with ∂Uy. Suppose that the functions φ have strictly positive definite hessian with
respect to the second group of variables. Then, setting

H(y, p) = σUy (p),

we have that H ∈ Ck(A × (Rn \ {0})).
Definition A. 1.23 If U satisfies the hypothesis of Theorem A. 1.21 we say that U
is a uniformly convex set of class Ck. If the family Uy satisfies the hypothesis of
Theorem A. 1.22 we say that Uy is a family of uniformly convex sets of class Ck.

The next result gives information about the strict convexity of σV , showing that
σV is linear on some set M if and only if M is contained in some normal cone to V .

Theorem A. 1.24 Let V,M ⊂ R
n be convex sets, with V compact. The following

two properties are equivalent:

(i) ∃v̄ ∈ V : M ⊂ NV (v̄);
(ii) σV (tp0 + (1 − t)p1) = tσV (p0)+ (1 − t)σV (p1), ∀ p0, p1 ∈ M, ∀ t ∈ [0, 1].

Proof — The implication from (i) to (ii) is an easy consequence of (A. 5). Con-
versely, let us suppose that (ii) holds. If M is a singleton, say M = { p̄}, then (i)
holds taking any v achieving the maximum in the definition of σV ( p̄). If M is not a
singleton, we proceed as follows. We take any p̄ in the relative interior of M and we
choose again v̄ ∈ V such that σV ( p̄) = v̄ · p̄. By definition

σV (p) ≥ v̄ · p ∀p ∈ M. (A. 7)

Let us suppose that there exists p0 ∈ M such that σV (p0) > v̄ · p0. Since p̄ is in the
relative interior of M , there exist p1 ∈ M , t ∈ ]0, 1[ such that p̄ = tp0 + (1 − t)p1.
Then

σV (p1) = (1 − t)−1(σV ( p̄)− tσV (p0)) < (1 − t)−1( p̄ − tp0) · v̄ = p1 · v̄,
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in contradiction with (A. 7). It follows that (A. 7) holds as an equality for every
p ∈ M , and therefore M ⊂ NV (v̄).

Lemma A. 1.25 Let the convex set M satisfy

p ∈ M !⇒ tp �∈ M, ∀ t �= 1. (A. 8)

Define
KM = {tp : p ∈ M, t > 0}.

Then KM is convex and
dim KM = dim M + 1.

Proof — Observe first that (A. 8) implies in particular that 0 /∈ M . If M is a singleton
then KM is a half-line and the result is straightforward, so we assume that dim M ≥
1. Let us first show that KM is convex. Given arbitrary p1, p2 ∈ M , t1, t2 > 0 and
λ ∈ ]0, 1[ , we have to show that λt1 p1 + (1 − λ)t2 p2 ∈ KM . Let us set

τ = λt1 + (1 − λ)t2, μ = λt1
τ
.

Then τ > 0, 0 < μ < 1 and we have

λt1 p1 + (1 − λ)t2 p2 = τ
(
λt1
τ

p1 + (1 − λ)t2
τ

p2

)
= τ(μp1 + (1 − μ)p2),

which belongs to KM since μp1 + (1 − μ)p2 ∈ M .
Let us now prove the second assertion. For a given p0 in the relative interior of

M , we set
V = span (M − p0), W = span KM .

Then dim M = dim V , dim KM = dim W . It is easily seen that

W = span (M) = span (V ∪ p0).

We argue by contradiction and suppose that p0 ∈ V . Since 0 is in the relative interior
of M − p0, and V = span (M − p0), we have λp0 ∈ M − p0 for some λ ∈ R \ {0}.
But then (1 + λ)p0 ∈ M , contradicting our assumptions. Hence p0 �∈ V and dim
W = dim V + 1, which proves our conclusion.

Corollary A. 1.26 Let V ⊂ R
n be a convex set whose boundary is a smooth (n−1)-

dimensional surface. If M ⊂ R
n is convex and is such that σV (p) = 1 for all p ∈ M,

then M is a singleton.
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Proof — The set M satisfies property (ii) of Theorem A. 1.24, and so is contained in
NV (v̄) for some v̄ ∈ V . Defining KM as in (A. 8) we have that KM is also contained
in NV (v̄) since NV (v̄) is a cone. The smoothness assumption on the boundary of
V implies that any normal cone to V has dimension at most one, and therefore, by
Lemma A. 1.25,

dim M = dim KM − 1 ≤ dim NV (v̄)− 1 = 0.

We conclude this section with a property of the integral of a convex-valued func-
tion.

Theorem A. 1.27 Let v ∈ L1([0, T ],Rn) be such that v(t) ∈ C a.e., where C ⊂ R
n

is a closed and convex set. Then

1

T

∫ T

0
v(t) dt ∈ C.

Proof — Let us set v̄ = T−1
∫ T

0 v(t). Suppose that v̄ /∈ C . Setting C1 = C and
C2 = {v̄} in the separation theorem A. 1.11(ii) we obtain that there exist p ∈ R

n and
ε > 0 such that

p · x + ε ≤ p · v̄, ∀x ∈ C.

It follows that

p · v̄ = 1

T

∫ T

0
p · v(t) dt ≤ 1

T

∫ T

0
(p · v̄ − ε) dt = p · v̄ − ε,

which is a contradiction.

A. 2 The Legendre transform

The Legendre transform (also called Fenchel transform or convex conjugate) is a
classical topic of convex analysis. In this section we give a short and self-contained
exposition of the properties of this transform which are needed in our book; a more
comprehensive treatment can be found in the references quoted in the previous sec-
tion. We consider the Legendre transform of convex functions which are defined in
the whole space and are superlinear, a class which is general enough for our purposes.

Definition A. 2.1 Let L : R
n → R be a convex function which satisfies

lim
|q|→∞

L(q)

|q| = +∞. (A. 9)

The Legendre transform of L is the function

L∗(p) = sup
q∈Rn

[q · p − L(q)], p ∈ R
n . (A. 10)
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Example A. 2.2 Let L(q) = 1
2 |q|2. Then, for any given p ∈ R

n , the map q �→
p ·q−L(q) attains its maximum when q = p, hence L∗(p) = p · p−L(p) = 1

2 |p|2.
In general, if A is any symmetric, positive definite matrix, and if L is defined by
L(q) = 1

2 Aq · q , one finds that q �→ p · q − L(q) achieves its maximum at the point
q = A−1 p and that L∗(p) = 1

2 A−1 p · p.

Theorem A. 2.3 Let L : R
n → R be a convex function satisfying (A. 9).

(a) For every p there exists at least one point qp where the supremum in (A. 10) is
attained. In addition, for every bounded set C ⊂ R

n there exists R > 0 such that
|qp| < R for all p ∈ C.

(b) The function L∗ is convex and satisfies lim
|p|→∞

L∗(p)
|p| = +∞.

(c) L∗∗ = L.
(d) Given q̄, p̄ ∈ R

n we have

p̄ ∈ D−L(q̄) ⇐⇒ q̄ ∈ D−L∗( p̄) ⇐⇒ L(q̄)+ L∗( p̄) = q̄ · p̄.

Proof — (a) The claimed properties are a straightforward consequence of the con-
vexity of L and of assumption (A. 9).
(b) The conjugate function L∗ is convex since it is the supremum of linear functions.
In addition, for all M > 0 and p ∈ R

n we have

L∗(p) ≥ M
p

|p| · p − L

(
M

p

|p|
)
≥ M |p| − max

|q|=M
L(q),

and so, for all M > 0,

lim inf
|p|→∞

L∗(p)
|p| ≥ M.

(c) We have by definition L(q) ≥ q · p − L∗(p) for all q, p, which implies that
L ≥ L∗∗. To prove the converse inequality, fix any q̄ ∈ R

n and take p̄ ∈ D−L(q̄).
Let q̂ be such that L∗( p̄) = q̂ · p̄ − L(q̂). Since p̄ ∈ D−L(q̄), we have L(q̂) ≥
L(q̄)+ p̄ · (q̂ − q̄) and therefore

L(q̄) ≤ L(q̂)− p̄ · (q̂ − q̄) = −L∗( p̄)+ p̄ · q̄,

which implies that L(q̄) ≤ L∗∗(q̄).
(d) By the definition of subdifferential (A. 3),

p̄ ∈ D−L(q̄) ⇐⇒ p̄ · q̄ − L(q̄) = max
q∈Rn

[ p̄ · q − L(q)].

Therefore p̄ ∈ D−L(q̄) if and only if L∗( p̄) = q̄ · p̄ − L(q̄). Analogously, q̄ ∈
D−L∗( p̄) if and only if L∗∗(q̄) = q̄ · p̄ − L∗( p̄). Since L∗∗ = L , we obtain the
desired equivalence.

Theorem A. 2.4 Let L : R
n → R be convex and superlinear. Then the following

properties are equivalent.
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(i) L is strictly convex.
(ii) D−L(q1) ∩ D−L(q2) = ∅ for all q1, q2 ∈ R

n, q1 �= q2.
(iii) L∗ is of class C1 on R

n.

Proof — Let us first show that (i) implies (ii). We argue by contradiction and assume
that there exist q1 �= q2 such that D−L(q1)∩D−L(q2) contains some vector p. Then
we have

L(q) ≥ L(q1)+ p · (q − q1), ∀ q ∈ R
n, (A. 11)

L(q) ≥ L(q2)+ p · (q − q2), ∀ q ∈ R
n . (A. 12)

Taking q = q2 in (A. 11) and q = q1 in (A. 12), we obtain that L(q1) = L(q2)+ p ·
(q1 − q2), which gives

t L(q1)+ (1 − t)L(q2) = L(q2)+ tp · (q1 − q2), ∀ t ∈ [0, 1]. (A. 13)

Moreover, taking q = tq1 + (1 − t)q2 in (A. 12),

L(tq1 + (1 − t)q2) ≥ L(q2)+ tp · (q1 − q2). (A. 14)

On the other hand, by the convexity of L , we know that

L(tq1 + (1 − t)q2) ≤ t L(q1)+ (1 − t)L(q2). (A. 15)

Comparing (A. 13), (A. 14) and (A. 15) we conclude that

L(tq1 + (1 − t)q2) = L(q2)+ tp · (q1 − q2) = t L(q1)+ (1 − t)L(q2),

a contradiction to the strict convexity of L .
To prove the converse, suppose now that L is not strictly convex, i.e., there exists

q1 �= q2 ∈ R
n such that L(qt ) = t L(q1) + (1 − t)L(q2) for all t ∈ [0, 1], where

qt = tq1 + (1 − t)q2. If we choose any p ∈ D−L(q1/2), we then have

L(q) ≥ L(q1/2)+ p · (q − q1/2)

= 1

2
(L(q1)+ L(q2))+ p ·

(
q − q1 + q2

2

)
(A. 16)

for all q ∈ R
n ; in particular, for q = q1 we obtain

L(q1)− L(q2)

2
≥ p · q1 − q2

2
. (A. 17)

Adding inequalities A. 16 and A. 17 we conclude that L(q)−L(q2) ≥ p ·(q−q2) for
all q ∈ R

n , which implies p ∈ D−(q2) ∩ D−(q1/2). This completes the equivalence
of (i) and (ii).

By part (d) of the previous theorem, property (ii) holds if and only if D−L∗(p) is
a singleton for all p ∈ R

n . By Theorem A. 1.13, this is equivalent to the continuous
differentiability of L∗ on R

n .



A. 2 The Legendre transform 285

Theorem A. 2.5 Suppose that L ∈ Ck(Rn), with k ≥ 2, satisfies assumption (A. 9)
and

D2L(q) is positive definite for all q ∈ R
n . (A. 18)

Then L∗ belongs to Ck(Rn), DL is a Ck−1 diffeomorphism from R
n to R

n and

DL∗(p) = (DL)−1(p), (A. 19)

D2L∗(p) =
[

D2L
(
DL∗(p)

)]−1
, (A. 20)

L∗(p) = p · DL∗(p)− L(DL∗(p)). (A. 21)

Proof — By the previous theorem and by the property L∗∗ = L , if L is differentiable
and strictly convex, then so is L∗; in this case, by statement (d) in Theorem A. 2.3,
the differentials DL and DL∗ are reciprocal inverse. Therefore DL is a diffeomor-
phism provided D2L is everywhere nondegenerate, which is ensured by (A. 18).
This proves (A. 19) and (A. 20). To obtain (A. 21) we observe that, under our as-
sumptions, the maximum in (A. 10) is achieved at a unique point qp which satisfies
DL(qp) = p.

Let now � ⊂ R
m be an open set and let L ∈ C(� × R

n). Suppose that L is
convex in the second argument and satisfies

lim
|q|→∞

inf
x∈�

L(x, u)

|u| = +∞. (A. 22)

Then we can define the Legendre transform of L with respect to the second group of
variables as follows:

H(x, p) = sup
q∈Rn

[p · q − L(x, q)] , (x, q) ∈ �× R
n . (A. 23)

Theorem A. 2.6

(a) For every (x, p) ∈ � × R
n there exists at least one point q(x, p) where the

supremum in (A. 23) is attained. In addition, for every bounded set C ⊂ R
n

there exists R > 0 such that every q associated to (x, p) ∈ � × C satisfies
|q| < R.

(b) The transformed function H is continuous, convex in the second argument and
satisfies

lim
|p|→∞

inf
x∈�

H(x, p)

|p| = +∞.

(c) If L is strictly convex in q, then
∂H

∂p
(x, p) exists and is continuous for (x, p) ∈

�× R
n.
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(d) Suppose that for every R > 0 there exists αR > 0 such that

|L(x, q)− L(y, q)| ≤ αR |x − y|, x, y ∈ �, q ∈ BR .

Then for every ρ > 0 there exists βρ > 0 such that

|H(x, p)− H(y, p)| ≤ βρ |x − y|, x, y ∈ �, u ∈ Bρ.

Proof — (a) It is an easy consequence of the properties of L .
(b) Convexity and superlinearity are proved like in the case where L does not depend
on x . To prove continuity, let us consider a sequence (xn, pn) ⊂ �×R

n converging
to some (x̄, p̄). We have

H(xn, pn) = pn · qn − L(xn, qn), H(x̄, p̄) = p̄ · q̄ − L(x̄, q̄)

for suitable qn, q̄ . Then

H(xn, pn) ≥ pn · q̄ − L(xn, q̄).

Letting n → ∞ we obtain that lim infn→∞ H(xn, pn) ≥ H(x̄, p̄). To prove the
converse inequality, let us choose a subsequence (xnk , pnk ) such that
limk→∞ H(xnk , pnk ) = lim supn→∞ H(xn, pn). Since, by part (a), {qn} is bounded,
we can assume that the subsequence qnk converges to some value q∗. Then we have

H(x̄, p̄) ≥ p̄ · q∗ − L(x̄, q∗) = lim
k→∞

pnk · qnk − L(xnk , qnk )

= lim sup
n→∞

H(xn, pn).

This proves the continuity of H .
(c) If L is strictly convex, then the supremum in (A. 23) is attained for a unique
value of q , which we will denote by q(x, p). From Theorem A. 2.4 and Theorem
A. 2.3(d) it follows that H is differentiable with respect to p and that Hp(x, p) =
q(x, p). Let us prove the continuity of q(x, p). Recalling (a), it suffices to show that,
if (xn, pn) → (x̄, p̄) and q(xn, pn) → q̄, then q̄ = q(x̄, p̄). This follows from the
continuity of H , since we can pass to the limit in the equality H(xn, pn) = pn · qn −
L(xn, qn) to obtain H(x̄, p̄) = p̄ · q̄ − L(x̄, q̄), which implies that q̄ = q(x̄, p̄) by
the uniqueness of the maximizer in (A. 23).
(d) Let us fix ρ > 0. By part (a) there exists R > 0 with the following property: for
every (x, p) ∈ � × Bρ , any q which maximizes the expression in (A. 23) belongs
to BR . Let us now consider (x, p), (y, p) ∈ � × Bρ and suppose, for instance, that
H(x, p) ≥ H(y, p). Let q̄ be such that H(y, p) = p · q̄ − L(y, q̄). Then q̄ ∈ BR

and we can use our hypothesis on L to obtain

|H(x, p)− H(y, p)| = H(x, p)− H(y, p)

≤ p · q̄ − L(x, q̄)− p · q̄ + L(y, q̄) ≤ αR |x − y|.
Choosing βρ = αR the proof is complete.

To conclude we consider the case when L is uniformly convex and smooth.
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Corollary A. 2.7 Let L ∈ Ck(�× R
n) with k ≥ 2. Assume that L satisfies (A. 22)

and

∂2L

∂q2
(x, q) is positive definite for all (x, q) ∈ �× R

n . (A. 24)

Then H belongs to Ck(�×R
n). Moreover, if we denote by q(x, p) the unique value

of q at which the infimum in (A. 23) is attained, we have

∂H

∂p
(x, p) = q(x, p), (A. 25)

∂H

∂x
(x, p) = −∂L

∂x
(x, q(x, p)) (A. 26)

∂2 H

∂p2
(x, p) =

[
∂2L

∂q2 (x, q(x, p))

]−1

. (A. 27)

In addition,

q = ∂H

∂p
(x, p) if and only if p = ∂L

∂q
(x, q). (A. 28)

Proof — For any x ∈ �, Theorem A. 2.5 implies that H(x, ·) ∈ Ck(Rn) and (A. 28)
holds. Since q(x, p) satisfies

p − ∂L

∂q
(x, q(x, p)) = 0 (A. 29)

we see that (A. 25) follows from (A. 28) and (A. 27) is a consequence of (A. 20).
From the implicit function theorem and (A. 24) we obtain that q(x, p) ∈

Ck−1(� × R
n). Hence, recalling that H(x, p) = p · q(x, p) − L(x, q(x, p)), we

see that H is at least of class Ck−1(�× R
n), with k − 1 ≥ 1. Consider now x ∈ �,

y ∈ R
m and λ > 0 small enough. We have

H(x + λy, p)− H(x, p)

λ

≥ p · q(x, p)− L(x + λy, q(x, p))− p · q(x, p)+ L(x, q(x, p))

λ

= L(x, q(x, p))− L(x + λy, q(x, p))

λ
.

Letting λ→ 0 we obtain

∂H

∂x
(x, p) · y ≥ −∂L

∂x
(x, q(x, p)) · y

for all y ∈ R
m , which implies (A. 26). The Ck regularity of H is then a consequence

of (A. 25), (A. 26).
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A. 3 Hausdorff measure and rectifiable sets

We recall the definition of the ρ-dimensional Hausdorff measure of a set S ⊂ R
n for

a given ρ ∈ [0,∞[ . First we define, for δ > 0,

Hρδ (S) =
α(ρ)

2ρ
inf

{+∞∑
i=1

(diam Ci )
ρ : Ci ⊂ R

n, S ⊂
+∞⋃
i=1

Ci , diam Ci < δ

}
,

where

α(ρ) = πρ/2

�
(
ρ
2 + 1

) ,
and �(t) = ∫∞

0 e−x xt−1 dx is Euler’s Gamma function. We recall that if ρ is an
integer, then α(ρ) is the measure of a ρ-dimensional unit sphere.

Definition A. 3.1 Given S ⊂ R
n and ρ ≥ 0, the (outer) ρ-dimensional Hausdorff

measure of S is defined as

Hρ(S) = lim
δ>0

Hρδ (S) = sup
δ>0

Hρδ (S).

It can be proved (see e.g., [72, 14]) that the measure defined above satisfies the
following properties.

Theorem A. 3.2

(i) The measure Hρ is Borel regular for all ρ > 0.
(ii) Hn coincides with the Lebesgue measure.

(iii) Ho is the counting measure.
(iv) If A ⊂ R

n is a k-dimensional smooth manifold and μ(A) is the k-dimensional
area of A, then Hk(A) = μ(A).

(v) If Hρ(S) < +∞ for some ρ < n, then Hσ (S) = 0 for any σ > ρ.
(vi) If Hρ(S) > 0 for some ρ > 0, then Hσ (S) = +∞ for any σ ∈ [0, ρ[ .

(vii) If f ∈ Lip (Rn;Rm), then

Hρ( f (A)) ≤ (Lip ( f ))ρHρ(A) ∀A ⊂ R
n . (A. 30)

The previous properties justify the following definition.

Definition A. 3.3 Given S ⊂ R
n, we define its Hausdorff dimension to be

H– dim(S) = inf{ρ ≥ 0 : Hρ(S) = 0}.
Observe that H– dim(S) ≤ n by parts (ii) and (v) of the previous theorem. We

also have, by parts (v) and (vi),

H– dim(S) = d !⇒ Hρ(S) = 0, ∀ρ > s, Hρ(S) = +∞, ∀ρ < s.

Therefore
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H– dim(S) = inf{ρ ≥ 0 : Hρ(S) < +∞}
= sup{ρ ≥ 0 : Hρ(S) > 0}.

Let us conclude the section by recalling the definition of k-rectifiable sets, which
can be regarded as a generalization of k-dimensional manifolds.

Definition A. 3.4 Let k ∈ {0, 1, . . . , n} and let C ⊂ R
n.

(i) C is called a k-rectifiable set if there exists a Lipschitz continuous function f :
R

k → R
n such that C ⊂ f (Rk).

(ii) C is called a countably k-rectifiable set if it is the union of a countable family of
k-rectifiable sets.

(iii) C is called a countably Hk-rectifiable set if there exists a countably k-rectifiable
set E ⊂ R

n such that Hk(S \ E) = 0.

A. 4 Ordinary differential equations

Given an open set � ⊂ R × R
n and a function F : � → R

n , we consider the
ordinary differential equation

x ′(t) = F(t, x(t)). (A. 31)

For the purposes of control theory it is important to allow a discontinuous depen-
dence on t on the right-hand side. Thus our assumptions on F will be as follows.

(C) The function x → F(t, x) is continuous for any fixed t and the function t →
F(t, x) is measurable for any fixed x .

We say that x : I → R
n , where I ⊂ R is an interval, is a solution of (A. 31) (in the

Carathéodory sense) if it is absolutely continuous and if it satisfies

(t, x(t)) ∈ �, ∀ t ∈ I, x ′(t) = F(t, x(t)) t ∈ I a.e..

All the results of this section are well known in the case of F continuous and can
be found in any textbook on ordinary differential equations (e.g., [58, 86]); in the
framework considered here, a proof can be found for instance in [103, 28]. We start
by recalling the result about the local existence and uniqueness of solutions for the
Cauchy problem.

Theorem A. 4.1 Let F : �→ R
n satisfy (C) and suppose in addition that for every

compact set K ⊂ � there exists MK , L K > 0 such that

|F(t, x)| ≤ MK ∀(t, x) ∈ K ,
|F(t, x1)− F(t, x2)| ≤ L K |x1 − x2| ∀(t, x1), (t, x2) ∈ K .

Then for any given (t0, x0) ∈ � there exists δ > 0 such that the Cauchy problem

x ′ = F(t, x), x(t0) = x0 (A. 32)

has a unique solution in the interval t ∈ ]t0 − δ, t0 + δ[ .
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We denote by x(t; t0, x0) the solution to (A. 32). As in the classical theory, such
a solution can be extended up to a maximal interval of existence and one can charac-
terize the possible behaviors of x(t; t0, x0) as t tends to the endpoints of the maximal
interval. We recall a well-known criterion giving global existence when F is globally
Lipschitz continuous w.r.t. x .

Theorem A. 4.2 Let I ⊂ R be an interval and let F : I × R
n → R

n satisfy (C).
Assume in addition that F is locally bounded and that for any compact subinterval
K ⊂ I there exists L K > 0 such that

|F(t, x)− F(t, y)| ≤ L K |x − y|, ∀t ∈ K , x, y ∈ R
n .

Then, for any (t0, x0) ∈ I × R
n, the Cauchy problem (A. 32) possesses a solution

x(t; t0, x0) defined for all t ∈ I .

The next result is known as Gronwall’s Lemma or Gronwall’s inequality. It is
often used to derive a priori estimates for solutions to differential equations or differ-
ential inequalities.

Theorem A. 4.3 Let z : [t0, t1] → R be an absolutely continuous nonnegative func-
tion satisfying

z(t) ≤ k(t)+
∫ t

t0
z(s)v(s) ds, t ∈ [t0, t1],

where k ∈ C1([t0, t1]), v ∈ C([t0, t1]), k, v ≥ 0. Then

z(t) ≤ k(t0) exp

(∫ t

t0
v(s) ds

)
+
∫ t

t0
k′(s) exp

(∫ t

s
v(r) dr

)
ds

for all t ∈ [t0, t1]. In particular, if k(t) ≡ k and v(t) ≡ L we have

z(t) ≤ keL(t−t0), ∀ t ∈ [t0, t1].

The dependence of the solution on the initial value is described by the next result.

Theorem A. 4.4 Let F : � → R
n satisfy the conditions of Theorem A. 4.1 and

assume in addition that the jacobian Fx with respect to the x variables exists and is
continuous w.r.t. x. Let (t0, x0) ∈ � be given and set x̂(·) = x(·; t0, x0). Let I be a
compact interval where x̂(t) is defined. For a given v̄ ∈ R

n, call v(t) the solution to
the linear Cauchy problem

v′(t) = Fx (t, x̂(t))v(t) (A. 33)

with initial condition v(t0) = v̄. Then, for any t ∈ I we have

lim
ε→0

∣∣∣∣ x(t; t0, x0 + εv̄)− x̂(t)

ε
− v(t)

∣∣∣∣ = 0

the limit being uniform for t ∈ I , |v̄| ≤ 1.
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The differential system (A. 33) is called the linearization of system (A. 31)
around the solution x̂ .

Finally, let us recall some notions from the theory of linear systems. Consider a
linear differential system of the form

x ′(t) = A(t)x(t), t ∈ I, (A. 34)

where I is an interval and A(t) is a n × n matrix whose entries are measurable and
locally bounded for t ∈ I . The solutions to such a system are defined globally in I
by Theorem A. 4.2.

The adjoint system associated to (A. 34) is given by

w′(t) = −AT (t)w(t), t ∈ I (A. 35)

where AT denotes the transpose matrix. It is immediate to check that the solutions
of the two systems satisfy the relation

d

dt
[x(t) · w(t)] = 0.

The fundamental matrix solution to (A. 34) is the n×n matrix M(t, s) depending
on (t, s) ∈ I × I , which solves the problem

∂M

∂t
(t, s) = A(t)M(t, s), M(s, s) = I

for any s ∈ I . In other words, M(t, s) is the matrix whose i-th column is the value
at time t of the solution to (A. 34) with initial condition x(s) = ei , where ei is the
i-th vector in the standard basis of R

n . It is easy to see that the fundamental matrix
solution enjoys the following properties.

Theorem A. 4.5

(i) M(t, s) satisfies the semigroup property

M(t, s)M(s, r) = M(t, r), ∀ t, s, r ∈ I.

(ii) The solution to (A. 34) with initial conditions x(t0) = x0 is given by

x(t) = M(t, t0)x0.

(iii) If we set M̂(t, s) = M(s, t), then M̂ is the fundamental matrix solution to the
adjoint system (A. 35).

(iv) If h ∈ L1(I ), then the solution to the nonhomogeneous problem

x ′(t) = A(t)x(t)+ h(t), x(t0) = x0

is given by

x(t) = M(t, t0)x0 +
∫ t

t0
M(t, s)h(s) ds.
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A. 5 Set-valued analysis

A multifunction, or set-valued function � from R
m to R

n is a function which asso-
ciates to every x ∈ R

m a set �(x) ⊂ R
n (possibly empty). The set

D(�) = {x ∈ R
m : �(x) �= ∅}

is called the domain of �.

Definition A. 5.1 Let � be a multifunction from R
m to R

n.

(i) � is called closed (resp. convex, compact) if �(x) is closed (resp. convex, com-
pact) for every x ∈ R

m.
(iii) � is called measurable if, for every open set A ⊂ R

n, its counterimage

�−1(A) := {x ∈ R
m : �(x) ∩ A �= ∅}

is measurable.
(iii) � is called upper semicontinuous if, for every x ∈ R

m and ε > 0, there exists
δ > 0 such that

�(x ′) ⊂ �(x)+ Bε, ∀x ′ ∈ Bδ(x).

A selection of a given multifunction � is a (single-valued) function γ : D(�)→
R

m such that γ (x) ∈ �(x) for all x ∈ D(�). The existence of a selection is obvious
by definition; however, one is interested in having a selection with some regularity
properties. Existence theorems of selections are a central topic in set-valued analysis;
here we recall a result about measurable selections which we use for the existence of
optimal controls (see Chapters 7 and 8).

Theorem A. 5.2 Let � be a measurable and closed multifunction from R
m to R

n.
Then � admits a measurable selection.

Proof — See e.g. [55, Ch.3, Th 5.3].

Let us also recall the following simple criterion for the measurability of multi-
functions.

Proposition A. 5.3 Let � be a multifunction from R
m to R

n and suppose that the
graph of �, defined by

{(x, y) : x ∈ R
m, y ∈ �(x)},

is closed. Then � is measurable and closed.

Proof — The closedness of � is an immediate consequence of the closedness of
the graph, so it suffices to prove the measurability. Let K ⊂ R

n be any compact
set. We claim that �−1(K ) is closed. Indeed, let {xk} ⊂ �−1(K ) be a sequence
converging to some x̄ ∈ R

m . Then for every k there exists yk ∈ �(xk) ∩ K ; by
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compactness, a subsequence ykh converges to some ȳ ∈ K . Since the graph of � is
closed, the pair (x̄, ȳ) = lim(xkh , ykh ) belongs to the graph of �. Thus, ȳ ∈ �(x̄)
and so x̄ ∈ �−1(K ). This proves that �−1(K ) is closed.

Now any open set A ⊂ R
n can be written as A = ∪∞h=1 Kh , where {Kh} are

compact sets. Then �−1(A) = ∪∞h=1�
−1(Kh) is the countable union of closed sets

and so it is measurable.

For a comprehensive treatment of set-valued analysis, the reader may consult for
instance [17, 18].

A. 6 BV functions

We recall here the definition and some basic properties of the class BV of functions
of bounded variation. Given an open set � ⊂ R

N and a vector-valued function w ∈
L1(�,RM ), we denote by Dwkw the distributional derivative of w, while Dw(y)
denotes, as usual, the gradient of w at a point y at which w is differentiable.

Definition A. 6.1 We say that a function w ∈ L1(�,RM ) belongs to the class
BV (�,RM ) of functions of bounded variation in � if the first partial derivatives
of w in the sense of distributions are measures with finite total variation in �.

The derivative of a function of bounded variation is usually decomposed into
three parts. To introduce this decomposition we first need to recall some definitions
from measure theory.

Definition A. 6.2 Given w ∈ L1(�,RM ) and x0 ∈ �, we say that w̄ ∈ R
M is the

approximate limit of w at y0 if

lim
ρ→0+

meas ({y ∈ Bρ(y0) ∩� : |w(y)− w̄| > ε})
ρN

= 0

for any ε > 0. In this case we write w̄ = ap limy→y0 w(y). More generally, given
ν ∈ R

N , |ν| = 1, we denote by wν(y0) the value w̄ ∈ R
M (if it exists) such that

lim
ρ→0+

meas ({y ∈ Bρ(y0) ∩�ν(y0) : |w(y)− w̄| > ε})
ρN

= 0

for any ε > 0, where

�ν(y0) = {y ∈ � | 〈y − y0, ν〉 ≥ 0}.

Clearly, if ap limy→y0 w(y) exists, then wν(y0) = ap limy→y0 w(y) for all ν. An
interesting case is when the approximate limit does not exist, but we can find ν
such that the two limits wν(y0) and w−ν(y0) exist and are different. Such a behavior
means, roughly speaking, that w has an approximate jump discontinuity at y0 along
the direction ν.
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Definition A. 6.3 If w ∈ BV (�,RM ) we call the jump set of w the set

Sw = {y0 ∈ � | � ∃ ap lim
y→y0

w(y)}.

Let Dwkw = Daw+Dsw be the Radon–Nikodym decomposition of Dwkw in its ab-
solutely continuous and singular part with respect to Lebesgue measure. We denote
by Jw the restriction of Dsw to the jump set Sw and define Cw = Dsw − Jw =
Dwkw−Daw− Jw. The terms Daw, Jw and Cw are called respectively the regular
part, the jump part and the Cantor part of Dwkw.

Definition A. 6.4 We say that a function w ∈ BV (�,RM ) belongs to the class
SBV (�,RM ) of special functions of bounded variation in � if the Cantor part Cw
of its first derivatives is zero.

Theorem A. 6.5 Let w ∈ BV (�,RM ). Then Sw is countably HN−1-rectifiable.
Furthermore:

(i) if Dw(y) exists for a.e. y ∈ �, then it coincides with the density of Daw;
(ii) there exists ν̂ : Sw → ∂B1 such that wν̂(y)(y), w−ν̂(y)(y) exist for HN−1–a.e.

y ∈ Sw and
Jw = (wν̂ − w−ν̂ )⊗ ν̂ dHN−1|Sw .

The unit vector field ν̂ is uniquely defined up to a set of zero HN−1 measure, and
may be regarded as an approximate normal to Sw in the sense that if G is a C1

hypersurface with normal vector ν, then ν = ν̂ on Sw ∩ G (HN−1 a.e.);
(iii) if F ⊂ � is a countably HN−1-rectifiable set, then the restriction of Cw to F is

zero.

Proof — See [72, 14].

Proposition A. 6.6 Let w ∈ BV (�,RM ) be given. Suppose that there exists a
closed HN−1-rectifiable set F ⊂ � such that w ∈ C1(� \ F). Then w ∈
SBV (�,RM ).

Proof — Since F is closed and w ∈ C1(� \ F), we have Cw = Jw = 0 in � \ F .
On the other hand, Cw = 0 in F by Theorem A. 6.5(iii).
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51. CAROFF N., Caractéristiques de l’équation d’Hamilton–Jacobi et conditions
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